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STIMULATED by a profound admiration for the work of 
Professor Melan and prompted by a desire to fill a recog- 
nized gap in American engineering literature, the writer has 
undertaken the translation of this book on the Theory of Arches 
and Suspension Bridges. No other work of the same scope was 
to be found in any language, at least none that could compare 
with Melan 's for thoroughness of treatment and masterly style. 
The place it has been given in the offices of consulting engineers 
and bridge departments, the frequent references to it in our 
technical literature and the employment of its formulae or 
methods in the design of some of our largest structures indi- 
cate that, even before translation, there has been a real de- 
mand for Melan 's book among American engineers. The work 
has been enthusiastically received in Europe where it has al- 
ready gone through three editions and the highest honors have 
been awarded the author. In order to widen the sphere of use- 
fulness of the book and to render it accessible to the entire pro- 
fession in this country, the writer has been encouraged to give 
the time and effort required for this translation. 

Professor Melan 's book is here faithfully reproduced with- 
out any omissions. An appendix devoted especially to the de- 
sign of masonry and reinforced concrete arches and a very ex- 
haustive bibliography on arches and suspension bridges are 
included. The translator has carefully checked the derivation 
of all the formulae and has corrected the few typographical 
errors found in the original. In some of the examples and tables 
the quantities have been converted from metric to English units. 
The notation has been altered wherever necessary to eliminate 
the German characters and abbreviations and to conform more 
closely to our standard symbols, and corresponding changes 
have been made in the figures and plates. In a few places brief 
explanatory notes have been inserted to help the American 
reader who, on account of the difference in training, may not 
be as familiar with the analytical and graphical devices em- 
ployed or as agile in passing from formula to formula as the 
German student. With the exception of the above minor changes 
the original work has been kept intact. 

In addition to its use as a work of reference by those en- 
gaged in the design of higher structures, the writer believes 
that this volume will be found admirably adapted as a text- 
book for advanced or post-graduate students in structural engi- 
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neering or applied mathematics and, from personal experience, 
he strongly recommends it for this purpose. Used in this way, 
the book will prove a liberal education in itself, rendering clear 
the fundamental principles of the analysis * of structures, 
familiarizing the student with many helpful analytical and 
graphical devices of general application, training him in the 
independent derivation of formulae and preparing him to do 
original work in structural theory and design. 

The writer wishes to thank his friends in the engineering 
profession who have encouraged him to undertake this task, 
particularly Professor W. H. Burr and Dr. Myron S. Falk. 



University of Idaho, November 1, 1912. 



D. B. S. 



i 



FOREWORD 

BY 
HOFRAT J. MeLAN. 



THE present work, produced in English with the consent of 
the author, comprises the Theory of Arches and Suspension 
Bridges as it appears in the third enlarged edition of the 
^'Handbuch der Ingenieurwissenschaft en/ ^ Volume 2, Part 5, 
1906. 

The design of arches and suspension structures is here thor- 
oughly and exhaustively developed, both the analytical and 
graphic procedures being given in conformity with modern prac- 
tice. All types of arches and suspension bridges, of any practical 
importance, are considered. The principles of the exact theory, 
taking into account the deformations produced by the loading in 
the case of lightly stiffened structures, are also developed (§9 
and § 28). 

The author can but express his hearty satisfaction and pleasure 
at this undertaking by a professional colleague to translate his 
work into English and thus render it accessible to the engineers 
of America. He hopes that the work will be found adapted for 
use in teaching this branch of bridge design and that the Ameri- 
can bridge engineers, famous for the magnitude and skill of their 
achievements, will judge it favorably and find it useful for refer- 
ence in theoretical problems. 

Prague, Sept. 20, 1912. 



MdA/yU^ 



k. k. Hofrat, Professor des Brückenbaues an der 
deutschen technischen Hochschule in Prag, 
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Theory of Arches and Suspension 

Bridges. 

§ 1. Introduction. 

Under the designation of arches and suspension bridges may 
be grouped all those forms of construction having the charac- 
teristic of transmitting oblique forces to the abutments even 
when the applied loads are vertical in direction. Each of these 
forces may be resolved into a vertical and a horizontal com- 
ponent; the direction of the latter component, either toward or 
away from the interior of the span, thus representing tension 
or pressure on the abutments, constitutes the criterion for dis- 
tinguishing between suspension and arch constructions. In 
the former there is produced a horizontal tension, in the latter a 
horizontal thrust; and this horizontal force is either taken up 
directly by the end supports or else transmitted through a series 
of similar spans to the end of the construction where it is resisted 
by the stability of the supporting bodies. There should also be 
included those types of construction, based on the same funda- 
mental principle, which, however, do not transfer the horizontal 
force to the abutments but take it up within the structure itself 

Fig. 1. 




s + a = 6 + 4 = 10, 2A; = 14. 



by means of a tie .or strut joining the ends of the span. Finally, 
mention may be made of the systems resulting from the com- 
bination of the arch with the suspension bridge. 

In a truss, external loading produces bending moments, 
and consequently stresses of both tension and compression will 
occur ; in a suspension system, on the other hand, the principal 
parts are subjected exclusively to tensile stress, and in an arch 
the principal stresses are those of compression. 

The starting point for the systems under consideration may 
be sought in the flexible cord or polygonal frame. Pig. 1, which 
may be viewed either as an arch or suspension bridge according 
as its concave side is directed downward or upward. Such a 
funicular frame has the characteristic property of altering its 
position of equilibrium with any change in the distribution of 
the loading, so that the form of the polygon will depend upon 

the applied loads. A polygon composed of s bars connected by 
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hinges will not constitute a rigid system if s > 2, but will be 
subject to deformation under moving loads. There are s + 4 
unknown quantities, consisting of the stresses in the bars and the 
components of the end reactions ; while the requirements of static 
equilibrium at the ^==5 + 1 panel points furnish 2 (s + l) 
equations of condition. Consequently, for 5 > 2, i. e., for a poly- 
gonal frame containing more than two bars, the number of con- 
ditional equations exceeds the number of unknowns. The super- 
fluous equations can not, in general, be satisfied except by special 
relations between the constants, corresponding to a definite 
adjustment of the geometric form of the system to each partic- 
ular disposition of the loading. This adjustment of form to 

Fig. 2. 




5 + a=17 + 5=22, 3ä+2Aj=3x1 + 2x9=21. 

varying loads can actually occur only in the case of the sus- 
pended polygon; while the arch-polygon can merely assume a 
position of unstable equilibrium, and will collapse upon the 
first change in the loading on account of the altered configura- 
tion required for equilibrium. 

Arch-polygons, by themselves, are therefore unsuitable for 
use as bridges ; they require, in addition, some type of stiflfening 
construction to preserve their form, thereby converting them 
into rigid systems. A similar arrangement also becomes neces- 
sary in suspension bridges if it is desired to reduce the 
deformations of these structures. In the unstiffened suspension 

Fig. 3. 




s + a=ll + 3 = 14, 3fif+2fc=3xl+2x5 = 13. 

bridges and arches, with loads applied at the panel points of 
the funicular polygon, the only stresses will be those of pure 
tension or compression, respectively; in the stiffened struc- 
tures, however, subjected to changing load, bending stresses 
will also appear. The stiffening construction for flexible arches 
or suspension systems may consist in their connection with a 
straight truss (Figs. 2 and 3) whose elastic deflections will limit, 
in magnitude, the static deformations of the funicular polygon. 
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Instead of using this construction, the arch or suspension poly- 
gon may be made rigid in itself and thereby rendered capable 
of supporting any loading, even if the resultant forces do not 
coincide with the axes of the structural parts. Such a rigid 
system may be conceived as derived from the funicular polygon 

Fig. 4. 




fi+a=15+7=22, 3Äf+2fc=3xl+2x9=21. 

by replacing the hinged joints between the successive bars by 
rigid connections, and giving these bars such sections as will 
enable them to resist bending moments. The funicular polygon 
(Fig. 1) is thus replaced by a single curved rib, whicli may con- 
sist of either a girder or truss construction (Fig. 4). 

Since the polygonal frame with hinged ends, hence with 
four reaction unknowns, constitutes a non-deformable construc- 
tion when the number of bars is reduced to two, the union of 

Fig. 5. 




a+2ö=4+2xl=6, 3Ä+2fc=3x2+0=6. 

two ribs through an intermediate hinge likewise produces a 
stable bridge structure (Fig. 5). To this system other parts 
may be linked, according to the number of new reaction un- 
knowns thereby contributed. 

We thus derive various types of stable bridges (Figs. 5 to 8) 
which are classed as suspension bridges or arches whenever, as 
specified at the outset, they produce oblique reactions at the 
ends of the principal curved or polygonal portion of the struc- 
ture; these reactions may be taken up either by the abutments 
or by a tie-rod construction (Fig. 3). 

For determining the stresses in these structures, the equa- 
tions of static equilibrium may or may not suflSce. In the 
former case we have statically determinate systems, in the latter 
statically indeterminate. This distinction is to be drawn par- 
ticularly with reference to the unknown external forces j any 
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bridge type can easily be classified as to its external deter- 
minateness or indeterminateness if we conceive it as built up 
of bars, or of bars and ribs, and compare the number of un- 
known forces with the number of independent equations of 
condition available. The pivoted connection of two ribs is 
called a hinge, and the similar connection of two or more bars 
is called a panel-point. Each rib furnishes three equations of 
equilibrium for its applied forces, and each panel-point fur- 
nishes two such equations. The unknowns include first the reac- 
tion components whose number is given by the rule: one 

Fig. 6. 




a+2ö=8+2x2=:12, 3ä=9. 

unknown for each free end, i. e., each end capable of free motion 
on sliding plates or rollers; two for each hinged end, i. e., each 
end capable of rotation but not of translation; and three for 
each fixed end, rigidly anchored. Similarly each intermediate 
hinge represents two unknowns and each intermediate sliding 
joint one ; and the stresses in the bars are additional unknowns. 
Therefore, if a structure consists of S ribs with G hinges and of 
s bars with k panel-points, and if a is the number of reaction 
unknowns, the total number of unknowns i& a -\- s -{- 2 G and 
the number of corresponding equations of equilibrium is 

Fig. 7. 




a+2ö=6+2x3 = 12, 3>Sf=3x4=:12. 

3 8 -\- 2 h. For all combinations in which the external forces 
are statically determinate, a-\-s + 2G = SS-\'2k; and for 
those statically indeterminate, a'{-s + 2G>SS + 2k. 

We thus find that such systems as shown in Figures 2 and 3 
belong to the statically indeterminate class, bu4; that they may 
be rendered statically determinate with reference to the forces 
affecting the component structures (polygon and stiffening truss) 
by introducing an intermediate hinge in the stiffening truss. 
The same applies to the arch rib with end-hinges (Fig. 4), 
which also becomes statically determinate when a center-hinge 
is introduced, making it a three-hinged arch (Fig. 5).^ In this 
case, however, the same result may be obtained by using some 
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Weighting device to keep the horizontal component of the end- 
reactions at a constant value; or by changing one of the end- 
hinges to a free end (sliding on an inclined plane) so as to 
diminish the number of reaction unknowns by one (Fig. 9). 
The corresponding reaction will then act constantly normal to 
the plane of the rollers, so that the reaction at the other end 
may be determined by simple resolution of forces. This arrange- 

Fig. 8. 




a + s+2Gf=6+8 + 2=16, 3fif+2fc=3x4+2x2=16. 

ment, however, is not classed among true arches, but is consid- 
ered simply a girder whose expansion end slides on inclined 
bearings. 

In general, subdividing any rib by the insertion of a hinge 
will diminish the relative number of unknowns by one. Thus 
the arrangement in Pig. 6, which is three-fold statically indeter- 
minate, may be rendered determinate by introducing three 
hinges. On the other hand, the statically determinate structure 
in Fig. 7 may be rendered doubly indeterminate by omitting 
the Binges in the two side-spans. 

Not all combinations which may thus be formed, however, 
are practical for construction. Notwithstanding the static 

Fig. 9. 




determinateness or even indeterminateness of the entire com- 
bination, there may be so great a degree of mobility in the 
individual parts or in the structure as a whole that its rigidity 
may be inadequate for practical requirements. This will be 
the case in the three-hinged arch (Fig. 5), for example, if the 
two end-hinges and the center-hinge lie nearly or exactly in 
a straight line; or, in general, whenever any one of the com- 
ponent parts of the structure is unrestifained or imperfectly 
restrained from rotation (or translation = rotation about an 
infinitely distant point). 

To make this clear, it is necessary to consider the structure 
as a kinematic chain and to enlarge the concept of the hinge. 
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In a plane rib a & c (Fig. 10), conceived as a kinematic element, 
let two points a and 6 be constrained to move along definite 
paths. The intersection o of the normals to these paths consti- 
tutes the instantaneous center of rotation, having the effect of 
a fixed pivot. The rib will not be restrained from rotating about 
this point o unless a third point c in the rib is either fixed or 
constrained to move along a path whose normal does not pass 



Fig. 10. 



Fig. 11. 





through Ö. This requirement is not satisfied, for example, in 
the case of the middle rib of Fig. 11, since it has but a single 
instantaneous center o\ this arrangement, the^:efore, although 
satisfying the general criterion for static determinateness, is 
not stable and cannot be used for a bridge. It is similarly- 
apparent that the arrangement in Fig. 12 is not stable if the 
center-hinge c lies in the line joining the two centers o o^ ; the 

Fig. 12. 




closer c comes to the line o o^, the less is the rigidity of the 
structure and the greater will be the deformations. 

In accordance with the generalized concept just developed, 
the hinge-joint between two ribs may be replaced by a pair of 
pin-ended links forming a ** hinged quadrilateral.'' The inter- 
section of the axes of the links determines the center of rotation, 
i. e., the virtual pivot taking the place of the fixed hinge. Thus 
the arrangement in Fig. 13 represents a statically determinate 
three-hinged arch ; but it will not be a stable system if the two 
links a d and 6 c intersect in the line joining the two end-hinges 
or are parallel to this line. By the insertion of another bar in 
the ''hinged quadrilateral" (e. g., ac in Fig. 13), the hinge 
effect is suspended and the structure Fig. 13 is changed to a 
singly indeterminate two-hinged arch. 
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The end»hinges, also, may be replaced in their action by 
pairs of links (Pig. 14). By adding a third link, rotation is 
prevented and the ends become anchored. Thus with the bars 
b c and / g provided, Fig. 14 represents a hingeless arch and 
the degree of indetermination is raised to three. 

The individual ribs composing the structure may either be 




made solid, i. e., of plate-girder form, or framed of separate 
members like a truss. If the external forces acting on each rib 
are known, then the internal forces, 1. e., the stresses in the dif- 
ferent members of the rib, can be determined. For this pur- 
pose the methods of pure statics will suffice in the case of 

Fig. 14. 




statically determinate truss systems, but for indeterminate 
forms, including solid plate girders, the elastic deformations 
must be taken into account. For criteria of static determinatcr 
ness or indeterminateness of trusses, the reader is referred to 
other works on the subject. 
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§ 2. General Method of Design; The fundamental prin- 
ciples of design of ordinary trusses or girders also apply to 
arches and suspension bridges. As in the simpler structures, it 
is necessary to first determine the external forces or reactions 
produced by a specified loading. Knowing these, we can proceed 
to evaluate the stresses within the structure. For the solid-web 
portions, we apply the general theory of flexure of curved ribs 
which, as an approximation, may be reduced to the simpler 
theory of straight beams ; for the open- web or framed portions, 
the ordinary rules and methods of truss design are applicable. 
These methods, as is well known, assume an ideal framework in 
which the external forces are applied and the members meet one 
another only at their end-points, and all necessary rotation about 
these points may take place without any resistance, — ^assump- 
tions which, as a rule, are not fulfilled in structures as built, 
rendering it necessary to estimate the magnitude of the devia- 
tions or so-called secondary stresses. It should also be noted 
here that the results of the theory deduced for solid ribs may 
often be extended to structures with latticed or trussed webs. 

\i the structure is statically determinate with reference to 
the external forces, the ordinary rules for the composition and 
resolution of coplanar forces suffice to definitely determine the 
end reactions and, in determinate truss systems, the stresses in 
the members as well. In statically indeterminate arrangements, 
the missing equations of condition must be deduced from the 
displacements of the points of application of the external forces, 
i. e., from the elastic deformations of the structure. To estab- 
lish these equations, we may use the ** Theorem of Virtual Dis- 
placements," first applied to the design of indeterminate struc- 
tures by Mohr. The same equations may also be derived, and 
sometimes more conveniently, by applying the ''Theorem of 
Least "Work" established by Castigliano and FranJcel: In any 
elastic system in a condition of equilibrium, such stresses must 
appear as will make the total work of deformation a minimum. 
Consequently, if this work of deformation is expressed as a func- 
tion of the indeterminate stresses or reactions, the differential 
coefficient of the function with respect to these unknowns, 
equated to zero as required for "a minimum, will give the equa- 
tions of condition necessary for the determination of these 
unknowns. 

In place of the analytical treatment, most of the problems 
of this class may also be solved by graphic methods. For 
statically indeterminate structures, the graphic process consists 
in drawing one or more deformation polygons {Williot^s dis- 
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placement diagram or deflection polygon), enabling the indeter- 
minate quantities to be found. But even if the latter are deter- 
mined analytically, graphic methods may still be used to advan- 
tage for arches and suspension bridges, especially in determin- 
ing the internal stresses. 

There remains to be noted that in evaluating the work of 
deformation or in drawing the displacement diagram, the opera- 
tions may be simplified within the limits of permissible approx- 
imation by neglecting those elements, as the web members of 
a truss or the shears in a girder, which have a negligible influ- 
ence on the total work of deformation. 
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A. The Flexible Arch and the Unstiffened 

Cable. 

§3. The Funicular Polygon for OiTen Tertical Loading. 

If concentrated vertical loads are applied on a cord, fastened 
at its ends and considered weightless, it will assume a definite 
polygonal form dependent upon the relations between the loads. 
If A denotes the vertical component of the tension at one of the 
supports, and if Pj . . . Pm are the applied loads as far as the w!^ 
side of the polygon, the vertical component of the stress in this 
side will be 

while the horizontal component H will be the same for all the 

Fig. 15. 







-^ 



sides. The angle r^ between the m^ side and the horizontal is 
given by 

~ I \ X 2 . . . — X m 



tan Tm = — 0" = 

and the tension in the cord by 



B 



Tm = VK.+ iff' = -ff &eC Tm 



(1. 



(2. 



If a^m, 2/m and a^m+i, 2/m+i dcuotc the coordinates of the 
vertices adjoining the m^ side, referred to the point A (Fig. 15) 
as origin, we also have 

A. ~~" X 1 ~~" X 2 . . . ~~" 1 m / \ / Q 

t/m + 1 ym CT • V«^Di + 1 «^a»/ • • • • V."» 
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or 



At/ 



A. ~~" X 1 . . . — Jr m — 1 



m 



m 



H 



.Ax 



m« 



In like manner we obtain for the side preceding 



At/in-i== 

If we write 



H 



. &A XlQ— ]^. 



V' 



J\, 



i' 

and if Axm == Aa^m-i = ^> i« c., if the horizontal spacing of the 
vertices of the polygon is uniform, then we obtain 



\ 



A>==- 



m 






^ 



A 



H 



(S\ 



In general we have 



(tan Tm — tan xm-i) = sr (*^ • 

The funicular polygon for the loads P and the horizontal 
tension H may also be determined graphically in the well-known 
manner (Fig. 15). 

If the points of suspension of the cord lie in a horizontal line, 
the force A is the same as the reaction of a simply supported 
beam and is found from the moment of the external loads : 



SP (l—x) 

I 



(4. 



/ 



In this case, if / is the versine of the funicular polygon and r 
the lowest vertex, we have, from the equation of moments, 



X2) — . . Pr_i {Xr — Xr—i) 



(5. 



rr Mr AXr — Pi (Xr — Xt) — P» (Xr 

H^- J 

If the versine / is not given, but the length' of the cord in- 
stead; and if, in addition, the points of attachment of the 
suspended loads 1, 2 . ^ and, thereby, the lengths (6061 63 • • of the 
individual sides of the polygon are fixed, then the horizontal 
tension is given by the relation : 



v/ 



Vb*+A'^ Vh*+ U—Pi)* Vfl*+ (4— p.— P,)* "r" • ■ ■ H 



(6. 



V 



It is readily seen that the stresses T in the successive members 
of the polygon increase toward the points of support and attain 
their maximum values in the first and last members of the 
system; also that for downward acting loads the stresses in a 
polygon convex downward will be purely those of tension, and 
in a polygon convex upward they will be purely those of com- 
pression. 

If the loads are continuously distributed, the funicular 
polygon becomes a continuous curve. If q is the load per 



12 Arches and Suspension Bridges. 

horizontal linear unit at any point having the abscissa x, equ. (3) 
becomes 

dy = ^^—LlJLll dx 

from which (by differentiation) we obtain the following as the 
differential equation of the equilibrium curve: 

^5 = -^ (7- 

If r is the radius of curvature of the equilibrium curve, 

' ^= sec^r: Substituting this in the last equation (7), 

we obtain, with the aid of equ. (2), 

T^ = q,r . cos^ r (8. 

and, for a load q^ and radius of curvature r^ at the crown of 
the curve, 

H = QoTo (9. 

For a uniformly distributed load, i. e., for a constant q, if we 
take the origin of coordinates at the crown, the integration of 
equation (7) will give 

y=||- (10. 

Hence the equilibrium curve will, in this case, be a parabola. If 
I is the span and / the rise (versine), then 

B = lj; (11. 

consequently, by equ. (10), 

2/=4/^ .-.. (12. 

The largest stress in the cord will be 

Tmax = v^' + (i « iy=0- V 1 + my ■■ (13. 

If the load is not constant per horizontal unit, but per unit 
length of the cord, then the equilibrium curve takes the form 
of the common catenary. In that case, with the origin of co- 
ordinates at the crown of the curve, equ. (7) becomes 

1 H 

From this, with — = as the parameter of the catenary, 

if 

we obtain the following equation for the curve: 
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2/= 27 (^"+^""-2) (14. 

The cord length s of the catenary is given by 

s = ^V2cy + c^y\ (15. 

The foregoing equations for H apply also to an obliquely 
suspended cord if the ordinates y are measured from the arch- 
chord or line joining the points of support. 

If the funicular polygon is carried over an intermediate sup- 
porting pier (Fig. 15a) in such a manner as to leave it free either 

Fig. 15a. 




to slide itself or to displace the point of support, then the cord 
will assume a position of equilibrium yielding the same value of 
H on both sides of the pier. If the load is uniformly distributed 
per horizontal unit of length, with the intensity q in one span 
and q^ in the other, the equalizing of the horizontal tensions 
given by equ. (11) will impose the following relation between 
the versines of the two parabolas: 
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§4. The Unstiffened Suspension Bridge. 

1. Form of the Gable and Value of the Horizontal Ten- 
sion. Let go denote the weight per horizontal linear unit of 
the roadway suspended from the cable together with the assumed 
uniformly distributed live load. 

a.) Chain-cable bridges. We make the assumption, near 
enough to the truth for all practical conditions, that the weight 
of the chain is so distributed as if its curve were a parabola and 
its cross-section at every point proportional to the stresses' under 
maximum loading. Let Qq be the weight per unit length of the 
chain at the crown; then, at a distance x from the crown, 
the weight of the chain per horizontal linear unit will be 

9x == Qo sec^T. 
Substituting the following value for the parabola of equ. (12) , 

-■'-i+(7f-)"=i+'-^- 

there results 

Let the weight of the suspension rods per horizontal linear 
unit 

= jy = J —f-' 

Then, transferring the origin of coordinates to the crown of 
the curve, equ. (7) becomes, 

^di=^^ + 0^0 + (ö'o -^+ 3-i-)^'- 

Introducing the abbreviations 

-|-f(l6-fö'o +i) = r, } ^^®- 

then the double integration of the above differential equation 
will yield 



iC» 



y = -tgr{q + rx'') (17. 

Substituting in this equation of the curve the coordinates of 

2 



one of its points, namely x= -^ and y ==f, we obtain 
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B=Tf(9+r{-) (18. 

Replacing the value of r from equ. (16), we have the fol- 
lowing expression for the horizontal tension : 

S-ffo{l+-i^)4-f+{qo + ij)-^ (18«, 

If Aq is the cross-section of the chain at the crown in sq. in., 
y its specific weight in lbs. per cu. ft., s its stress under severest 

loading (in lbs. per sq. in.), then go= C.Aq, -j^ (lbs. p. 1. f.) 

IT 

and Aq = — . Here C is a coeflScient representing the increase 

in weight allowed for the details of construction such as eye-bar 
heads, pins, etc., and may be assumed equal to 1.15 to 1.20. 
Substituting the above relations in equ. (18*) and solving for 
Aq, we find 

2 

2 

The weight of the semi-cable will be G = C 9%. dx, or 

ö=^-4ifl(i+^4) •••• (20. 

The vertical component of the end-reaction will then be 

F-|go^ + |i./.?+G (21. 

and the greatest tension in the chain is given by 

rmax= VV^ + H^ (22. 

The cross-section of the chain at the points of support must 
therefore be 

^max=— ^ = ^0^ l+-jjr (22V 

At these points, the angle which the cable makes with the 
horizontal is determined by tan t == -^ or, approximately, 

*«'^ — ^(l + rf^if) (23. 

b.) Wire-cable bridges, A wire cable has a uniform cross- 
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section throughout. If g is the weight of the cable per linear 
Unit (p. 1. f.), the horizontal projection of this weight will give 

gx=g-sec t 

or, assuming a parabolic curve for the cable, 



gx==g. sec 



T-gyj 



1 + 



64 rV 

I* 



The weight of the suspension rods will be assumed as above. 
On integrating the differential equation of the equilibrium curve, 
we obtain 

(24. 

(25. 



y=-2w (fl^ + ^o + ^^') 

where ^ = ~3t(<^T^'^0 ** 

The horizontal tension will be 



(26. 



The weight of the half -cable will be approximately 

8 f 



ö = ^y(l+-|-T) 



(27. 



The values of V and Tma are given by formulae (21) and 
(22). The angle which the cable at the tower makes with the 



horizontal is obtained from tan t = -=-, or approximately. 



tan 



=^(1+ 



9-\-<l 



4 f 

o 3 



9 



(28. 



The constant cross-section of the cable is determined by 



A 



T 



max 



H 



= — sec T. "With the value of H from equ. (26) 



7 A 



and with g = ... , there results 



A = 



{<lo + ^i)Tf'ec 



The length of the chain or cable will be given by 

^=JViT(gydx 



(29. 



d 



^ (d^r) Lt - 4^ (Jf) + • •]] V 
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where -r^and-r^- are to be calculated from equ. (17). 
stituting their values, we obtain 

16^ C^ + ^-t)* 



Sub- 



L — l 



1 + 



' (.-f.-^y(.+4^'") 






(30. 



For small values of r, i. e., for a small ratio of rise to span, 
we may write the following expression for the cable-length, ap- 
plicable also to flat parabolic curves : 

^-'h+l^-^f! (31- 

2. Maximum Attainable Span. The theoretical limit of 
span attainable with a suspension bridge is determined by the 
condition that the cable shall have a finite cross-section, hence 
that the denominator of equ. (19) or (29) must remain positive. 
This criterion becomes 

for chain-cables, 

8 



1152 



I 



max ^ 



Cy 



f + 3 J 



for wire-cables, 

*jnax^ 



1152 



(32. 



"We thus obtain the following theoretic values of the maximum 
spans for the given working stresses and rise-ratios : 



Chain-Gables. . . 
Wire-Cables.... 



Ibs./ft.» Ibs./in.« 



Cy 

7 




12000 
18000 
45000 
60000 



1 


'1 


1 


1 


8 


10 


12 


14 


it. 


ft. 


ft. 


ft. 


2960 


2403 


2020 


174Ö 


4440 


3605 


3030 


2610 


11580 


9700 


8290 


7220 


15440 


12933 


11053 


9627 



ft. 



1527 
2290 
6380 
8507 



In the above spans, if the cable is to have a finite cross-section, 
it must carry no other load than its own dead weight. The above 
solution, consequently, does not give the maximum practicable 
span for suspension bridges which have to carry a definite use- 
ful load in addition to the weight of the cable. We may, how- 
ever, calculate the span I for a cable of the maximum practicable 
cross-section when the rise-ratio, working stress and applied load 
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are specified. If the weight of the cable per unit length — g, 

1 + -3- -^r ^ , also if go denotes the 
suspended load p. 1. f., then we have 

V vzaaix • ? i ..•• ( OO. 

9 + <l9 ^ 

It is important to note here that go is ^^ot quite independent 
of the span-length, but increases with it on account of the weight 
of the stiflfening construction and the wind-bracing. 

Note: — The problem of the maximum practicable span for suspension 
bridges, arising in connection with the projects for bridging the North 
Biver, was investigated by a special commission of U. 8. army officers. 
Assuming 16 cables, each containing 6000 steel wires, No. 3, B. W. G., with 
a total cross- section of 5058 sq. in. and weighing ^ = 17,200 lbs. p. 1. f.; 
also adopting a working stress of 60,000 lbs. per sq. m., a live load consisting 

i. . i. 1 M . . 27,540,000-, t J. ^ J. 

of a six-track railway giving p = — ——^ lbs. p. 1. f . and a corresponding 

total load of 

iQfinr I 27,764,726 + 3.24906 Z -f 0.00055335 Z' 
go = 1Ö6Ü5 + ^ _^ 0.000000003 /^ 

there is obtained, for a rise-ratio of 1:8, the value of { = 4,335 ft. for the 
limiting span. — (Beport of Board of Engineer Officers as to ''the maximum 
length of span practicable for suspension bridges": Major Chas. W. Bay- 
mond, Captain W. H. Bixby, Captain Edward Burr; Washington, Govern- 
ment Printing Office, 1894.) 

3. Economic Ratio of Bise to Span. The rise (or versine) 
of the cable affects, on the one hand, its own weight and that 
of the suspension rods and, on the other hand, the cost of the 
towers. If we overlook the effect on the backstays and on the 
masonry of the anchorage, we may determine approximately 
the riscrratio which will make the total cost a minimum. De- 
noting this ratio by — = n, the ratio of the cost of the towers 
per foot of height to the price per pound of steel construction 
by P, and using the abbreviation ^^^ = c, then, with the 

aid of equ. (20) and a small admissible simplification, there is 
obtained the equation of condition 

*(i+"«0 

-1 g r- ^0^ + 3- « ^ ^0^* + P ^ ^ = win. 

Differentiating and solving for n, and, for abbreviation, put- 
ting the very small quantity 

.qol + p ' 12 a, we obtain, 
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Neglecting the value of a, we have, 

^ 8 €qol + 



For example, if P =1650, c = 0.0003, Qo 
and I = 300 ft., then 

n = 0.11 = -^. 



(35. 

2000 lbs. p. 1. f. 



In order, however, to reduce the deflections as far as practi- 
cable (see following paragraph), it may be desirable to reduce 
this value of the best rise-ratio. 

4. Deformations. In order to simplify the following investi- 
gations, we will assume the cables when unloaded, i. e., subjected 
merely to their own weight, to conform to parabolic curves; 
this is very closely true with small ratios of rise to span. We 
will also neglect the resistance to deformation afforded by the 
friction at the pins of the chain or by the stiffness of the wire- 
cable. Let 

g = the total dead weight of the bridge, p. 1. f. 
p = the uniformly distributed live load, p. 1. f . 

a.) Maximum crown- deflection produced iy deformation 
under load. This will occur when a certain central portion of 
length 2 ^ is loaded. For the present we will not consider the 
possible displacements of the cable-saddles on the towers, but will 

assume the cables as fixed at the 
ends. Let /' denote the versine 
of the cable when loaded, so that 
by equ. (5), 

We next equate the expressions for the cable-length corre- 
sponding to the unloaded and loaded conditions respectively, 
the former being obtained from the approximate equ. (31) by 
neglecting the third term therein; we thus obtain: 

The solution of this equation yields 
Substituting this value in equ. (a), there results, 




iß. 



1 



V i 1 -\-9'V^ + 4PÖ'«'^+3p^ii^-(V+2pö')^' j 



.(36. 



. (37. 
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By differentiating this expression with reference to i, we 
obtain the following condition for a maximum value of /' : 

nf)'(^-f+0f+2(i)'(f-i)f 

+-l-(f)'0-f )-++-!-» 

Solving this equation for — and substituting the result in 

equ. (36), we. obtain the following values for the maximum 
crown deflection A /^ = /' — / : 

For — = 4- 1 2 3 

-y-= 0.5 0.141 0.126 0.113 0.107 
Afi= 0.028 0.045 0.067 0.079.f. 

From this tabulation we may obtain the following approxi- 

„ 1 
mate values, sufficiently accurate between the limits — ==-7- to 4 : 



9 



4- = 0.1 + 0.025 -^ 
I p 



A/,= (o.007 + 0.046 -^ -0.0075 -^)/ 



(38. 



9 9 

b.) Crown-deflection due to elongation of cable. The dif- 
ferentiation of equ. (31) yields, on putting the rise-ratio -r- =^^ 

^^2= i6^5^_24n») ^^ (^^• 

The elongation of the cable (AL) may be due to its elastic 
strain, to temperature variation, or to a yielding of the 
anchorages. 

If s is the intensity of stress in the cable under maximum 
live load (=p), then the elastic stretch due to dead load (g) 
will be 

^^«=^lfF-^ (*^- 

and the increase in stretch due to live load will be 

^^'=-F7+F-^ (*^- 

The elongation produced by a temperature variation of it t^, 
with a coefficient of expansion of w = .0000069, is 

ALt=±<otL (42. 

If the cable over the Fig. 17. 

main span is continued on 
each side as a backstay 

to the anchorage (Fig. v<— 7— TTr ; Et^^— ^ 

17), and if the cable V^-^-Y" ' • ^ "^ 

is capable of slipping over the fixed saddles, then the value 
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of L in equs. (39) to (42) must consist of the total len^h of 
cable between anchorages; consequently 



L =^(l+ - n"- -^ w*) +2 ^1 sec ai (43. 

If, however, a displacement of the saddle will occur before 
the cable will slip, then with A L == the elongation of the main 
cable and A 2/i == the elongation of one of the backstays, we 
should have 

,^_ 15 ^^, 2 15-8(5tt»-36tt*) ^^ 

^/2— Iß fK^^9±^z\ ^^-r- „_ „^ 16(5n — 24n») ^^i* 



16 (5n— 24n') ' sec 

Substituting the values 

AL=c.L = c.(1 +y w*— 

AL^ = c . Ly^ = c . sec tti . ^1, 



32 



n')l, 



where c is given by the coefficients of L in equs. (40) to (42), 
we obtain 

A/.= {il-nh+ i6gn"^-1fn.) (^+2^) } • c . . (44. 

c.) Crown ' deflection produced by displacement of the 
saddles. If a displacement of the saddles reduces the effective 
span of the cable by an amount A I, without a simultaneous 
change in the total length of the cable, there will result a sag or 
deflection at the crown amounting to 

. - 15 -8 (5 n'- 36 n*) ,, ,.- 

^f^ 16(5n-24n«) ^^ (^^• 

If the saddle-displacement is accompanied by a slipping of 
the cable, so that the total length of the latter between anchor- 
ages (Fig. 17) remains unchanged, then the crown deflection 
becomes 

^ - 15 — 8(5n* — 36 w*) — 15. sec a^ . , ,-^ 

^f" I6(5n-24n') ^^ ^^^' 

d.) Maximum horizontal displacement of the crown. For 

the lowest point of the cable curve, we have -^ — = ; accord- 
^ ' d(ü ' 



Fig. 18. 




BUdiummi mmuB flumHJBiu 

[ ti liiiBciami^rajiniintaiM]!! iiuiiujiiimimiraiHwmEmraiBffircniiw 



ingly, with the notation of Fig. 18, 
so long as the crown (8) is to the 
left of the head of the load (E), 

^^ = -2-ö^(^-2a:)+YP-y-'=0- 



• I 

Consequently x will have its maximum value when $ has its 
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maximum value, hence when ^ = J — - x. Substituting this value 
in the above equation, we obtain 

J_ ÖL I J JL _L J\ 

I p +^ p ^ p'' 

Hence the maximum deviation of the crown from the center of 
the span will be 

-1= i+^_^-£- + _< (47. 

I 2 * 2^ P P 

The total rise of the cable may be assumed invariable for all 
ordinary values oi g :p. Consequently, the uplift of the cable 
at the center of the span will amount to 

^f^^i-rh^Y-f <*8- 

We thus obtain the following values : 

9 11 ^ rt Q 



*^^ p - 3 2 - - ^ 

e= 0.167 0.134 0.086 0.051 0.036 Z 
A^= 0.0625 0.0445 0.0214 0.0084 0.0045/ 

Example. It is required to design a suspension bridge with steel-wire 
cables to carry a roadway 12 meters wide. Span 1= 100 m= (328 ft.), 
rise f = 8 m. Two cables are used. The loads per cable per linear meter 
are: Dead weight of roadway = 1400 kg. (= 940 lbs. p. 1. f.), live load = 
400 X 6 = 2400 kg. (= 82 X 19.7 = 1615 lbs. p. 1. f.), hence ^o = 3800 kg. ; 

also the weight of the suspension rods, / = ^ . -— = -w\^- X -ttt = 3.7 kg. 

( 'V 2555 488 \ 

= "^ • lii = Ii;39Ö X 144 = ^-^ ^^'- P^' ^*- P- ^- ^) '^^^ ""^'^'"^ '*''^'' 
is taken at a = 2000 kg. per sq. cm. (= 28,460 lbs. per sq. in.). Using 

4f 
tanr = — = 0.32, sec r = 1.050, the value of the uniform cable cross-section 

is given by equ. (29) as A = 333.7 cm.« (= 51.7 sq. in.) . The weight of a 
cable is therefore g = 0.78 • A = 260.3 kg. per m. ( = 175 lbs. per ft. ), and 
the horizontal tension is, by equ. (26), U = 635.6 tonnes ( = 1,402,000 lbs.) 
The angle of suspension is now more, accurately given by equ. (28) as 
/an r = 0.32024; and the length of the cable is given by equ. (30) as 
L = 101.672 m. 

If there is no stiffening construction, the deflections are calculated as 
follows: The maximum crown deflection under partial (symmetrical) load- 



. . . V ,oox /i. V 2400\ 

mg IS given by equ. (38) i for -^ = jgyj 1 



as 



A fi = 0.057 • / = 0.456 m. 

If the horizontal lengths of the backstays are taken as {^ = 25 m., then 
the crown deflection due to elastic stretch under full load is given by equs. 
(44) and (41), 

A fa =0.208 m. 

The deflection due to a temperature variation of ± 30° C. is, by equs. (44)' 
and (42), 

A A = ± 0.144 m. 
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Finally, by equ. (47), the largest horizoiitt:^! displacement of the crown will 
be e = 0.110 i = 11 m., and the corresponding uplift at the center of the span 
is, by equ. (48), A f* == 0.0325 f = 0.260 m. The total vertical displacement 
at the center of the span caused by the crossing of the maximum live load 
amounts therefore, in the unstiffened suspension bridge, approximately to 
-fO.46 m. and — 0.26 m., i. e., 0.72 m., to which must be added the tempera- 
ture deflections of ± 0.144 m. 

5. Secondary Stresses. The preceding theory of the flex- 
ible cable is based on the assumption that the cable (or chain) 
is constantly free to assume the curve of equilibrium correspond- 
ing to the momentary loading; this neglects the resistance to 
deformation offered by the friction in the hinges of the chain 
or the stiffness of the wire of the cable. Although the latter 
effect may be so small as to have no appreciable influence on 
the stresses in the cable, it will generally be otherwise with the 
frictional resistances in the chain-hinges; experiments made on 
existing bridges by Steiner and Frankel with the aid of Prankel's 
Extensometer, have demonstrated the occurrence of considerable 
bending strains in the individual links of the chain. 

If T denotes the axial tension in one of the links, d the 
diameter of the pin at the hinge, and <t> the coefficient of fric- 
tion, then the bending moment transmitted to the link by friction 

may reach the value IT == <^ . T • — 2— • Approximately we may 

take <f} .T = <f>\ Hj where, in the most severely stressed link, 

^' = <^ (1 + 8-75-). Then, to obtain the greatest possible 

value of the bending moment, H must be determined for that 
intensity of loading which, applied asymmetrically, will produce 

moments of deformation equal to the friction-moment <^' . -ff . -0- • 

For this purpose, we may consider the live load of p per linear 
unit resolved into two parts p' and p", where the former covers 
the span only partially so as to produce the bending moment 
given by equ. (104*) as ilf = 0.0165 p' P ; while the second part 
p" is supposed to cover the entire span. Then, neglecting the 
effect of the load p' upon the value of Hy we have 



whence 



0.0165p'^^ = <l>\ -^ (p- + or) -f . -f 



ff I 0.264 . , \ 

f 



Hence, the maximum bending moment will be 

0.264 + 0'— 
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Thus, knowing the sectional dimensions of the members of 
the chain, we may readily determine the bending stresses. For 
the friction coefficient <^, particularly in old chain bridges where 
rust may occur, a high value should be adopted, at least <^=0.20. 

Example, In an existing chain-bridge of 275 ft. span and 18.6 ft. rise 
there is carried by each chain its own weight o£ g = 650 lbs. p. 1. f . together 
with an applied load of « = 820 lbs. p. 1. f. For these values Fg+p = 746,000 
lbs. The diameter of the pins amounts to d = 0.164 ft. Using 0' = 0.25, 

we find ^o^f^^ ,a = Ö-99 and M = 0.25 X 0.082 X 746,000 X 0.99 = 

15,140 ft. lbs. The chain consists of 5 eye-bars, each 5.2 inches deep 

and 1.22 inches thick; hence each bar must take a bending moment of 

15 140 X 12 

—^ — = = 36,330 in. lbs. , and with a section modulus of 5.5 in^, the 

resulting maximum fiber stress will be ■ ^ = 6,600 lbs. per sq.in. 

5.5 



/ f 



■ - / 
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B. The Stiffened Suspension Bridge. 

§5, Approximate Theory, In order to reduce the static 
distortions of the funicular polygon or flexible cable discussed 
in §4, there is introduced a straight truss connected to the cable 
by suspension rods. This stiffening truss may either extend 
over a single span, i. e., simply rest on two supports, or it may 
be built continuous over several spans. In the latter form, the 
only cases of practical application are those of two equal spans 
or of three spans. As* already mentioned in the Introduction, 
this type of structure is statically indeterminate ; but, by intro- 
ducing a hinge in the stiflfening truss, we may either secure 
determinateness or at least reduce the degree of indeterminate- 
ness. - 

We first adopt the assumption that the truss is sufficiently 
stiflp to render the deformations of the cable due to moving load 
practically negligible ; in other words, we assume, as in all other 
rigid structures, that the lever-arms of the applied forces are not 
altered by the deformations of the system. This approximate 
theory will usually be sufficiently accurate for all practical pur- 
poses ; but, in order to determine the limits of its applicability, 
a method for a more exact design will be appended. 

1. Conditions for Equilibrium of the Funicular Polygon. 
Equations (1) to (5), (§3), will also apply here if the forces P 
in those equations are put p. ^g 

equal to the stresses of the ^^* 

suspension rods 8 in- 
creased by the panel-loads 
K corresponding to the 
dead weight of the cable. 
If the rods are located at 
uniform intervals a, then 
we have by equ. (3*) 

'-n.A'yra= (Sra + K) .a (49. 

If the vertices of the funicular polygon lie along a parabola 
with a vertical axis, and if the adjacent rods are distant a and 
a' from the m^ rod, then equ. (3**) gives, 




^JH^+^lL-^Su^ + K 



(50. 



Hence, if the cable is parabolic, and if the panel-points are 
umformly spaced (horizontally), the suspender-forcea must be 
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uniform throughout. It thus becomes the function of the stif- 
fening-truss to distribute any arbitrary live load in whatever 
manner may be demanded by the particular form of the cable- 
curve. 

If the cable is continuously curved, then the applied loads 
per horizontal linear unit are given by 



Sm-\- k = — H. 



dos" 



(51. 



and if the curve is a parabola, the uniform loading becomes 

8f 



s -\-k=^H,-zr 



(52. 



The approximate theory assumes that the above equations 
(49) to (52) hold true even after deformation. This assumption 
is all the more admissible the stiffer the truss, for the less will 
then be the deflections transmitted by the rods to the cable. 

Fig. 20. 




2. Forces Acting on the Stiffening Truss. These com- 
prise the dead weight of the truss and any construction it may 
carry, the live load, and the stresses in the suspenders which are, 
in effect, vertical loads directed upward. If we imagine the last 
forces removed, then the bending moment M and the shear S 
at any section of the truss distant x from the left end may be 
determined exactly as for an ordinary beam (simple or con- 
tinuous according as the truss rests on two or more supports). 
This moment and shear would be produced if the cable did not 
exist and the entire load were carried by the truss alone. If 
~ M^ represents the bending moment of the suspender-forces at 
the section considered, then the total moment in the stiffening 
truss will be M = M — Mg. 

Let the straight line passing through A' and B', the points 
of the cable directly above the ends of the truss (Fig. 20), be 
adopted as a coordinate axis from which to measure the ordi- 
nates y of the funicular polygon. Also consider the dead weight 
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of the cable (Ä; p. 1. f.) to be uniformly distributed. We then 
have the following cases : 

a.) For a truss simply resting on two supports, with span 
A B =ly by a familiar property of the funicular polygon, 



Ms + -^-kx (l—x)=^H ,y; 



consequently 



M = M+ -i-kx{l-x) —H . y 



(53. 



Considering the cable-weight as included in the load carried 
by the stiffening truss, also representing M by the ordinates y 
of an equilibrium polygon or curve constructed for the applied 
loading with a pole distance = H, we have 

M^M^n.y==H.(y-y) (54. 

Hence the ie7iding moment at any section of the stiffeninc/ 
truss is proportional to the vertical intercept between the axis 

Fig. 21. 




of the cable and the equilibrium polygon for the applied loads 
drawn through the points A^ B^ (Fig. 20). 



Ms = n.y 



ß,) For a stiffening truss continuous over several spans, 

I — CO TT i »» X § \ X 

hence 

I — X 



m -^ m 



I 



) 



M 



==M — H(y — 






) 



(55. 



Here M\ and M^\ denote the end bending moments produced 
by the suspender forces acting on the continuous truss, intro- 
duced with their appropriate negative signs. These moments 
may readily be represented by the lengths m' and m", with a 
pole distance H = 1, for any given form of cable. 

In the case represented in Fig. 21, where the truss extends 



>^ 
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symmetrically over two side spans but without connection to 
the backstays, we have 



in the main span, ilf = M — H (y — m) 
in the side span, Af == M + -ff • wi . -7- 



' . . . (56. 



With a uniform distribution of the suspender forces, i. e., for 
a parabolic cable-curve or chain-polygon, if the ratio of span- 
lengths is r=» -y- and if i = —7- is the ratio between the mo- 

ments of inertia of the cross-sections of the stiffening truss in 
the main and side spans respectively, the theorem of three 
moments gives 

^ ./ '. (57. 



m= 



3 + 2tr 



Denoting the coefficient of / in the above equation by the 
symbol c (a constant for any given structure), m = e./, hence 

in the main span, ilf =M — H (t/— e ./) 1 

in the side span, ilf = M+ff.-^.€/ f •• (57'. 

If the truss is connected to the cable by suspension rods in 
the side spans also (Pig. 22), then, with a'parabolic cable curve. 



B' 



Fig. 22. 




?--^.--^--- 



- — --^ -•--— -— 3!t---- I 



2(l + ir>) , 

W= n ■ ft . ./ 



3 + 2 tV • ' (58. 

As before, let us designate the coefficient of / in this equation 
by the constant c, so that m = c . /. We then obtain, 

for the main span, ifcf==M — JI(i/ — €./) 



for the side spans, ilf = M — H (1/1 — r" • « • /) 



' . . (58». 



where 3/1 represents the ordinates of the side-cable below the 
connecting chord 4' B\ 

The transverse shears S are given by the following equations : 
a.) In the single-span stiffening truss 

8 — S^H {tan r—tana) (59. 
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ß.) In the contiimous stiffening truss, 
8 = S — H (tan t — tan a + ^ ~^ J 



(60. 



Here t denotes the inclination to the horizontal of the tangent 
to the cable curve at the given section, and a is the inclination 
to the horizontal of the cable-chord joining the points of suspen- 
sion; both of these angles are reckoned positive when directed 
downwards to the right, m' and m" have the significance pre- 
viously assigned. , For the case represented by Pig. 21, the shears 
will be 



in the main span, 8 = S — H tan t 

in the side spans, 8 = S -\- H - 3 , ^ . j- 



. . (61. 



If the truss is suspended in the side spans also, the second 
of equs. (61) is replaced by 



«=S + F(i±i5.-^ + <a« 



tan 



r) ....(62. 



3. Determination of the Horizontal Tension E. In the 

bridge systems considered above, the horizontal tension is 
statically indeterminate unless another condition is furnished by 
some special construction so as to eliminate the indeterminateness 
in this respect. For instance, the cable might be given a definite, 
invariable H by replacing one of the anchorages by an attached 
weight. The stiffening truss would then be subjected to an un- 
changing upward loading. — ^Another arrangement that has been 
proposed, but never yet executed, is to balance the end-reactions 
or to fix the ratio of the cable and truss reactions by supporting 
both of these members on the ends of a common lever. If 



n = 



Ol 



Oi 



is the ratio of the lever 



Fig. 23. 



arm of the truss to that of the ^ 
cable-tower, then, with the ar- 
rangement and loading shown in 
Fig. 23, 




H 



PJ 

I 



n 



2 4-n 



cotana : (63. 



In actual practice, however, the only cases of importance are 
the following two arrangements : 

a.) The stiffening truss is provided with a central hinge. 
This furnishes a condition which enables H to be directly de- 
termined; viz., at the section through the hinge the moment M 
must equal zero. Consequently, if the bending moment at the 
same section of a simple beam is denoted by Mo, and if / is the 
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ordinate of the corresponding point of the cable, then for a 
single-span bridge, by equ. (54) 

n=^ (64. 

and for a continuous truss having a hinge in the central span, 
by equ. (56) 

n=^:^ (65. 

b.) The stiffening truss has no central hinge, and is not pro- 
vided with any of the devices, described above, for making it 
statically determinate. The required equation for the determi- 
nation of the horizontal tension must therefore be deduced from 
the elastic deformations of the system. Various procedures may 
be adopted for this purpose. We may, for example, equate the 
variations in the cable-ordinates, increased by the elongations 
of the suspension rods, to the deflections of the stiffening truss, 
and thus develop an expression for H. A simpler method, how- 
ever, consists in applying the ** Theorem of Least Work.'' 

If N denotes the axial stress and M the bending moment at 
any section of an individual member of the system, and if s is the 
length of the member, A its cross-section, / its moment of inertia 
about the neutral axis, and E its coefficient of elasticity, then the 
familiar expression for the work of deformation is 

and the resulting equation of condition for the case under con- 
sideration is 



dW 
dH 



J'N dN . , CM dM ^ ^ .^„ 



To apply this equation, it is simply necessary to express the 
axial stress and bending moment for each part of the system in 
terms of the external forces and the unknown horizontal tension 
II. 

a.) Let us first consider the type of construction shown in 
Fig. 19, consisting of a suspension bridge with stiffening truss 
extending over but one span. Let 

A = cross-section of the cable at any point. 
^0 = cross-section of the cable at the crown. 
A = length of cable between consecutive rods. 
a = horizontal distance between consecutive rods. 
2 ill = cross-section of the stiffening truss. 
(= cross-section of the two chords.) 
I = moment of inertia of stiffening truss. 
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A^ «= cross-section of a suspension rod. 
y^ = length of a suspension rod. 

y = ordinate to cable measured below the closing chord. 
% = effective depth of the stiffening truss. 
( = distance between the neutral axes of the two chords.) 
/ = the versine (or rise) of the cable. 
/' == height of the end posts or towers. 
A3 = cross-section of end posts or towers. 
?i = horizontal projection of the backstays, 
tti = inclination to horizontal of backstays. 
a = angle of suspension of the cable. 
Ö == total load on the stiffening truss. 
-4, B == resulting vertical end reactions. 
. K == weight of cable per panel point. 
k = weight of cable per linear foot. 



Bemembering that the stress in the cable (or chain) is 



a 



(68. 



and assuming that the cross-section at every point is proportional 
to the stress, then we have A = A^ * — and for the backstays 



a 



A' = A 



Q • SßC OL^, 



We must now write out the expression of equ. (67) for each 
member of the system, for which purpose the following tabula- 
lion will be used. In this table, the stress in the suspension rods 
is taken from equ. (49) ; and it is assumed either 

a.) that the stiffening truss is not independently supported 
but is hung, at the ends, from the points of suspension of the 
cable, or 

b.) that the stiffening truss has independent supports, one 
fixed and the other movable horizontally, which, on account of 
the possible negative reactions, must be considered äs anchored 
down. 
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III I 

Noting thatS X.^= 2 a^+ 2 iAyy=l.a— ^y/^^y, and 



that for an approximately parabolic curve of cable we may 
write I ^^^ ~^ 'dx = -^. | ^—-^ , we obtain from the rela- 

tion :T7r =0 the following expressions for the horizontal tension : 
For the case a) : 

»A4 / Q 

F= 

s ^A'y + 2h sec'a,+ ^^ ^ (A^2/)^+2f ^ tan'a 

A.2 fl ^3-3 



S 
öt 







(69. 



For the case b) : 

I 



■2 



^0^^ cy^^^' 



H= 



^■f7^+(ty-'''+tS;-f) 



k 



Ö ^2 a 



(70. 

Here Ei is the elastic coefficient for compression of the towers. 



Fig. 24. 



Fig. 25. 





Putting li = 0, equ. (69) gives also the horizontal thrust for 
the arched-polygon with stiffening truss (Fig. 24). 
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Equ. (69) may also be applied to the form of structure 
represented in Fig. 25, by putting l^ = 0, /' == 0, i/' = y, and 

adding to the denominator of the expression the term ^a ' ^' 
representing the axial tension in the stiffening truss. 

The same term must also be appended to the denominators 
of equs. (69) and (70), at the same time putting li = 0, if in- 
stead of the backstays there is introduced a strut of section 2Ai 
connecting the points of suspension of the cable. 

Dividing numerator and denominator of the preceding equa- 
tions by Aqj and collecting the terms that do not contain I under 
the symbols Q and q respectively, we obtain the following gen- 
eral expression for H: 



M y 



/" 



^ . kl' ry^'dx 



^^+Äo + -8f 



s 



H= 



(71. 



I 

J 





y^ dx 






As the second term of the numerator is usually negligible 
compared to the first term, we have very nearly 

My 



H=^ 







dx 



+ 



/ 





y^'dx q 

I '^A 



kl 

8 



j(l - n) 



(71*. 



where n denotes the very small quantity 



'S 



y^ dx 



Fig. 26. 




We now introduce the assumption that the moment of 
inertia of the truss, I, is constant within any panel-length a, and 
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its value in any panel between the (m — l)th and (m)th suspen- 
sion rods will be denoted by /m. Then the definite integrals in 
the above formula may be resolved into summations, the terms 
for which are obtained by extending the integration to each 
separate panel. In this process we may use the values 



X 



y=ym-i + —- (2/m — ym-i), 



a 



m 



and 



X 



M =M :n-i + — ( M^ ~ M^_0, 



a 



m 



where Mm_i and Mm are the ordinary beam bending moments at 
the panel-points m — 1 and m, and the abscissae x' are measured 
from the (m — l)th panel point. We then obtain 

_L C Mydx= -^ [Mm-i (2 ^/m-i + t/m) + M^ (2 ym + t/m-i)] 

a 

and 

am 

-^ C y'dx=^[ym.i(2ym-i+ym) +ym(i2ym + ym.i)]. 

Im J Dim 



Adopting a mean moment of inertia Iq and a mean panel- 
length tto, we obtain the following summation expressions : 



+ M„.,, (2 j/„,x + j/„ )} + ... ] =-^2 
• [-^ -^ (2 y. + jz-n-i) + -^ 

^ Uo Ixn Ho 



M 



m 



T^ (2t/m +2/m+i) 1 

Im+t J 



and, similarly, 
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Introducing, for abbreviation, the symbol 






(72. 



and substituting in equ. (71*), we obtain a final expression for 
the horizontal tension due to the external loading: 



I 

2 MmVm 





F=__ ^^ (73. 





do ''^0 



If the loading consists merely of a concentration O, distant 
^ from the left support, then the two summations in the above 
expression may be given a static significance, enabling them to 
be determined graphically. Thus, if a^ is the abscissa of any 
panel point, 






z 
and 2 t/m Vm = fi, 



where m| signifies the moment, at the load-point (^), produc- 
ible in a simply supported beam loaded at every panel point 
(m) with a vertical force of magnitude v^. Similarly, fi is the 
static moment, about the chord A B, of the forces v conceived as 
acting horizontally at the respective panel points. These mo- 
ments may readily be constructed as the ordinates of the proper 
funicular polygons. 

If the panel-length a is constant, then 

^"i^-fif"" (2 2/:n+ t/m-l) + "fi-T (2 i/m +2/m+i), 

O im U i ni+t 

and if the moment of inertia, /, is also constant, 

or, with sufficient accuracy, 

The graphic construction is executed exactly as in Fig. 54, 
(see §17). We first divide the area between the cable and its 
chord into strips of width a, which may be taken equal to the 
jspacing of the suspension rods ; and the load-elements v are 
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either computed by equ. (72) or assumed approximately equal to 
the ordinates y. With the pole distance p, we next construct the 
two funicular polygons 6 and c for the forces v acting vertically 
and horizontally, respectively. The ordinate of the polygon 6, 
directly under the point of application of the load, gives the 
value of Hf if the concentration G is represented by a length 
composed of the intercept Woti of the polygon c on the chord A B 

g /o 



plus the length nn^ = c 



flop Ao ' 



Thus, 



m 



E = 



.(? 



(74. 



li + cp 
In an actual design, the data were: Z==50 m., /==6.5 m., 

S 2- A^j/ = 4.506 m., l^ = 15m., — j— = 2.049 ; the effect of 

the suspension rods was neglected. Choosing a = 2.5 jn., p = 35 
m., there was obtained c = 2.167 m. For a load at the center of 

19 3 

the span, the construction yielded g= .^^'^ = 1.286 G, 

If the stiffening beam is a truss with parallel chords, then 

in equs. (71) to (74) we may write I = A^- -^ • Again / may 

be assumed constant either throughout each panel a or, for a 
first approximation, throughout the entire span. If we desire, 
furthermore, to include the effect of the web members, if A^ is 
the section of any web member and y its inclination to the ver- 
tical, then, by equ. (59), we must correct equs. (69) and (70) 
by adding to the numerators of the expressions for H the term, 



H sec\ 



+ 



a 



sec^ y 



s S -p- . A I/, and to the denominators the term, 
^* 

2 -p-(Ai/)^, The following values, therefore, 
^* 



must be substituted in equ. (71) and the subsequent formulae, 
for the case (b) : 



y 



Q a ^2 



Ao^y' 



a' 



(A'y) 



+ 2/' i^'4- (^«^ ^ + tana,y+\sec^y S ^ .'( Ai/ )^ 

However, in the total work of deformation, the influence of 
the web members of the stiffening truss, as well as that of the 
suspension rods, is so slight that the corresponding terms may, 
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without appreciable error, be neglected. Under the usual con- 
ditions of practice, their effect on the value of H cannot exceed 
0.3 to 0.5%. 

If the cable or arch is parabolic in form, then, taking the 
origin of coordinates at the left point of support, the equation 
of the curve will be 

y=-f{l — x).x. 

If, furthermore, the distances a between suspension rods are 
assumed vanishingly small, the summations in the expression 
for H may be replaced by the corresponding integrations, thus 
yielding the following values : 






z 



SXa^j/= Cy.€y.dx='^4r^- 

a J dx^ 3 { 



Finally, if the moment of inertia of the stiffening truss is 
assumed constant ( = /) for the entire span, and if the loading 
consists of a concentration G located at a distance ^ from the left 
end of the span, then we have 

JM.y.dx^O ~\(l-$l'Cx\l—x)dx+$'fx(l-xy.dxl 

Substituting the above values for the summations of equ. 
(70), we obtain the following expression for the horizontal ten- 
sion: 
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H»| 



[(D'-Kir+o- 



[HSf'-2f):^.-i}ci 



8 



i+^ifpO+3y+^--^«0 + ''('^'--^^)Äj^+ 



(75. 



In this expression, Ag denotes the sectional area of the sus- 

A 

pension rods per linear foot of span, i. e., — -, 

Neglecting the effect of the elongation of the rods, as well as 
that of the compression of the towers, and omitting the cable- 
weight from consideration, we have 



H = 



l(¥~^-p + ^)'^l 



8 



+ 3 



f^.(l+¥T + 2T-^«0 (^^'- 



The last equation will usually be accurate enough for a pre- 
liminary design; on the basis of the results thus obtained, an 
estimate can be made of the probable variation of the moments 
of inertia (/), and a re-design may then be executed by the 
more exact equation (71) or (73). Of course it will be neces- 
sary, in the first design, to guess the probable value of the ratio 
I/Aq, but the range of this quantity in practice lies between such 
narrow limits that the corresponding variation in H is quite 

inappreciable. If we denote the ratio ^ by the symbol n, 

A of 

and if An i^ its variation, then approximately 
30 



A H 
H 



— g , OQ • An, As may be shown by a study of actual designs, 

the ratio n always lies between the limits 0.01 and 0.02, so that, 

An 
at the mean value, -— - = 3.55 . An ; consequently, if the varia- 

tion of n is 0.01, the resulting error in H will not be more 
than 3.6%. 

If the horizontal span of the cable V differs from the span 

of the truss I, we must substitute V for I in the first two terms 

of the denominator in equ. (69) or (70), also multiply the terms 

I V 

containing -r- in the denominator of equ. (75) by -7-. In this 

Aq I 

case, / is the versine of the cable for the span I. 

ß,) By the same analysis as was applied in deriving equ. 
(69), we may also obtain the expression for H for a three-span 
suspension bridge (Fig. 27). It will here suffice to derive the 
approximate equations based on the assumptions of a parabolic 
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weightless cable, and a stiffening truss with moment of inertia 

constant throughout each span. 
In the following, let 

/ = the versine of the cable in the main span (Z), 
/i = the versine of the cable in the side spans (ZJ, measured 

vertically,* 
Z2 = the horizontal distance from tower to anchorage, 
Ol = inclination to the horizontal of the cable-chord in the 

side span, 
} = moments of inertia of the stiffening truss in main and 



I 



side spans respectively. 

Fig. 27. 
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Then, for a concentration Q in the main span, distant i from 
either tower, 



ff= 



( O-Kf)V'4»O-l)-Blfk?O-l)['-|.^0-)f-fJ l 

111 /^ ft fi \ 3/r 16/» I'/ 16^* . \1 



— 4e-f3e 

.f. 

If the concentration is applied in the side span at a distance 
i from the end-support, the horizontal tension in the cable will 
be: 

l[(l)-<!)'+'B-f • (-av) 



^(76. 



sih^2uV-\iJ ) t 



1-9 e + 



\f'~'^/hi\niti 



8 
5 



3 / r l^f U / 16 fi« \ 1 

+ Zj^^+-3-7^+2y(l+-3^.fWa.)J 



jo |...(76\ 



If the stiffening truss is suspended from the cable in the side 
spans also, then, in the above equations: 



*In Fig. 27, fi should be measured vertically, not obliquely as wrongly 
indicated by the drawing. 
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2 0^ + TT ^-0 
12 (si + 2-L y,) 



(77. 



But if the stiffening truss, although continuous, is not con- 
nected with the cable in the side spans, then, in the above equa- 
tions, we must put /i = and 



e = 



21 



3l + 2h 



h 



(78. 



If, in the latter case, it is desired to include the effect of the 
elongation of the i^ods in the main span and the compression 
of the towers (of height/'), then there must be added to the 
denominators of the above expressions for H the terms : 

The last term in the numerators of the above expressions, i. e., 

the term containing the factor » , r /o, t » vanishes when the. 

cable curves in the main and side spans are parts of like para- 
bolas, when there are no suspenders in the side spans, or when 
the stiffening truss is interrupted (i. e., hinged) at the towers. 
In the last case, viz., the two-hinged suspension bridge, we must 
also put the factor of continuity «=0, thus obtaining the fol- 
lowing simplified equations : 

For a load G in the main span. 



ff = 



(4)'-K4)'+i 



5 






f 



■ G 



(79. 



For a load G in the side span, 
H = 



m-KiY+^Wf'r 



Ki+2e?)+i?[i+¥;+2f(i+¥g+'«»--.)] 



f 



. G 



(79,. 



To investigate the effect of a moving load, it is advisable to 
apply the Method of Influence Lines. 
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On account of their frequent application in the present and succeeding 
parts of this book, the general properties of influence lines will here be 
reviewed. To obtain the influence line for any given function for which 
we wish to investigate the law of loading, we erect at each position of 
the load an ordinate equal to the corresponding value of the function. 
The resulting curve then indicates definitely the positions at which the 
influence of the load is maximum or minimum ^ and also assists in deter- 
mining the most unfavorable position for a train load. If the influence 
line is constructed for a moving load equal to unity, then the function 
in the case of a series of concentrations will be equal to the sum of 
the products of the loads by the ordinates (F) of the influence line 
corresponding to their points of application. If, instead of a unit load, 
any force G be taken as the basis of the influence line, then for the 

concentrations P we must take the simi -^ 2 P F. The influence line is 

a continuous curve if the loads are applied directly to the main truss 
(or other structure). If, on the contrary, the loading may act only 
on isolated points of the truss, as in the case of principal trusses sup- 
porting transverse floor-beams, then the curve is replaced by an inscribed 
polygon of straight lines with vertices located in the vertical lines through 
the points of direct loading. (Proof: Let P be the load in any panel 
a between two transverse beams at which the ordinates for a unit-load 
influence line are T, and T„ ; let e be the distance of the load from the 
first of these panel points ; then the ordinate Y of the influence line at 
the point of application of the load must satisfy the equation 

P(a — e) P.e 

showing that Y is the ordinate of the straight line joining Y, and Y„ ). 

If a train of concentrations is placed arbitrarily upon the structure, 
it will in general be necessary to shift the entire system of loads one 
way or the other before they will yield a maximum value of the given 
function. In order to establish a criterion for the proper direction of 
this shift or displacement, let 04, 02, a,, ... , be the angles of inclination 
of the sides of the influence polygon and let P„ P2, Pg ... be the loads 
lying within the projections of the respective sides. Then the combined 
influence of these loads is represented by the sum Pi Fi + P2 Fa + Ps F, -|- 
etc.; and the variation of this function producible by a displacement of 
the entire train through the distance ^ (it being assumed that during this 
displacement no load enters or leaves the span or crosses a panel point) 
will be given by 

A£ (Pi tan Ol + Pa tan a, -f P3 tan a, -f- . . . ) 

since, by this displacement A|, the ordinate F corresponding to any 
load will be increased by A|. tan a. If the truss is directly loaded, so 
that the influence line is a curve instead of a polygon, the same expression 
applies provided that %, 0^ ... are the inclinations to the horizontal of 
the tangents to the curve at the load-points and A( is assumed to be 
an infinitesimal displacement. We thus find that to secure the most 
unfavorable loading (yielding the maximum value of the function) there 
must be a displacement either to the right or to the left according as 
the expression in the parenthesis is positive or negative in value; also that, 
in general, to secure the above condition one of the concentrations must 
rest at a panel point. The above expression may be represented graphically 
as follows: Lay off the loads upon a vertical line; commencing at the 
top of this load-line construct a polygon whose sides make the angles 
dj, Oa ... with the vertical and have for their vertical projections the 
respective forces Pj, Pa .... The position of the terminal point of this 
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polygonal series of lines, to the right or left of the load-line, determines 
the direction of the required displacement of the series of concentrations. 

Finally, the influence line also shows the effect of a continuous uniform 
load. This effect will be represented by the area included between the 
influence line and the axis of abscissae within the limits of the loading. 

To obtain the H-influence line or H-curve, we must cal- 
culate the values of H by the preceding formulae for different 
possible positions of a unit load and plot these values as ordi- 
nates at the respective load-points. We may then find the values 
of H for any loading consisting either of a train of concentra- 
tions or of a continuous load. Thus, if we denote by 1/1,1/2 the 

ordinates of the ff-curve at the points of application of the 
loads Pi, Pg , then the horizontal force is given by 

H =Pi 1/1+ P2 172 + • • • • 

If, instead, we have a continuous load of intensity q per unit 
length distributed uniformly over the distance X2 — a?i, then the 
horizontal force will be 

H ==q \ 'qdx = q.^, 

Xi 

where ^ is the area of the ff-curve included between the ordi- 
nates which mark the limits of the loading. If a hinge is intro- 
duced in the middle of the span, then, by equs. (64) and (65), 
the H-curve will be identical with the influence line for moments 
at the central section of the truss. With a simple (non-contin- 
uous) stiffening truss, the ff-curve thus becomes a triangle 

having a maximum ordinate of -j- (? y at the crown. 

Example. a) In a suspension bridge with a continuous stiffening 
truss, as in Fig. 27, let l^ =: OA I, f == 0.1 i, A = 0.04 Z,, / = 5 I^ and 

A f» = -QQf Ä^so let la = 0.5 I, and tan oj = 0.25. Then, by equ. (77), 

e =-J^\ o4\ ' 5 = 0.377, and equs. (76) and (76-) yield the follow- 
ing values of the horizontal tension: 

Load in a side span: 

— = 0.1 0.2 0.3 0.4 0.5 0.6 0-7 0.8 0.9 

»1 

H = —0.0174 —0.0406 —0.0721 —0.1109 —0.1525 —0.1890 —0.2087 —0.19680 —0.1343 O 

Load in the main span: 

4 = 0.1 0.2 0.3 0.4 0.5 

H = 0.7061 L3832 1.9354 2.2944 2.4185 . G, 
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The aecompanjing Fig. 28 
gives the H-eurve constructed 
from tiie above values. 

Example, b) If the stiff- 
ening truss is hinged at the 
towers, then, for the same data 
as in the preceding example, 
we obtain the following values 
of H by equs (79) and (79*): 



Fig. 28. 




For a load in a side span: 



-7- = 0.1 0.2 0.3 0.4 0.5 

//= 0.0671 0.1270 0.1739 0.2036 0.2139 . G. 
For a load in the main span: 



■|- = 0.1 



0.2 0.3 0.4 0.5 

H = 0.5245 0.9922 1.3587 1.5912 1.6710 . G. 



According to the expression for H, the value of the horizontal force 

depends upon the assumed value of the ratio — ^ . But, as previously 

noted, this ratio in all practical cases will fall between sufficiently close 
limiting values, and any error in estimating it will not affect the value 
of H appreciably. Thus, in the above example (a), if 

X^ = "2Ö' W ^' then ^ will be 

0.85y 1.021, 1.093 times the values calculated above. 
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§ 6. Yalaes of H for Special €ases of Loading. The 

following formulae are derived by integrating the expressions 
derived above for the action of concentrated loads. 



1. Stiffening Truss with Central Hinge. Single Span. If 

tlie truss is completely loaded with p per unit length, by (64), 



H = -g- .-J- .pi 



(80. 



If the truss is uniformly loaded for a distance A from one end, 

by (64), 



for A<4, H = 4-^ 

for A>4. H = ^(2ZA-A2- 4") 



(81. 



2. Stiffening Truss without Central Hinge; constant mo- 
ment of inertia (/), parabolic cable. 

a.) Single Span, If the truss is completely loaded with p 
per unit length, by (75), 



H = g , , — ' "T 'Pl 



(82. 



If the truss is uniformly loaded for a distance A from one end, 
by (75), 

«-i[T(^)*-i(7)'+il(l)"-f-P'-(«3- 

Here N^j^ represents the denominator of equ. (75) or (75*). 

b.) Three Spans, Stiffening Truss Continuous, (Fig. 27.) 
Main span completely loaded: By (76), 

Both side spans completely loaded: By (76*), 



2 31 



(84. 



T« 



(85. 
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Main span loaded for a distance A from either tower: By (76), 
+ T B„.'+2,,/ [l-^+(7-')t])i- (8«- 

(3-2A)}(-;.y.A.p, 

Side span loaded for a distance A from the free end : By 
(76«), 

-a • + im^ ■'rb-h +(^- 03]) ^ <"• 

Here Nj^ represents the denominator of equs. (76) and (76*). 

c.) Three Spans, Stiffening Truss Interrupted (Hinged) 
at the Towers, (Fig. 29.) 

Fig. 29. 







k 



:A 






- I .•^.....-;Sc.-— — - / 



— ^ : 



For loading in the main span, equs. (82) and (83) apply 
if there is substituted for JV the denominator of equ. (79). 
For a complete loading of both side spans, by (79*) : 



TT_ 2 uii^ I 



(88. 



For a continuous load in either side span covering a distance 
A from the free end, by (79*) : 
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§ 7. Stresses in the Stiflfening Truss. 

1. To Find the Maximum Stresses in the individual members 
of the stiffening truss, it is necessary to first determine the max- 
imum bending moments and shears in the structure. If it con- 
sists of a truss with parallel chords, the chord stresses are 
obtained from the bending moments and the web stresses from 
the shears. The moments M, according to equs. (54) to (58), 
may be represented by the products H . z, where z denotes the 
vertical intercepts between the equilibrium polygon of the 
external loading and the axis of the cable. These moment inter- 
Fig. 30. 




cepts must be measured in the vertical lines passing through the 
panel-points lying opposite the given chord members, and con- 
sequently (see Fig. 30), 



Z7x 



= + 



Mb 

h 

Mr 



+ 



h 

Zt 



H 
H 



(90, 



If, as in the system of Fig. 32, the horizontal thrust of the 
arch is taken up by the stiffening truss, then the resulting axial 
stress must naturally be taken into consideration in proportion- 
ing the members. The chord stresses will then be 



^-— f+f— ('--D-l 
^.-+f+l=+('.+l)l! 

In general, therefore, we may put 



(91. 






(92. 
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where e^ and ei are the intercepts between the equilibrium 
polygon and the axis of the arch-curve, or (in the structures 
of Figs. 25 and 32) between the equilibrium polygon and two 
lines obtained by shifting the arch curve upward or downward 

by an amount -g-. 

2. Reaction Locus. Loading for Maximum Stress. In order 
to determine the positions of the moving load for maximum 
stresses in the stiffening truss, it is necessary first to investigate 
the influence of a moving concentration. If the graphic method 
is selected for this purpose, the problem reduces to finding the 
equilibrium polygon for any position of the load. This involves 




no special difficulty after the value of the horizontal thrust for 
the construction of the equilibrium polygon is obtained from 
the H-curve. 

a.) For a Simple Non-Continuous Stiffening Truss, the 
equilibrium polygon must pass through the points of suspen- 
sion {A'B^) of the cable. In this case the direction of the sides 
of the equilibrium polygon (or triangle) is simply found from 
the resultant of the horizontal tension H and the vertical end- 
reaction; this reaction, for a load placed at a distance ^ from 



the end A, is defined by G 



l-^ 



and hence is given by the 



ordinates of the straight line h c (Fig. 31). If we construct the 
equilibrium polygon, as indicated in the figure, for other posi- 
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tions of the load, the geometric locus of the point E in which 
the two sidea of. the polygon intersect each other and the load- 
line will yield a curve K E K, which we name the Reaction Locv». 
The ordinates of this curve, measured from the chord A'B', 
are analytically defined by 



_G(i-m 



. {93. 



Substituting the approximate expression of (75') for U, we have 



From the latter equation, by putting i = 0, we obtain the 
ordinate of the point E ; to determine the same point by con- 




struction we utilize the relation A' E^^G . cot a, where a is the 
inclination of the tangent to the fl^-eurve at a. 

If the stiffening truss has an intermediate hinge, the moment 
at this section must equal zero; hence the equilibrium polygon 
muBt always pass through the point of the areh-eurve directly 
above the hinge. The reaction locus in that case consists of 
two straight lines forming the prolongations of the chords A^ C, 
andB, C, (Fig. 32). 

The equations of these two lines, referred to A.B, as axis 
of r ■ 
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v-U' (i-i) 



and 2f ^ ^^^' 

Since, by equ. (90), the stress in the upper chord member 
rt (Fig. 31), or in the lower chord member su, is determined 
by the intercept between the equilibrium polygon and the point 
M of the cable, then the point J (Fig. 31), in which the con- 
necting line A'M intersects the reaction locus, will be the 
critical point for the above members, i. e., the position at which 
the moving concentration produces a change of stress in the 
given chord members. For all loads placed to the right of J, 
the equilibrium polygon will be above the cable-curve at M, 
hence z will be negative; while for all loads to the left of J 
(up to some point J^ where the connecting line B' M may cut the 
reaction locus), the equilibrium polygon will fall below the 
cable-point M, so that z will be positive. Consequently, a load 
covering the distance J B will produce the maximum tension in 
the upper chord r t and the maximum compression in the lower 
chord s u ; while a load covering the remainder of the span A J 
(or J Ji) will produce the maximum compression in the upper 
chord and the maximum tension in the lower chord. 

For those systems in which the horizontal force H is taken 
up by the chords of the stiffening truss (Fig. 25), it is necessary, 
as deduced above from equ. (91), to replace the cable-curve by 

two similar curves distant d: -^ from it, the upper one govern- 
ing the design of the upper chord and the lower one governing 
the design of the lower chord (Fig. 32). 

Analytically, the abscissa of the load-division point or critical 
point J is given by 

^x=|-'?i (96. 

where x and y denote the coordinates of the point M referred 
to the closing chord A^B^, Substituting for -q^ its value from 
(94), we obtain the following equation for the bridge without 
a central hinge : 

-i\ + U\ + l'^^--N,,.rf.^ (97. 

For a center-hinged stiffening truss, by equ. 95, the critical 
point will be given by 

l-l.y^2fx ^^^• 

and for a parabolic cable-curve. 



I Zl — 2x 



(98». 
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b.) In the Three-Span Suspension Bridge Having a Contin- 
uous Stiffening Truss, there is an added difficulty ; as the bend- 
ing moments at the intermediate supports are no longer zero, the 
equilibrium polygon does not pass through the suspension-points 
of the cable. If Mi — H.mi and VL^^'H. m2 are the bending 
moments produced at the intermediate supports by the vertical 
loads acting on the continuous truss, then (by Fig. 21) the 
equilibrium polygon must pass through two points respectively 
(nil — w) ^^^ (^2 — *^) above the cable suspension-points, where 
m is determined by equs. (57) and (58). (This is equivalent to 
expressing the resultant bending moments at these points as the 
difference between the moments due to the downward-acting 
loads and those due to the upward-acting suspender forces.) 
The quantities Mj and Mg, or m^ and mg, must be determined by 
the theory of the continuous beam (Theorem of Three Moments) 
either by computation or by construction: 

In Fig. 33, the graphic solution is indicated. F, F^ are two 
fixed points located in the main span by laying off B,,F = C„Fi 

= i -5- ( 3 + 2 -j^) . Then lay off C,,E= B„C„— SF,C,, 

and EO=BC • ~^ ; also (?F= ^0- ^-^^. The last dis- 

tance {OH) is equal to the intercept M Ty at the point of load- 
ing, of the ordinary equilibrium polygon constructed with the 
pole distance H. The connecting line E H intercepts on the load- 
vertical a distance M L; this is m^. (The corresponding analyt- 
ical relation, derived from the Theorem of Three Moments, is 

'""Iff* I J* (l + 2tr) (3 + 2tr) 

where r is the span ratio, U : I, and i is the ratio of the moments 
of inertia, / il^,) Similarly, the distance intercepted by ^ fl" on 
the symmetrically located vertical will be m2. Projecting these 
two intercepts (m^ and mg) upon the respective end-verticals, 
the resulting connecting line N O will be the closing side of the 
equilibrium polygon ; and transferring the altitude M T to P K, 
we obtain N K slb the true equilibrium polygon in its proper 
position relative to the cable-curve. 

Going through this construction of the equilibrium polygon 
for different positions of a concentrated load, there is finally 
obtained the Reaction Locus K, K,, as the geometric locus of the 
point K in which the sides of the equilibrium polygon, repre- 
senting the end-reactions, intersect the load vertical. Further- 
more, the different directions of the sides of the equilibrium 
polygon envelop a curve TJTJxy which we call the Reaction Tangent 
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Curve. We also construct the curve A„ Q whose ordinates are 
the end-moments per unit E{=m^), for different positions of 
the concentration in the side span. With a load at Q, if the 
point Q is projected horizontally to Qi, the line drawn from Q^ 
through the fixed point F^ represents the line of the equilibrium 
polygon in the main span. (The corresponding analytical 
expressions are 



and 



f(«i-i) 



] 



2tr (l + iV) 



(3 + 2tr) (l + 2ir) 



O Hh-0 



1 



tr 






H h J(3 + 2tr) (l + 2tr) 

where i and r have the significations given above.) 

It now becomes a simple matter to determine the manner 

Fig. 33. 




of loading for producing the maximum bending moments at 
any section of the stiffening truss. If So is the point of the cable 
at the given vertical section, then the tangent from 82 to 
the Reaction Tangent Curve U will intersect the Reaction 
Locus at some point J which will be the ** load-division 
point" ( == critical point) in the main span; while the critical 
point in the left side span will be given by the point Q, In 
Fig. 33 are shown the diagrams of loading for three different 
cross-sections, 8^, Äg, ^3. 

If the three-span bridge is hinged at the towers, the equi- 
librium polygons for a concentrated load and the resulting reac- 
tion locus are determined for each span exactly as in Fig. 31. 
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For producing maximum positive (or negative) moments at any 
section, the corresponding span must be loaded up to the critical 
point, and the other two spans must be free from (or full of) 
load. 

3. Determination of the Moments for Full Loading and for 
the Severest (Critical) Loading. 

a.) Method of Influence Lines. In a single-span bridge 
(Pig. 31), the moment produced at any cross-section M is 
expressed by 



M-U^Hy~y[f-H\ 



(99. 



M 



For a moving concentration, — represents the moment influence 

line of a simple beam, constructed with the pole distance y. 
Hence the moment M is proportional to the difference between 
the ordinates of this influence line and those of the H-curve. 

The influence line for the simple-beam moments is 

familiarly obtained as a triangle whose altitude at the given 

section == ^ ^ ""^ . It may be constructed, however, by using 

the point J (Figs. 31 and 32), which is obtained by the aid of 
the reaction locus as previously described, and projected down 
to the point i in the H-curve. If ^i and ^2 ^re the areas respect- 
ively above and below the H-curve, included between it and the 
above-mentioned influence line (areas ibh and a m i, in Fig. 31), 
then, for a uniformly distributed load of p per unit length. 



max i+M) =^ -^2 -2/ 
maa?(-ilf)=-|/^i.j/J 



(100. 



For finding the areas ^, proceed as follows : First determine 
the areas of the H-curve by analytic or graphic integration, 

divide by -s-, and plot the resulting lengths as the ordinates 

of a curve bkl ; so that, for instance, the area bi' ih ^^Vk-^ 

(Fig. 31). Then the ordinate i'fc gives the value of H for a uni- 
form load covering the length BJ if, at the same time, 

Similarly, dividing the area of the triangle 



rc=^G = -^ 



I 



ii^b by -5- gives the ordinate i^n. Consequently we have 
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^1 = Ä n • -g- and 

max (—M) =kn .y. 

In the same manner we find the effect of a full loading to be 

Mtot = tl .y, 
and therefore the maximum positive moment will be 

max ( + M) = (Ä;n + tl) .y. 

The distances k n and 1 1 are to be measured on a force-scale fixed 
by the relation ac = -^. 

The above treatment may also be applied to the continuous 
stiffening truss (Fig. 33), but in that case the influence line 
for the moments M is no longer simply a triangle but must be 
specially derived from the theory of the continuous beam. For 
this purpose we may utilize the equilibrium polygons which were 
required in constructing the reaction locus ; the ordinates of these 
polygons measured below the horizontal line B,, G,, and divided 
by (2/ — ^) give the corresponding ordinates of the required 
influence curve. At the sections near the points V and W, where 
the values of y — m are very small, this method is not conven- 
iently applicable ; but, for these sections, the moment M is very 
nearly (and for the points V and W exactly) equal to the 
moments M of an ordinary continuous beam. 

b.) Determination of the Maximum Moments from the 
Equilibrium Polygon of the Loading, If z denotes the intercept 
between the equilibrium polygon of the loading and the axis of 
the cable or arch, measured in the vertical line through the 
section M, and if H is the horizontal force, then, by the prin- 
ciple established in § 5, the moment in the stiffening truss at the 
section M is given by 

M=H.2 (101. 

The quantities H and z may be determined either by computa- 
tion or by construction. In the latter case, we must first find 
the value of H for the given loading from the ordinates or areas 
of the H-influence line and, with this as a pole distance, con- 
struct the equilibrium polygon of the loading in its proper posi- 
tion relative to the cable-curve. 

For uniformly distributed loads, the expressions for the 
horizontal force H have been deduced in § 6. These expressions 
may be plotted to give an H-curve which, as previously men- 
tioned, may also be constructed by graphic integration of the 
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ordinary fl-curve. If, in addition, we construct, for a single- 
span stiffening truss, the parabola 6 i; c as the integrated influ- 
ence line for vertical reactions (Fig. 31), then the two inter- 
cepts Vv and Vk will represent respectively the horizontal and 
vertical components of the left end-reaction for a load covering 
the section J B oi the truss ; and the vector resultant of these 
two forces will give the direction of the side of the equilibrium 
polygon passing through the suspension-point A\ The distance 
Mz intercepted by this line on the vertical through M is the 
required factor z. The determination of this quantity may be 
simplified by drawing the locus of the point L in which the 
polygon-side A\L intersects the center-line of the loaded seg- 
ment ; the resulting curve is called the Second Reaction Locus, — 
We then obtain the maximum negative moment at the section 
M by multiplying together the two distances Vh and Mz, meas- 
uring the first by the scale of forces (ötc = -^l and the second 

by the scale of lengths. 

Assuming a parabolic cable-curve, we may establish the 
following analytical expressions with the aid of equations (80) 
to (89) : 

1. Three-Hinged Stiffening Truss, {Single Span with Cen- 
tral Hinge). Under complete loading, the equilibrium curve co- 
incides throughout with the cable-curve. Hence the load is 
carried entirely by the cable and the stiffening truss remains 
unstressed, i. e., if tot = 0. 

Under the critical loading defined by equ. 98% we find 

If ^ pa? ( l — x) (Z — 2a?) YinO 

^Sa~ 2(32-2^) ^■^^^• 

From this expression we find that the absolute maximum 
moment will occur at a: = 0.234 I and will have the value 

Absolute max, If = db 0.01883 pl^ (102^ 

If one-half of the span is loaded, there will be produced 
positive moments in the loaded half and negative moments in 

the unloaded half amounting to ilf = ~rP^\-o ^); ^^d the 

maximum moment, occurring at the quarter-point, will be 

Max, ilf= ^p Z2 = 0.01562 pl\ 

2, Stiffening Truss without Central Hinge; Parabolic. 
Cable, Constant I for Truss, 

a. Single Span. With the span completely loaded, the bend- 
ing moment at any section will he M =-^ p x {I — x) — H . j/ ; 
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substituting the value of H from equ. (82), we obtain 

Jtft,t = 4p«(i-x)-^^^ (103. 

For the critical loading, applying equs. (83) and (97), we 
obtain 

«.„__l^^ü=£)[2_(t)_40)-+3(|)-](l-|)-(lO4. 

From this value the maximum moment may be derived by the 
relation 

itfmAX = iTftot Mmln (104*. 

In equ. (104) the value of ^i must be obtained from equ. (97). 
Nj^ denotes the denominator of the expression for H in equ. 
(75). The absolute maximum moment is affected by the value 

of iV^75 ; substituting its smallest value, iV^g = -g-, corresponding 

to a very weak stiffening truss, we obtain the following value 
of the absolute maximum moment, occurring at a; = 0.250 1 : 



Ahsol max. M = ±: 0.01652 pl^ (104^ 

With the half-span loaded, we find in this case, as in the 
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1 

preceding, max. Jlf == ^ pP ; this moment occurs, as before, at 



the quarter points. 

As the quantity N, representing the stiffness of the truss, 
increases in value, the maximum negative moments diminish, 
whereas the full-load moments and the maximum positive mo- 
ments are increased with respect to the above values. 

Equation (104) applies to all sections from a; = to o^i = 
-J • iV^75. For the minimum moments at the sections near the cen- 
ter, from a?i to i — a?i, it is necessary to bring on some load also 
from the left end of the span; so that the expression for these 
moments consists of two parts which may be obtained by apply- 
ing equ. (104) to the two symmetrically located points x 
and I — X, 

In Figs. 34a and 34b are plotted the graphs representing 
the maximum moments in suspension bridges with and without 
a central hinge. 

For the second graph there was selected the example given 
on page 37, The data were Z = 50 meters, / = 6»5 m., 

li sec^ a^ = 19.05 m., — r— = 2.049, Ao == 0.03 sq. meters ; 

hence N = 1.8692, giving a moment at the center of the span, 
for a full-span load, equal to 0,0180 pI^ 



N 
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ß. Three Spans, Stiffening Truss Continuous, (Fig. 27.) 
With all three spans loaded, the moment at any section of 
the main span is given by 

Mtot^l^p-n^x (l-x) -e (|p?^-H/).. (105. 

and at any section of the side span distant x from the free end 

Mtot-={ip-li^)xih-x)-s(jpP-Uf)f.. -(106. 

where the value of e must be taken from equ. (77) and that of 
H f rom the combination of equs. (84) and (85). 

The maximum moments, produced by the critical loading, 
must be calculated by the general equs. (58*). 

Fig. 34a. 
Maximum Moments in Stiffening Truss with Central Hinge. 




Fig. 34b. 
Maximum Moments in Stiffening Truss without Central Hinge. 



I 



=0.13, JVr=1.8692 
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y. Three Spans, Stiffening Truss Hinged at the Towers, 
(Fig. 29.) With all three spans loaded, we have 

M.ot=ipxG-x) [1-^(1 + 2^1^)].. (107. 

(f 7 Z * \ 
1 + 2 -y — 7~i3- ) very nearly, we may also 

apply equ. (103) to this case, the moments agreeing very closely 
with those of a single-span bridge, completely loaded. The 
moments in the side spans are also given by equ. (103) if l^ is 
written instead of I, 

The maximum negative moment at any section of the main 
span is obtained by loading a length I — ^i in that span and 
completely loading both side spans. Then, by (83) and (88), 



2pa? (I — a?) 



Mmin= — 



5N 



{[2-(f)-<f)' 



(loa 
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The maximum negative moment at any section of a side span' 
is obtained by loading a length l^ — i^ in that span and com- 
pletely loading both the other spans. Then, by (82), (88), (89), 



(l-|)'+-7^0+^)} 



. . (108*. 



For the main span, in equ. (108), the value of ^i is defined 
by the relation similar to equ. (97), 

and for the side span, in equ. (108*), the value of ^i is defined 
by the following relation obtained from equs. (79*), (93) 
and (96), 

The maximum positive moments are given by the relation 

4. Determination of the Maximum Shears. The critical 
loading for shears at any section may be obtained from a 
consideration of equ. (59). Accordingly, the load-point yielding 
a change in sign of the transverse shear is found by locating 
the point J (Fig. 35) in which the reaction locus is cut by a 
polygon-ray drawn at an angle t, i. e., parallel to the cable- 
tangent at the given section. In addition, the sign of 8 change« 
at the section itself, so that the critical loading is as indicated 
in Fig. 35. The same rule applies to the main span of the 
continuous form of suspension bridge but, at the same time, 
the side span nearer the section must be completely loaded and 
the other side span free from load or partially loaded for a 
maximum positive shear. 

To determine the maximum shears we may again employ 
the two methods previously introduced : 

a.) Method of Influence Lines. The shear at any section of 
the stiflEening truss is given by equ. (59) as 

S = S — H (tan t — tan a) 
= (tan T — tan a) I —- H\. 

^ L tan r — tan <r J 

Here o- denotes the inclination of the connecting line A^ B^ below 
the horizontal (+ if A' is higher than 5') (cf. Fig. 20). If 
the stiffening truss is one with parallel chords, and if 8 is the 
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inclination to the vertical of the web member at the given section, 
then the stress in this web member will be 

P=Ä.5ec8=5ec8. (tan t — tana) \- ^- ^1.(109. 

The values assumed by the bracketed expression for different 
positions of a concentrated load may be easily represented. 
They are, namely, the differences between the ordinates of the 
H-curve and those of the influence line for the shears S, the 

1 



latter being reduced in the ratio of 



tanr — tan <^ 



or, if the 



Fig. 35. 



Coimression 
Tension-'^ 

Ä 




suspension points are at the same level, in the ratio of cot r : 1. 
The latter influence line is familiarly obtained by drawing the 
two parallel lines a t^ and bs^ (Fig. 35), their direction being 

fixed by the intercept ad^=^ G — : ;: laid off on the 

^ tan T — tan 9 

end vertical. The vertices t^ and Sj lie on the verticals passing 
through the panel-points of the given web member. The inter- 
section % with the H-curve, which should fall directly under 
the critical point J, affords a check on the construction. The 
maximum shears or shearing stresses produced by a uniformly 
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distributed load are determined by the areas included between 
the H and S influence lines; all areas below the H-curve are 
to be considered positive and all above negative. These areas 

must be multiplied by the coeflScient -~ sec 8 {tan r — tan a) 

to obtain the greatest stresses in the web member. 

Equ. (109) is applicable also to the stiffening truss con- 
tinuous over four supports, if a = and the structure is sym- 
metrical about the center line; but in this case the S-influence 
line no longer consists of straight lines. 

At the sections near the center line, where r = ö, the shears 
are very nearly the same as in an ordinary truss, i. e., Ä == S 
very nearly. 

b.) Determination of the Shears by Means of the Equili- 
hrium Polygon for Partial Loading, With the aid of the second 
reaction locus, we may again construct the equilibrium polygon 
and the corresponding force polygon for partial loading. 

(Pig. 356.) In the latter diagram, o a ß is the force polygon 

for a load covering the length J Be o a^^^E, o ß is parallel to 

the polygon-side at Ä^, hence aß = S, and if ö y is drawn at 

an angle t, y ß = S for the load J B ; similarly o' a' ß^ is the 
force polygon for the load M B, so that y )8' is the corresponding 
value of 8 ; the difference between the two shears Ä, represented 

by ß ß\ is the maximum positive shear (+Ämax) for the sec- 
tion Äf . 

On the assumption of a parabolic cable-curve, we may 
develop the following expressions for the maximum shears : 

1. Stiffening Truss with Central Hinge, Single Span. "With 
the span completely loaded, the equilibrium curve for the load- 
ing coincides with the curve of the cable ; hence the shears will 
be /Stot = 0. 

For the maximum positive shear, the truss must be loaded 

from the given section to a point whose abscissa is $2 = Si—4x * 

For ic > . 25 J, the load must extend from the section to the 
end of the truss. We thus obtain, for x = to . 25 i, 

max, (±S)=± ^V(3^-4^) 
for a? = 0.25 to 0.5 J, 

max,(±S) = ±^^^^^^^ 
The absolute maximum shears occur at the supports and at 



(110. 
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the center of the span and amount to max, ( ± Ä ) =« "S" P^ ^^^ 
-g- pi respectively. 

2. Stiffening Truss ivithout a Central Hinge. Constant 
Moment of Inertia. 

a.) Single Span. With complete loading, the shear at a 
distance x from the end of the span will be, by (59). and (82), 

8tot==ip(l-2x)^^^ (111. 

Loading the truss from the given section to the end of the 
span, the maximum positive shear will be, by (59) and (83), 

s„-Xi-f)'{i-f.(i-^)[Ki-7)'l ,„, 

For the sections near the ends of the span, from a; = to 

a? =»2- (l — ^Y the loads must not extend to the end of the 

span to give the maximum positive shears, but must extend 
only to a point whose abscissa, ^2> is^ determined by the following 
equation, deduced from (94) : 

Ui' + ii2-il)=^'Y^ (113. 

For these sections, the shears given by equ. (112) must be 
increased by an amount 

^0-l)'+i]-i}J 

We have also: 

The largest shear occurs at the abutments ; with the approxi- 
g 
mation Nj^=-j9 its value is 

Absolute max. { -\- S) = 0.1523 pi. 

At the center of the span, 

max, ( + Ä ) = lb -g- pZ. 

In. Figs. (36a) and (36b) are shown the graphs of the max- 
imum shears. 
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(8.) Three Spans. Stiffening Truss Hinged at the'Towers. 
{Fig. 29.) "With the three spans completely loaded, the shear 
at any section in the main span will be, by (82), (88) and (59), 

»...-^P (1-241-^(1 + 2 Ji'^i;)] .... (113-. 

and in the side spans, 

S„.-ip(i,-2«)[l-J^^f(l+2«4)]..ai4. 

The maximum positive shears in the main span are calcu- 
lated, exactly as for a single span, by equs. (112) and (112") 
Fig. 3ea. 
Maximum Shears for Stiffening Truss with Central Hinge. 



Fig. 36b. 

Maximum Shears for Stiffening Truss without Central Hinge. 

Y=0.13 N = 1.8692 



but substituting for JV,j the denomination of equ. (79). In the 
side spans, 

.„.-ipi,(i -l)-{i - A. ^(i- ^)[Ki -D" 1 ,„5 

and for the sections near the ends of these spans, namely 
from J- = to X = -g" ( 1 — -] JV,, jfjl ) and from x= -^ ( 1 

+ 4 ■'^'»/jtO to ^ "= h, the value given by equ. (115) for the 
maxiiiiuui shear must be increased by the amount 
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-K'-|)'+n-'}l 

where fg» the abscissa of the second critical point, must be 
obtained from 



^.(n + u.-e.)-iN,,-^yjJt^ 



(117. 



The above equations (115), (116) and (117) for the side spans 
are analogous in form and derivation to equs. (112), (112*) and 
(113) for the main span. • 

6. Effect of Temperature Variations. — If t is the variation 
of temperature from the condition of no stress and w is the 
coeflScient of linear expansion, then the equation of condition 
for the horizontal force H to replace equ. (67) will be 



m+-')".-''+f 



M_ dM 
EI ' dH 



ds=0..,(llS. 



If the denominators of the expressions in (69), (70), etc., 

• \9 
are denoted by JVqo, JV70, etc., and if 5 \- 21^ sec^ a^ is 

assumed approximately equal to the cable-length Ly then the 
development of the above equation in the same manner as on 
page (32) will yield the following expressions for Et for the 
several cases : 

a.) Single Span. Stiffening truss without a central hinge, 
cases a) andb), (p. 31) : 



[^ + 22/' „ 



y 



] 



2f' tano-\A,i.E.(a,t 



N 



Ht 



[ 
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,^V 



L + 2j/'-f-+ 2f(tan a + tan aO I Ao.E.uf.t 



a 



1 



k rii9. 



N 



70 



and, neglecting the effect of the suspension rods, 

L,E.<a.t 



E^=- 



N 
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(120. 



In the type of structure shown in Fig. 25, a uniform change 
of temperature in all the members will produce no stresses 
in the structure. But, in that construction, if the arch under- 
goes a temperature change of t and the stiffening truss and 
rods are subjected to a temperature variation of t\ the horizontal 
stress will be 
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nt = + ^ — Ai 



(121. 



For determining the moments and shears we have the equa- 
tions 



M = — St,y , 8 = — Ht .tan 



T. 



In a similar maimer we may obtain the effect of a displace- 
ment of the points of support of the cable produced either by 
a yielding of the anchorages or by a stretching of the backstays. 
If the span-length is thus diminished by an amount 8 1, then the 
variation in the horizontal tension will be 

AH = - V^ (122. 

With the approximate assumption of a continuously curved 
parabolic cable, the denominators of the expressions (119), (120) 

1 f z 
and (122) may be replaced by Yi~ ' ^" (where JV75 repre- 
sents the denominator of expression (75) or (75*)). Neglecting 
the effect of the suspension rods there results, 

^* g-ii^co^yj 15 / L- ,,.. (123. 

"•"8 AoP I 

or, substituting the value of -y^ 

_ (l + -f >-+-/- sec» «i) .^.«.^/ 

8 ^1 I /1 , 36 /a . o h ^ \ (123* 

15^+1-0 l^ + TT'+^i sec» a,j 

In the example, for which the maximum live-load moments 
are plotted in Fig. 34b, the horizontal tension due to a tempera- 
ture variation of db 30° is computed by equ. (123*) as follows: 

rr ^ (1.8521) (20,000,000) (0.0000118) (30) (0.06147) 

= III 33.05 tonnes. 



The resulting moment at the center of the stiffening truss attains 
a value of dz 214.8 t. m. 

b.) In the Three-Span, Continuous Suspension Bridge, the 
horizontal tension due to a uniform variation of temperature 
throughout the structure will be : 

^^ 3£;/»,^[(l + ^^)+24(l + ^ + Wa.)] ■ ^^24. 

If the stiffening truss has a central hinge, it might be sup- 
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posed that no temperature stresses can occur, since, in a static- 
ally determinate structure, no change can be produced in the 
horizontal force except by the application of external forces to 
the system. Actually, however, there will be a change of stress 
since, in general, the deformation of the cable accompanying the 
sag or rise at the central hinge cannot be neglected from con- 
sideration; so that the original assumption underlying the 
approximate theory can no longer be retained. Engineer G. Lin- 
denthal was the first to call attention to this point:* but his 
approximate method, too inaccurate for a very stiff truss, results 
in overestimating the effect of temperature in the structure with 
a central hinge. 

When the cable is lengthened by a temperature rise of t^ 
(or by a displacement of the cable supports), the crown or cen- 
tral hinge will sag through some distance A /. If we assume that 
the axes of the two halves of the truss remain straight during 
this sag, there will result a break in the cable-curve at the mid- 
point; hence the cable will no longer conform to the parabolic 
equilibrium curve corresponding to a uniformly distributed load. 
There must therefore result a change in the distribution of the 
suspender-forces : the suspension rods near the ends A and B, 
as well as those near the central hinge, C, will increase in stress 
while the intermediate rods will be relieved of load. The effect 
of this is to give the stiffening truss an increased share of the 
load at the intermediate points, causing it to deflect downward. 
The reverse occurs with a rise of the cable crowii : the rods at 
the points specified above are subjected to increased stress and 
the truss is bent upward. 

A rigorous treatment of the problem, t along the main lines 
developed in § 9, leads to the following results ; Let H be the 
horizontal tension in the cable for that condition in which the 
cable coincides with the equilibrium curve of the external load- 
ing, so that no forces are acting on the stiffening truss. As a 
result of temperature variations or other cause, let the cable- 
crown deflect downward through the distance A/. Let the 
accompanying deflection of the truss at a distance x from the 
abutment be rj. Then, neglecting the elongation of the sus- 
penders and denoting the half-span by a, the cable ordinate is 

changed into y-\-— -A/H-i; 

and the horizontal tension becomes 

f 



H'=H. 



f + M 



* Report of Board of Engineer Officers, Washington, 1894. Appendix 
B: Temperature Strains in Three-Hinged Arches. 

t Melan, Die Ermittelung der Spannungen im Dreigelenkbogen und in 
dem durch einen Balken mit Mittelgelenk versteiften Hängeträger mit 
Berücksichtigung seiner Formänderung. Österr. Wochenschr. f. d. öffentl. 
Baudienst. 1903, No. 28. 

6 
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The bending moment in the stiffening truss will then be 

or 

If the cable is initially a parabola, then 



y-- 



X (2 a — x) .f 
a' 

hence, 



M 



[ X (a—x) . f "I TT/ 



The differential equation of the elastic curve of the truss, 
EI a = — My on introducing the abbreviation 

^'^^fTT" Ti (^^^• 

becomes 

dx ' a ■' 

The integration of this equation finally yields the following 
expression for the moments in the stiffening truss : 

M=[l- ''\+/;r ]2EI.^ (126. 

The maximum value, at x= 0- , will be 

M^.= S1=^.2EI.^ (127. 

The bending moments are therefore directly proportional to the 
crown deflection A / ; but not exactly to the quantity I, because 
this is also involved in the coefficient c. Only for small values 
of 7 is JIf proportional to the stiffness of the truss, since, at the 

limiting value, with 7 = 0, (c = 00 ), we obtain itfmax = 2 EI — ^* 

At the other limit (with an infinitely rigid truss), 7= 00, 

(c ^ 0) , 17 = 0, hence, 

i»fmax= 4^ H\Af (127^ 

The last expression gives pretty close results even for trusses 
of moderate stiffness. 
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The sag A/ at the crown, caused by an elongation of the 
cable amounting to A L = w. #. I, is given with suflScient accuracy 

by 

^f-(l + U)^ (128. 

The equations (127) and (127*) apply also in the case where 
the crown deflection A/ is caused by a uniform load covering 
the entire span, if H is the total horizontal tension resulting 
from this load. 

Consequently it cannot be asserted that the introduction of 
a hinge in the stifiPening truss will wholly eliminate the second- 
ary stresses due to temperature variation. 

6. Secondary Stresses. Up to this point in the theory of 
the stiffened suspension bridge it has been assumed that there 
is no friction either at the pins of the chain-cable or at the 
panel-points of the truss. The effect of riveted connections at 
the latter points is the same as ordinarily given in discussions 
of secondary stresses in framed structures;* so that we need 
to consider only the effect of friction at the joints of the chain 
upon the values of the horizontal tension and of the external 
forces acting on the stiffening truss. In wire-cable suspension 
bridges, the resistance of the stiffness of the cable takes the 
place of frictional resistance. 

If d denotes the diameter of the pins, <^ the coefficient of 
friction, T the cable tension, tlien the moment taken up 

by the joint- friction cannot exceed M^ = <^ . T . -g- or approx- 
imately Jlf0 =<^.H. y; the moment transmitted to the stiffen- 
ing truss will then be 

The expressions for H established in § 5 (equs. 69 to 73) need 
not be altered, therefore, except to increase the arch ordinate« 

y hy <f> . -ä. The latter quantities, however, will always be very 

insignificant compared to y ; even with the full effect of friction, 

assuming 4> = 0.2, the value of <^ -g- will never exceed a few 

centimeters or millimeters ; consequently this correction may be 
completely neglected in the expressions for H. Thus the value 
of the horizontal tension is not sensibly affected by friction in 

* Handbuch des Brückenbaues, Chap. IX ; Konstruktion der eisernen 
Balkenbrücken. Leipzig, 1906. 
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the chain or stiflfness in the cable. The external forces acting 
on the stiffening truss likewise remain unaffected; at the most, 
the bending moments may be diminished by the friction-moment 

If the members of the chain are not pin-connected, but riv- 
eted instead, the stiffness of the chain must be added to that 
of the stiffening truss ; and the moment JIf = M — Hy must be 
shared by both of these structural elements m the relative pro- 
portion of their moments of inertia. If 7o is the moment of 
inertia of the cross-section of the chain, and I^ that of the stiff- 
ening truss, then the chain will carry a bending moment of 

M^ = — — • My and the truss will carry Jtf" = 3f — M\ 

/o "h /i 

In pin-jointed chains, M^ cannot exceed the value <t> , H , -^ . 

From the value of M' we may compute the resulting secondary 
fiber stresses in the chain. 
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§ 8. Computation of the Deflections, 

1. Deflections Due to Loading. By Castigliano 's Theorem, 
the deflection at any point of an elastic system may be obtained 
as the differential coeflScient of the work of deformation with 
respect to a force supposed to be acting at the given point in 
the direction of the deflection. 



Fig- 37. 




On the truss A B, Fig. 37, 
let a concentration O be ap- 
plied at a distance | from the 
abutment. Let the resulting 
axial forces and moments in 
the structure be denoted by 
N^andM^. Then the deflec- 
tion at any section having the 
abscissa x will be, 



where Nx and Mx denote the axial force and moment producible 
by a load Ox applied at x. Writing for the horizontal tensions 

corresponding to the load-positions | and x, H^ = h^. O and 
Hx =Ax • Of respectively, where the coefiicients h^ and Ax, repre- 
senting the horizontal tensions per unit load, may be obtained 
from the previously established equations (69) to (75*) or from 
the fT-curve and may therefore be considered as known quanti- 
ties, there results 



dNx^ dNx 
d Ox dHx 



h 



xf 



dMx 
dO 



x=\-dö-x-y' ^0' 



we thus obtain for a single-span suspension bridge without a 
central hinge : 



Cable : 



dOx—^O^ 



X 

a 



X 
EA 



hx 



X 

a 



EAi 



Ä t • Ax • 2 — • 6r 



Backstays : |^ = s ^ ^ec a,- 1^5- • Ä, sec a, 

dOx * ^ EAoseoai * 

2 

= ^j- A J . Ax . li sec ^ a; . G 
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Suspension Rods : <^ 1^ ^ rr ^'i/ ;/ 7. ^^y 

^ -— I mx + At . Ax .At — Ax.wt — A .mxl .(? 

Here m^ denotes the moment at the point ilf of a simple beam 
produced by a loading composed of the ordinates of the 
moment-curve for a unit load at C For this we obtain the 
expressions 






...(130. 



Furthermore, m^ and m» represent the moments producible 

at the sections C and M, respectively, in a simple beam, when 
the loading consists of the area between the cable-curve and* its 
chord, fx is the doubled static moment of the same area about 

the chord f/Li= j y^dx\. Since, by equ. (74),ä^ = --^^ and 
hx= , * , therefore m|.Äx=wix . Ä^ . Adding together the 

several values of -t-t;-, we obtain 

a Ox ' 



"HIzilQ-H^'y+'^^^^'^'^^+fM^y)] 



+ -J7J (mx + /lx./^^At — 2Ä,^.mx) J . 



G 



L . . (131. 



• Noting that the first bracketed expression in the above 

equation, with the notation previously introduced, =-y- cp, and 

that mx = Äx (ft + «p), we finally obtain the following simple 
formula for the deflection of the truss at M : 

^x=^[mx — Ä^.mx].ö (13r 

which could also have been derived directly from the diflferen- 

d' fi M 

tial equation of the elastic curve —j-9- = ei ' ^^ ^^^ above 

expression for 17, nix is determined by equ. (130), Ä| by equs. 
(71) to (75*), and m, by the relation 
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X 

I — X 

m 

I 



or, for a parabolic cable, 

fx 
m —— — 



X I 

X == — 7 — I ^ 2/ ^ ^ H" T I 2/ (^ — x) dx . . . (132*. 



x = -^(a;^— 2Z^2 + Z3) (132». 

The ordinales of the elastic curve may also be obtained by a 
graphic construction. This is essentially the same as the method 
used for the two-hinged arch in Figs. 1* to 1' (Plate I). Thus, 
if we write the expression for -q in the form 



E1\H ^ 



then that quantity may be represented as the difference between 
the ordinates of two funicular polygons, one of which (I) coin- 
cides with the H-curve, while the other (III) is constructed 
for an imaginary loading consisting of the simple mpment- 
diagram (Fig. 1*^). The latter is drawn by means of the force 
polygon (Fig. 1®) having H^ for its pole distance. If z^ and z^ 

are the ordinates of the two funicular polygons, measured to 
the scale of lengths, and if a is the width of the strips into 
which the load-diagrams are divided, and p is the pole distance 
of the force polygons (Figs. 1^ and 1^ which were used for 
the construction of the funicular polygons I and III, then we 
have 

V=-^ (^8— ^i) • ^^ 
so that the scale for measuring the deflection ordinates is 



times the scale of lengths. 

In the example on page 37, J = 0.0625 m,*, a = 2.5 m., p = 35 m., 

11.45 
H^ = -J^-Q- G = 0.764 G, E = 20,000,000 t./sq. m.; if the scale of 

lengths adopted is 1 m. =2 mm., then the scale for the platted deflection 
ordinates will be 1 mm. (actual) = 37.4 mm. on the drawing. 

With the aid of the deflection diagram drawn for a unit 
load at C, it becomes a simple matter to determine the deflec- 
tion producible at C by any system of concentrations or by 
any continuous loading. By the principle of the reciprocity 
of deflections (Maxwell's Theorem), the deflection at C caused 
by any load at M is equal to the deflection producible at M by 
an equal load at (7. Consequently, the curve of deflections (rj) 
for a unit load at C is at the same time an influence line for 
deflections at the point C; hence to find the total deflection at 
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C, multiply each load by the corresponding ordinate of the 
deflection curve, and add the products thus obtained. 

The above construction, based on the assumption of a con- 
stant moment of inertia of the stiffening truss, may also be 
extended to the case of a variable moment of inertia. If I is 
the moment of inertia at any section and 7© a fixed moment of 
inertia, then it is simply necessary to reduce the ordinates of 
the load-diagrams, i. e., the area between the cable-curve and its 
chord and the area of the simple moment diagram, in the ratio 
/o : I, and proceed with these reduced areas exactly as in the 
above construction. In the example of the arch in Plate I,- the 
variation of the moments of inertia was thus taken into account. 

For any specified loading, the deflections of the stiffening 
truss may be computed in another manner. On the truss there 
are acting, in addition to the external loads which produce the 

moments M, the upward-directed suspender-forces, H ■* — —, or 

H -T^ per unit length. The former loads produce a deflection 
at a distance x of 






X 



= ^7 (^"'O 



(133. 



while the latter loads, the suspender-forces, in the case of a 

parabolic cable, are uniformly distributed and == -J- * H ; 

they produce a deflection — ?y" which, with a constant I in the 
stiffening truss, is determined by the equation 

ri'^=-^x{l^-^mx' + x^)-^ ' H=-^' H m. (134. 

The resulting deflection of the truss is therefore t]^=r{ — yf\ 
which coincides with equ. (131*). We thus find the deflection 
at the mid-point produced by a uniform load of p per unit 
length covering the entire span to be given by the equation 

'»=-38r(i— -5ir)£7 ^^^^• 

where JV^ denotes the denominator of equ. (75) or (75'). 

If merely the half -span is loaded with p per unit length, then 
the deflection at the quarter point will be, by (133) and (134), 
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in the loaded half, v = -öT^ (^l-^ ' sV) r/f | . ^^^6. 
in the unloaded half, rj= — -^^^^ (-g- '-^—^ ^)~eT 



By equ. (75), N will always be greater than -g- ; substituting 

this minimum value in (136) we obtain the upward or down- 
ward deflections at the quarter points : 



1^ 
2 



l\* 



384 E 



EI (2) 



For the stiffening truss with central hinge, we must substi- 
tute in the deflection formula, equ. (131), the values h^ = 

Yf and Ax = 27» where it is presupposed that f and x < -g- • 

Denoting the first bracketed expression, which represents the 
effect of the axial forces, by the symbol 2, equ. (131) takes the 
form: 



Gxi 



■• . . . . \ J-«j I • 



The symbols nix, /*, wix and m^ have the significations pre- 
viously specified. For x > ^, 

Substituting the values of nix, /* and m^ which obtain for 
a parabolic cable, there result the following expressions : 



"■ . . . • (138. 



Forx< i< 



2 ' 



Gxi^ 



G X 



^^=iS+3Ö^[^^'^-l'^-''^'+l^^^(^'+^') 



-^ö^{x^ + e)—^oxH^] 



^ (139. 



For i<x<-^\ 



V^ 



-5x(x^+$^)—5$H^] 



-....(140. 
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For X > |- > I : 

"« = ^WT + TO? f^^'^^-^) +^^ (Z-x)'-«»] . . (141. 

Here, again, we may apply the graphic method for deter- 
mining the defleetion-ordinates. Thus, equ. (137) may be 
written 

V^ =fl i^'^—h^m.) +S^ (142. 

where 

8=[/4(/^+i;2)-mj]f^.f^ (143. 

The bracketed expression in equ. (142) may be represented, 
as before, by the intercepts between the two funicular polygons 
I and III. (Figs. 1* to 1', PI. I), where the simple moment dia- 
gram (Fig 1^) is obtained from the force polygon (Fig. 1«) 

constructed with the pole distance Ht = G . -^. To obtain 

the actual deflections, the above intercepts must be increased 
by the ordinates of a triangle whose altitude, at the center of 

EI 

the span, is 8 • -^ . 

If, as before, ry' and ?;'' denote the deflections specified by 
equs. (133) and (134) for the hingeless structure, produced by 
the external loads and by the suspender-forces respectively; if 
H is the horizontal tension produced in the hinged structure by 
the given loading and Ho is the horizontal tension producible in 
an identical structure without the hinge ; and if If is the denom- 
inator of the expression for Ho in equ. (75), then by a trans- 
formation of equ. (137) we obtain, 

V^=v'-v"-\- WElf^" (S-Bo) -f (144. 

From this we find the deflection at the mid-point produced 
by a uniform full-span load of p per unit length to be 

V=U^-l)f! (145. 

and the deflections at the quarter-points produced by a half- 
span load are, in the loaded half. 



^ 2 384 EI\2 ) ^ 384 V 5 )eI 

in the unloaded half, 

'^~ 2 * 384 ■ ^/ V2 y "^ -553 V ^)eI 



(146. 
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2. Deflections Produced by Temperature Variations or by 
Displacements of the Cable Supports. Equ. (ISl*"), which 
defines the deflection-ordinate at a distance x from the end of 
the span, applies also to the ease of deflections produced not by 
the loading but by temperature effects or by a yielding of the 
towers or backstays. In this case, m, = ; and G. h must be 

equal to the horizontal tension Et caused by the given influence. 
Consequently, 

17=— -gjHt.wix (147. 

Here Ht must be determined by equs. (119) to (123) or, if 
the deflection is caused by a yielding of the cable supports, by 
equ. (122), while m, is given by equ. (132) or (132*). Since 
the quantity m, is proportional to the horizontal tension pro- 
ducible by a concentration applied at the point x, the deflec- 
tions of the stiffening truss are given by the ordinates of the 

ff -curve, i. e., the funicular polygon I (Fig. 1*, PI. I), where, 

FT 

with the previous notation, the scale unit to be adopted is 



Ht ap 

times that of the scale of lengths. 

In the stiffening truss interrupted by a central hinge, an/ 

stretch in the cable will cause a sag at the point ^ (<~2~J' ^^ 
the bending of the truss is neglected, this sag will amount to 

where A/ is determined by equs. (39) to (44). 
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§ ». The More Exact Theory for the Stiffened Sus- 
pension Bridge. 

The theory developed in the preceding paragraphs (§§ 5-8) 
gives satisfactory results only for those systems in which the 
elastic deformations are limited in amount. In the systems 
treated above, the admissibility of that approximate method of 
design depends upon the degree of thoroughness with which the 
stiffening truss performs its function of limiting the mobility 
of the system. If the truss is provided with but small chord- 
sections or has but small depth, that is, if it has a small moment 
of inertia and consequently great flexibility, or if it is provided 
with an intermediate hinge, then, under certain cases of loading, 
the deformation of the system ought no longer to be neglected in 
determining the stresses. 

1. Trass without a Middle Hinge. Single Span. Let Hq 

denote the horizontal tension in the cable in its initial position 
of equilibrium (when it is carrying no live load), in which con- 
dition it is assumed to form a parabolic curve. The stiffening 
truss is then without stress. Let the suspender-forces, under 
this loading, be denoted by So (per unit length), and the dead 
weight of the cable by Ü ; then by equ. (51) we obtain the follow- 
ing differential equation of the equilibrium curve : 

-ffo^ = — (äo + ä) (a. 

On bringing a live load upon the structure, of intensity q 
per unit length, let the suspender-forces change to 5i, the hor- 
izontal tension to {Ho-\-E), the ordinates of the equilibrium 
curve to (t/ + 07) ; we may again write the relation between 
these quantities : 

-(Ho+H)^j^=s. + & {ß. 

By the addition of the live load q there is also produced a 
deflection of the stiffening truss. Neglecting the elongation of 
the suspension rods, the deflection of the truss at any section 
may be equated to the sag {-q) of the cable at the same section; 
so that 97 is the ordinate of the elastic curve of the truss for 
which we may writß the differential equation 

^/-S-=9-(sx-So) ..-(y. 
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The addition of equs. (a), (ß) and (y) yields 

ax \ w ' ^ dor dx ^ 

Introducing the abbreviation, 

F + Fo,^ c^ (148 



El 



and assuming that / and q are constant within the limits of 
integration, the integration of the above differential equation 
yields 



^71 

d 



x' ^e -tJ^e H-}-Ho\H + dx'+ c" dx'^")' 



or since, on account of the initial parabolic form of the cable, 
1^ -«r- and 1^=0, 

dx dx* ' 



d^V 
dx"" 



^Ae-+Be-^-^f^(-^-y) (8. 

The forces q — (s^ ~So) acting on the truss produce a bend- 
ing moment M =M — (H -{- Ho) (2/ + ^) + '^o . y, i. e., 

M=M— (H + Ho) v—3 ,y (149. 

where M denotes the moment producible by the loading g in a 
simply supported beam. Consequently, 

= - ^ = + cS- -5^ (M-ff J/) . . .. («. 
Equating the expressions (8) and (c), substituting 

4,f 

y= — t — ^' {I — ^) and replacing the arbitrary constants A 
and B hy C^= ^^- and C^ = -^#^» we finally obtain 

li * a. 

H 



The arbitrary constants Ci and C2 are determined by the 
«ondition that at a; = and x = l, we must have iy === 0. If the 
load q covers but a fraction of the span, different values must 
be given to the constants in the equations of the elastic curve 
for the loaded and the unloaded segments. The necessary equa- 
tions are then given by the condition that, at the division point, 
the two adjacent segments must have identical values of iy 

and 4^. 

dx 
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Substituting the value of rj in equ. (149), we obtain an 
expression for the moment 



M 



= -H[c,e^^ + C,e-^^ + l{]t—^)] ...(151. 



From equ. (149) we observe that the moment M is no longer 
proportional to the intensity of the load q which produces it, 
but depends in amount also upon the horizontal tension Ho 
which originally existed in the structure before the application 
of the load q. In distinction from the approximate theory, the 
term — {H-{-no).rj represents the effects of the deformation 
and the initial tension Hq of the cable. This correction is in 
a desirable direction in the case of the stiffened suspension 
bridge, since, for the loading which produces a maximum posi- 
tive moment, rj is positive, so that the bending moment will be 
diminished; and the same is true with respect to the numerical 
value of the negative moment. In the arch construction, how- 
ever, the reverse obtains, for there the deflections of the struc- 
ture tend to increase the bending moments. The ratio of the 
missing term — (H -^ Ho) rj to the approximate value of the 
moment (M — Hy) may, under certain conditions, become very 
large even with a rigid stiffening truss, particularly at those 
sections where (M — H y) is very small or equal to zero. On 
the other hand, the effect of this deformation will not be sensible 
for those cases of loading which produce maximum bending 
moments unless the coefficient c is very large, corresponding to 
a very small value of /. (Compare the examples calculated 
below.) 

The bending moments produced in the stiffening truss by 
any given loading may be determined exactly by equ. (151), 
if the value of the horizontal tension H is known. Since the 
deformations of the cable will in general be but very small, 
we may state in anticipation that these values of H will differ 
but slightly from the values given by the foregoing approximate 
equations (§§5 and 6). It will therefore usually suffice to use 
the approximate values of H in computing the bending moments 
by equ. (151). 

To determine H more accurately, we make use of the prin- 
ciple that, for small deformations, the work done by the forces 
(^1 + Ä) acting on the cable must equal the work of deformation 
of the internal stresses in the cable ; hence, with the previously 
adopted notation, 

f (s,+ 1c).rj. dx= ^^+y^ (x^ + 2hsec'a,) 



From equ. (ß) we may write, approximately, 
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also, adopting the abbreviation 5 h 2 lisec' ai=L, so that, for 

Of 

a parabolic cable, 

L=l(l + ^^)+2l,sec'a,, 

and substituting the value of i; from equ. (150), the above 
equation of virtual work becomes 

/[c,e«+C..-«+-l(M_X)+_^_iM^],, 

^ Ao Sf' 

Solving this equation for the horizontal tension, we obtain 



H= 



/(M-f)d.^ 



S (C^e^+C,e-^^)dx+^fl — f^ + c 



I ?L 

A, Sf 



... (152 



In order to apply this formula, it is necessary first to find 
the approximate value of H by the preceding method, namely 

iVLydx 



by the equation H = 



j ^dx + 



IL 
A 



and to use this value in 



computing the quantities c, Cx and Cj appearing in the above 
expression. 

Equations (151) and (152) hold good for any condition of 
loading. Let us first apply them to the case of a single concen- 
tration (P) located at the 'distances ^ and I — i = ^' from the 
respective abutments. For this loading, the following values 
are obtained for the arbitrary constants : 

For the segment from to ^ : 

For the segment from ^ to Z : 



► . . .. (153. 
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We thus obtain : 



H = 



ipii' 






where, for abbreviation, 



(154. 




(154». 



The bending moments in the stiffening truss are then to be 
computed by equ. (151). 

With this more exact theory, as previously observed, there 
is no longer any proportionality between the applied loads and 
the internal stresses. The method of influence lines is therefore 
inapplicable. 

If the loading consists of a load g^l uniformly distributed 
osrer the entire span and^a similar load p A covering a distance 
A from the left abutment, then the arbitrary constants of equ. 
(150) are defined by the following expressions: 

For the segment from aj=0 to x=A 



nc L/i — 2 1 — e*«^» 



Hc'C,=-Hc'C,-(\^ E-p + g') 
For the segment from x=\to x=l, 



>► . . . (155. 



Hc^C^=Hc^C^ — ^pe-''^ 



i_ 

2 



Hc^C^=Hc^C2—^pe'^ 

and equ. (151) yields the following expressions for the moments : 
Forx=0 to ic.=A, 

M=-^,[nc^C,e'^+Hc'C,e-^+yH-(p+g^)] 

For x=X to x = l, 

Here H is the horizontal tension produced by the loading 
g'l + pA, c^ = T^- ° , and H^ denotes the horizontal tension cor- 
responding to the initial parabolic curve of the cable and the 



. (156. 
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unstressed condition of the stiffening truss. In determining the 
value of c, the value of H given by the approximate theory may 
be used. 

If only the uniform load g', covering the entire span, is 
applied, the constants reduce to 



1 ^ Q^ V ^cl 



-¥e 



Cl 1 



(157. 



^2— H?(^'""7^)i 
and the moment becomes 

Example 1. Double-Track Railway Bridge. Span % = 150 meters. 
Steel-wire cable: Rise = 20 m., horizontal length of back-stays Z» = 75 
m., tan a^ = 0.4, cable-section Ao = 328 cm^ Stiffening truss : parallel- 
chords, depth = 7 m., mean moment of inertia per truss / = 69,473,000 
cm*. = 0.69473 m*. Dead load per truss g = 2.4 tonnes, live load p = 4.0 
tonnes per linear meter. It is assumed that the total dead load is carried 
by the cable alone, and hence there are no bending moments in the 
stiffening truss when the bridge is unloaded. To attain this condition, the 
stiffening truss is provided with a central hinge during erection and not 
until the construction is completed and the suspension rods adjusted is 
this hinge to be replaced by a rigid connection. We have 






Hence the denominator of equ. (75") leeomes 



= 2.255 h 



8 



3 X 0.69473 



^■~' 5 + 0.0328 X 400 

By the alove assumption, 

2 

1 150 



X 2.255 = 1.9582. 



£^0= ~q" X — 0?^ — X 2.4 = 337.5 tonnes. 



8 



20 



With the half -span loaded, by the approximate theory (equ/ 82), 



H = 



5Xf 



-^- = 114.90 X -g- = 229.8 1. 



With the same half -load, the 1 ending moments computed by the approxi- 
mate thcorij are as follows: (M =M — Tly.) 



At x= A ', M,= 



At a?= o" 1} M2= 



3 pl^ — Hy, = 5523 —229.8 X 13 = 2178 t. m. 
pj^ — Ij ,f = 5623 — 223.8 X 20 = 1029 t. m. 



At x= 4 ?, -1/8= 32 P?^ — f^yi == 2812.5 — 229.8 x 15 = — 634.5 t. m. 
6 
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In applying the more exact theory , we have: 

«_ gp+g 567.3 

^~ EI ~~ 20,000,000X0.69473 —0.000040835 

-T = 24,488.8 c = 0.00639 cl = 0.9585 -rf • H = 1.6348 
c I 

Using these values and putting g' =0j\ = -^ l^ in equs. (155) and (156), 

we obtain the bending moments : 

1 1 

At a?= -7- ?, M ,= — T X 0.0847565 = 2075.6 t. m. 

1 1 

^ At ip= -Ö- h M'>= —T X 0.038268 = 937.1 t. m. 

Cl C 

3 1 

At a?=-- -T- I, M,= — -^ X 0.027238 = — 667.0 t. m. 

Comparing the two methods, it is seen that the exact design, which 
allows for the deformation of the cable under load, yields results for the 
positive moments Mi and Mt smaller by 4.7 and 8.8% respectively and 
for the negative moment Mt larger by 4.9% than the corresponding 
results of the approximate theory. If the stiffening truss is more flexible, 
as in the following example, larger differences will appear. 

If the entire span is loaded with p = 4.0 tonnes per linear meter, we 
find by the approximate theory, 

H = 114.9 X 4 = 459.6 t. 

and the moment at the mid -point 

1 

lf=-g-pi'—Hf= 11250 — 459.6 X 20 = 2058.0 t. m. 



The more exact method yields: 

797.1 



.2 



^ ~ 20,000,000 X 0.69473 
1 



= 0.000050173 



a =19,931.0 ci = 1.06249 

c 



and by equ. (158), substituting for g' the value p = 4.0 t., 

&tx=-2-h Af = 0.92195 —r =1837.6 t. m. 

This is about 10% less than the result of the approximate design. 

Example 2. Highway Bridge. Span and rise as above. Stiffening 
truss, 2.5 meters high; mean moment of inertia / = 7,812,000 cm* = 0.07812 
m*. Cable-section Ao = 200 cm*. Dead load per truss, g = 2,40 tonnes, 
live load p = 1.4 t. per linear meter. It is again assumed that the total 
dead weight of the bridge is carried by the cable. With L = 2.255 I, we 
find 

8 3 X 0.07812 

^ = -5- + 0.02 X 400 X 2-255 = 1.66606, 

1 (150)' 

Ho= X 20 X 2.4 = 337.5 1., 
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and, with the half -span loaded, by equ. (82), 

14 
iSr = 135.048 X — ^ — =94.53 1. 

For this half-load, the approximate theory yields the following values 
of the moments: 

1 
At a?== -^ly Mt= 1968.75 — 94.53 X 15 = 550.8 t. m. 

At x== -g- I, Mi = 1968.75 — 94.53 X 20 = 78.15 t. m. 

3 
At x= -j-lf Mt = 984.37 — 94.53 X 15 = —433.57 t. m. 

Applying the exact theory, we have : 

Ho+ H 432.05 



c» = 



EI ~~ 20,000,000 X. 07812 — -0002766, 

1 Sf 

-^ = 3,615.4,. c I = 2.49466, —^ H = 0.672213. 

Using these values and ^=="o"^ in ©^[u. (156), we compute the following 
moments : 

1 1 

At x=-Ä-h Afi= -T 0.12717 = 459 76 t. m. 

Tt c 

At x= -2'h lfa=—r 0.01304 = 47.15 t. m. 

3 1 

At x= -J- h Mt= — -3- 0.10701 = —386.89 t. m. 

The deviation from the approximate values amounts to about 17% 
in Mif and about 40% of the approximate value in the small bending 
moment at the mid-point; and in every case the approximate theory makes 
the bending moments too large. 

With the entire span loaded with p = 1.4 t. per linear meter, 

H = 135.048 X 1.4 = 189.06 t. 
and the moment at the mid-point is given by the approximate method as 

M =-g- pr — H.f = 3937.5 — 3781.2 = 156.3 t. m. 

For the more exact design we have: 

526.56 1 

c»= X5624ÖÖ"=^-^^^^^^^' -^=2,967.2, c?=2.7537 

I 

and by equ. (158), for a;= -n", we obtain 

if = 0.029203 • -IT =86.6 t. m. 

Hence the approximate design in this case yields a value too great 
by more than 40%. 
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2. Trnss with a Middle Hinge. Let the stiffening truss 
have a constant moment of inertia / ; and, in the unloaded con- 
dition, with only the dead load of g units per linear meter act- 
ing, at a definite temperature, let the form of the cable coincide 
with the equilibrium curve of the dead load, so that there is then 
no stress in the stiffening truss. Let Ho be the horizontal tension 
of the cable when this condition obtains. 

Upon applying a live load p, which increases the horizontal 
tension by H, or for any other cause, let the cable sag at the 
crown by an amount A /, producing a bending in the stiffening 

truss. Writing for the half -span y™«, and denoting by rj the 

deflection due to bending of the stiffening truss at a distance x 
from the abutment, then the total deflection at that point will 

bei/H — .A/, and the same amount will represent the increase 

in the ordinate y of the cable-curve if the stretching of the 
suspenders is neglected. The horizontal forces (JTo + J? ) cor- 
responding to the initial position of the cable-crown wiU now 

change to {H'o+H') = ^^ {Ho+ H). If M denotes the 

moment of the loads ^ + p in a simply supported beam, then the 
bending moment in the stiffening truss will be 



M 



= M- (H'o + ff') (y+^ Af + rj) , (a. 

and the differential equation of the elastic curve of the structure 
will be 

when, for abbreviation, we put 

2^ H'o + H' . Ho + H 
EI ~~ EI ' 

If we assume A/ independent of rj, which is very nearly the 
case, then, for a parabolic initial form of the cable and for the 
cases of loading occurring in practice, the bracketed quantity in 
(ß) will be a homogeneous algebraic expression of the second 
degree; let this expression be denoted by F{x) and its second 
derivative with respect to a? by F^^{x). Then the integration of 
iß) yields 

ri=Ae^ + Be'^+F{x) + V"(a;) (y. 

c 

The constants A and B are given by the conditions that at 
a; = and x-=a, 17 = 0. Substituting the expression (y) in 
equation (o) gives the bending moment 
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M=—(H'o+H')XAe'^ + Be-^)—EI.F''(x),.{B. 

The design for any given loading now becomes a simple 
matter. With a full-span load of p per unit length we obtain 

^ ^^^ a* ^' EI 2f 

and the maximum moment at the quarter point 

When the half -span is loaded with p per unit length, 

^ ~ EI 4/= 

and the maximum moments at the quarter-points in the loaded 
and unloaded segments will be 



_(e%c._i)» 2EI H9±P)M + Pt 



'2 max— gc.^l - -^ 2(7 + p 



_ (e%c,_i)« 2EI 2gAf^ pf 

JXL o max 



(160. 



For a very stiflE truss (/= 00, c=0), we have 

— i^^n ^ —4 ^^ 0+^ ), 

so that the extra moment at the quarter points due to the sag 
A / at the crown will be given with sufficient accuracy for most 
cases by the formula 

M=\{H^+E),^f (161. 

The crown sag A /, due to an elongation of the cable amount- 
ing to A L, is expressed with sufficient accuracy by the equation 
(128), 



-'=(7+H) 



1 f\ AL 

2 



Example^ If the bridge of the above example 1. is constructed with a 

1 6.4 (150)* 
middle hinge, then, with p = 4.0 t., H + Ho = "g bn = 900 t., 

c" = ^°^^^ = 0.0000648, ca = 0.6037; hence, by equ. (159), 

900 . 
ü/aiaz = 216.83 A f or approximately, by equ. (161), Mmax = a . A /= = 

225 . Af. The elastic stretch of the cable will be- 
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H 562.5 X 338 

AL = ;^- L — 20QQ y^ ggg — 0.290 m.. 



hence 



and 



(75 1 20\ 
2Ö + 2 *75/ ^'^^^ = ^'^^^ °^- 



lfm,x = 216.83 X 0.563 == 122.1 t. m. 



1 8.8 (150)" 
With only the half -span loaded, H + Ho = jg ^q = 618.75 t., 

c* = 0.0000445, ca = 0.5002, and we obtain, by equ. (160), 

if J roax = (1369.3 + 219.1 A f) t. m. 

3/2 max = ( — 1369.3 + 82.2 A f) t. m. 

The approximate formula for the rigid truss gives, 

1 1 

M max = ± fiZ pi'+ T-(Ho+H). A/==(± 1406 + 154.7 A/-) t. ] 1 

Here, neglecting the effect of temperature variations, the value of A f 
must be taken as one-half the value for full load, or A /= 0.281 m. 
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resultant of the external forces acting on the portion of the 
arch to the left of the section {x,y). Let its components paral- 
lel to the coordinate axes be 
H and V, and the components 
parallel respectively to the 
tangent and normal to the 
arch-axis at the point {x, y) 
be P and« (Fig. 38). Letilf 
denote the moment of the ex- 
ternal forces about an axis 
perpendicular to the force- 
plane at the point {x,y), con- 
sidered positive if directed 
clockwise. The external 
forces may then be replaced 
by a single force R, or its 
components (HyV) or (P, S) applied at the center of gravity 
of the given section together with a couple whose moment is 

M. With these external forces, 
the internal stresses at the sec- 
tion (x, y) must be in equilib- 
rium. 

Consequently, if o-, t.^ and t, 
denote the normal and shearing 
stresses on any elementary area 
dA =^ du, dv of the cross-sec- 
tion (Pig. 39), we may write 
the following equations of equi- 
librium : 




Pig. 39. 




4 



f 



8 



^ P+f<T.dA 

S+fr^.dA 

frz^dA 

M-\-J<T,v.dA 

j(T,u.dA 
.dA — JT2.V .dA 



=0 
=0 
=0 
=0 
=0 
=0 



(162. 



1. Determination of the Normal Stress <r. It is assumed 
that the axis will remain a plane curve after deformation and 
that all bending takes place in the force-plane. The radius of 
curvature of the arch-axis at the point {x, y) will be denoted 
. by r {positive if the curve is convex upward). If ds^, denotes 
the length of a fiber between two cross-sections infinitely close 
together before deformation, and Ad^v is its change in length, 
then the length of the fiber after deformation will be "d ^yH- A(i«T 
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We adopt the same assumption as in the common theory of flex- 
ure of straight beams, namely that the material cross-sections 
remain plane and perpendicular to the axis after deformation. 
By this assumption, if — d<l> denotes the angle between the two 
consecutive cross-sections, and if this changes upon deformation 
into — ((i0 + Ad<^), (d4> and A d being considered negative 
when the curve is convex upward and when the curvature is 
increased by the deformation), we have 

d$Y=ds — vd<l> ly 
and 

d5v + Adsv=dÄ + Ads — V (d<^ + Ad<^).*^ 

Subtracting the first of these equations from the second, we 
obtain : 

A(isT = Ads — t;-Ad^. 

The proportional elongation or strain of the fiber is, therefore, 

Adsv Adg — t?Ad0 

dsy ds — t?d0 

or, since ds = — r d<^, 

j^=(4^_t,Ä).^ (163. 

««▼ \ as da / r-\-v ^ 

If, in addition to the normal stress, o-, there is also a tem- 
perature variation t contributing to the fiber-strain A dSy, then, 
with a coefficient of expansion w, 



dSy E 

Combining this with equ. (163) and solving for o-, 

„==E(^-v^^)-i- E.t (164. 

\ da da ß r-f-v ^ 

Substituting this expression in the first and fourth of the equa- 
tions of equilibrium (162), we obtain 



da J r'\-'o ^ da J r-\-v 

ds J r + v da J r + v 

+ E<>>tfv.dA 



'M=—E ■ ^^' 



.. (165. 



Observing that 

fdA^A, Sv-dA=^0, 
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and hence that 

J r-\-v ^ J r-\-v rj rj r + v 

=.A + -^(^-.dA 



and 



J r-\-v ^ J r-\-v rJ r + v ' 



and introducing the abbreviation 



/ 



rv 



.2 



dA=J, 



then the equations (165) become 



(166. 



and 



E \ d« ' / \ da ^ r ds / 



1 Ads\ J^ 



E \ 



^d(t> 



+ V 



1 Ads 



da ' r 



da 



)j. 



Solving these equations, we find 

Ada P . M 

da ~~ EA "T" EAr 



(D 



t 



Ad0 P M (at , M 

da EAr "" EAi^ r ~^ E J 



(167. 



Substituting these values in equ. (164), we obtain the normal 
fiber stress 



"=X + 



+ 



Mrv 



M 



Ar ' «/(r + v) 



(168 



This equation (168) shows that o- is not a linear function 
of V but, on the contrary, is represented by the ordinates of 
an equilateral hyperbola whose asymptote normal to the given 
section passes through the center of curvature. 

The fiber stress <t will be zero at 



V 



Pr ■ M 



A 



+ 



M .Mr 



Ar 



Hence, if P = 0, the neutral axis does not pass through the 
center of gravity of the cross-section (v=0), unless r= oo, 
i. e., unless the axis of the rib is originally straight. 
The quantity J may be expanded into a series : 
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But i v^dA represents the moment of inertia I of the cross- 
section about the Z7-axis. If, furthermore, the cross-section is 
symmetrical about this axis, all the terms in v^, 1;° . . . will vanish, 
so that we obtain 

J=J + -iJi;*(l + -^+^ + ...)d4. 

If the radius of curvature r is very large in proportion to the 
depth of cross-section, all the other terms in the expression for 
J may be neglected in comparison with the term I, so that we 
may substitute the moment of inertia / for the quantity J in the 
formulae established above. 

For example, in a rectangular cross-section of width b and depth h, 
we find: 

for a ratio of — = 0,05 0.10 0.20 

f 

-j= 1.0004 1.0015 1.0060 

This approximation appears to be admissible in all prac- 
tical applications of the formulae to arch-bridges. In most cases 
it even sulBöces to replace equs. (167) and (168) by the simpler 
equations applying to straight beains: 



£ids 
ds 


P 

EA 


-Hit, 


Ad0 


M 




ds 


EI 




O" 


-i+ 


Mv 
I 



(167'. 



(168» 



The fundamental relations employed in the preceding 
analysis impose one more test: to determine under what con- 
ditions, if any, the fifth of the equs. (162), also involving the 
quantity o-, will be satisfied. Substituting the expression of 
(164) and making a slight omission, we obtain 



or, since j t^ . d A = 0, 



■J" 



uv .dA ^ 

r -{- V 



This equation will be satisfied by the condition, among 
others, that the cross-section be symmetrically disposed about the 
force-plane; if r is very large compared with v, the equation 
reduces to 



92 Arches and Suspension Bsidqes. 

( uv.dA = 0, 

which shows that one of the principal axes of the section must 
lie in the force-plane. 

2. Determination of the Radial Shearing Stress r,. As a 
rule, the shearing stresses in an arch may be neglected ; never- 
theless a knowledge of them is sometimes important, and the 
value of T, should therefore be derived. We shall adopt the 
assumption, however, that the radius of curvature is suf- 
ficiently large compared with the depth of cross-section to per- 
mit the use of equ. (168') in determining the normal stresses. 

If, from the rib-segment included between the sections at 
(x, y) and (x + dx, y-\-dy), we cut off an upper portion 
Pig. 40. 




by means of a section perpendicular to the force-plane and 
parallel to the areh-eurve, there wiU be acting upon this 
elementary body the forces and stresses represented in Fig. 
40. 

Here d 6 denotes the external load acting on the arch segment 
and g d s the dead weight of the latter. It is assumed that the 
shearing stresses Tg are the same for any two mutually perpendic- 
ular planes at any point and that they are uniform in intensity 
throughout the elementary tangential section. Distinguishing 
the stresses at the neighboring section by affixing an index (') 
and presupposing but a slight variation of cross-section, we have, 
by (168«), 



tf: 



.dA=— 



(P + dP )a (if + dM)S 
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Here a denotes the area of cross-section included above the 
tangential cutting plane, and S denotes the static movement of 
this area about the P-axis. Now (by Pig. 38) we have 

P = ncos<l> + Vsin<l>y (169. 

hence 

dP f TT • J I TT ±\^^ I dV . , , dH , 

— = (—Hstn<l> + Vcos<l>)j-^ + -^stn<l>+^cos<l>. 

But, since (by Fig. 38), 

8 = —n.sin<l>+Vcos<l> (170. 

and 

dV=dG ,sina — qds. dn = dGcosa. -^ — = , 

^ ' ^ da r ' 

we obtain 

S =- 7+ If *'"* (".— ^> -« ^^<l>=-7 + 9-" • (171. 

where qn denotes the intensity (per unit length of axis) of the 
normal component of the total load on the elementary solid. In 
like manner we obtain 

dM= — H .ds , sin<l>-\-V.ds . cos<l>-{'dO . m,cos (a — 0) ; 

hence, 

^=8+m^cos(a-^) (17a. 

where m is the radial lever arm of the force dO about an axis 
through the point {x, y). 

Finally, the condition that the algebraic sum of all the force- 
components parallel to the tangent must be zero, yields the fol- 
lowing equation adapted for determining xg : 

— T,. b (ds — vd4>) — d0 I T8'.dil+ I o-'.dA — j a ,dA 
-^-dGcosia — <f>) — g.ds. J -sin<l>=0. 

Substituting ds — vdif> = — d4 {r + v) or, by the above 
assumptions^ = — d<^.r=ds, putting J T\,dA=\ r^.dA, and 

substituting the value of i <t^ dA — j a.cJil, also the expressions 
of (171) and (172), we obtain 



^8 
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/7/A 1 

If we put :; — = — =0, the above reduces to 

^ d s r 

r^h = j- + — cos(a—<l>) (^1 — -^ r)'" ^^^^' 

If, in addition, — - = or cos (a — <^) =0, the above becomes 



ds 



'T^ — 



bl 



(173\ 



The above results (equs. 168* and 173*) show that the for- 
mxdae for straight beams may he applied, with close approx- 
imation, to the arched rib, provided the radius of curvature 
is comparatively large ; in all further stress-analysis, determina- 
tion of principal stresses, etc., the same principle will be applied 
and flat arches will be treated approximately as straight beams. 

In bridge-arches for the usual descriptions of loading, the 
shear S will always be very small compared with the axial-force 
P, so that, as a rule, the shearing stresses in arched ribs may be 
omitted from consideration. 
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§11. Conditions for Stability. Line of Resistance. 
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tance from the gravity axis controls the magnitude and distri- 
bution of the stresses in the cross-section. 

If i denotes the radius of gyration of the cross-section in the 
force-plane, then 7 = 4. i^, and by equ. (168*), 



Equ. (175) shows that the normal stresses vary along the 
section as the ordinates of a straight line ; specifically, 



-=-f(i+^) 



at v^=Vi, 
at i;==0, 



<ro -J 



(176. 



Equations (176) show that the extreme stresses o^, and «r,, 
and hence all the stresses in the section, will have the same sign 
provided 

p > — ^ and, at the same time, < — (177. 

Hence, in each cross-section, if we fix two points at dis- 
tances ki and — fcj from the gravity axis, determined by 



lC\ ^^ ~~^ 9 iC« ^^^ ~~^ 



(178. 



or by the corresponding graphic construction of Fig. (41), they 
will so divide the section that all the normal stresses will be of 

the same sign so long as the line of resistance, 
representing the resultant pressure B, passes 
between the two points. These points, whose 
position depends only upon the form of the 
cross-section, are called the Core-Points, their 
continuous loci are the two Core-Lines, and 
the portion of the force-plane intercepted 
between these lines is called the Core. 

All the normal fiber stresses at any section will therefore 
have the same sign or direction, so long as the line of resistance 
cuts the section within the core. 

Introducing the quantities k^ and Äg into equations (176), 
we obtain 




^^ — iK-n^/^ 7 — '""^ j- 

P / U—P \ _ Pjkt—p) ^, L ^>'^'i 



.. (179. 
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where Mki and Mk2 represent the moments of the external forces 
about the two core-points of the cross-section. 
These equations, or the equivalent forms 



<T2 = 






(179*. 




JV/,'-' P 



fmmifjmmm 



form the basis for the 
graphic method of Fig. 42 
for determining the normal 
stresses. A^i, N^ are the core- 
points lying in the force- 
plane ; and the ordinate 8 C, 
at the center of gravity, is ^ 

made equal to -j-. The lines 

drawn from the core-points \^yf...^!:^::!:^::::*^zv^:::::A.Yi.. * 

Ni, N29 to the point C will '** *** "^ 

intercept on the resultant 

normal pressure P, two lengths representing extreme fiber 

stresses or, and <r, respectively. 

From this construction it is evident that the stress at one of the 
extreme fibers will be zero when the line of resistance passes through the 
corresponding core-point; that the stresses 0*1 and 0*2 will have like signs 
when the resultant force passes inside the core, and unlike signs when it 
passes outside the core; and the neutral axis will come the nearer to the 
center of gravity the farther the line of resistance is removed therefrom. 
With the aid of analytical geometry it may also be shown that the neutral 
axis is the anti-polar of the central ellipse with respect to the point of 
application of the resultant pressure as pole. 

If the cross-section consists of two flanges of area A^^ and -äg, 
and if A is the eflfective depth or distance between the centers 
of gravity of the flanges, then approximately, neglecting the 
effect of the web, we may write AiVi=A2V2, A^ Vi^+ A2V2^= 
(ili+ila) i*, and kj^V2=i^, ^2^1=*^ ; hence we find : fci= Vi, k^=v^ 
i. e., the core-points coincide with the flanges of the girder. 
Consequently, by equ. (179), 



P(p + fc.) 



M\ 



<T2 = 



P(fci— p) 



+ 






(180. 



Here ifu and if i represent the moments of the external forces 
taken about the centers of gravity of the upper and lower chords 
respectively. 
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§ 12. Determination of tlie Deformations. 

1. Elongation of the Axis. If {x,y) and {Xo, yo) are the co- 
ordinates of two points on the arch axis and if s and So are their 
respective distances measured along the axis from any assumed 
initial point, the change in the axial distance between the two 
points is obtained by integrating the first of equs. (167) ; there 
results : 

a 

As— A5o=co t (s—So) —J (-fj + -j^) ds., (181. 

»0 

and approximately, if r is very large, 



8 



As—Aso==i^t(s—So)—J(-^)ds (181*. 



»0 



2. Variation of the Angle <^. The variation of the angle 
between the normals or tangents at two points whose initial 
coordinates are {x,y) and {Xq, y^) is given by the integration of 
the second of equs. (167) : 



8 



a 



A^-A<^o=/(^+ " 



E Ar EAr 



BiP+i)^^-"^X 



d s 



«, 



a„ 



a 



-Sh^--r 



— As, 



s. 



•- .... (lo^. 



If r is very large compared with the dimensions of the cross- 
section, then approximately. 



a 



a 






8. 



a. 



a 



' .. .. (isa*. 



-f^ + <-'t(4>-4>o) 



EI 



a. 



3. Variation of the Radius of Curvature. If r^ is the ra- 
dius of curvature at any point after deformation, then 



1 



d4> + Ad4> 
ds + Ads ' 
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so that the variation of curvature is 



1^ 



Ad0 l^ Ads 
1^ d0-fAd I ^ d« ' r da 



d« + Ad« 



1 + 



da 



On substituting the values from equs. (167), the above becomes 

n r EJ 






(183. 



As an approximation, since 



Ada 
da 



is always very small com- 



pared with unity and as r is assumed very large relative to the 
sectional dimensions, we may write 






r 



M 
EI 



(183'. 



If the arch is made to conform to an equilibrium curve, then, as the 
line of resistance coincides with the axis, if=0, and, if the ends are 

free to undergo the necessary displacements, by equ. (183), — = — > 

or the radius of curvature remains constant at every point. The deforma- 
tion then consists merely of a shortening of the axis by the distance Ads. 
Consequently there must be, on the whole, a shortening of the span. As 
this, however, is impossible with an arch whose ends are immovable, it is 
seen that a perfect coincidence of arch-axis with line of resistance cannot 
be attained, or may be assumed approximately only when the deformations 
are negligible or the material is considered incompressible. 

4. Variation of the Coordinates. Let Ax, Ay denote the 
displacements of the point B (x,y) in the directions of the 
respective coordinate axes (Fig. 43) ; and 
let Adx, Ad y, Ads represent the varia- 
tions in the distances dx, dy, ds between 
the two consecutive points, B, B\ Let the 
section at B^ undergo a rotation A <^ which 
we assume equal to that at B. The point 
B of the arch-axis is thus displaced to B" ; 
and the projections of this displacemen.t ^ 
BB" upon the coordinate axes may be 
determined from the triangle B B" C 
which is similar to the triangle B B' D, We thus have 

B C= — A<l> . ds . -p= — A<^ . dyy and 



Fig. 43. 




B''C=A<l>.ds. 



ds 
dx 
ds 



Aff) . dx . 



If the arch-axis suffers, in addition, a change in length, in 
particular if the arch element BB' === ds is lengthened by A ds, 
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then the point B" receives a displacement whose rectangular 
components are A ds-^ and A ds-r^, so that the total dis- 
placement of B relative to B' is given by the expressions, 

Ada;= — A^.diz + ^ds. -^ 



da 



Ady=A<l> . da; + Ads. 



dy 
da 



Considering such displacements in all the arch elements begin- 
ning at some initial point A, and summing these up to get the 
total displacement of B, we obtain, 



Aa;= — j A0.d2/+ j 
A2/=jA<^.da;+J^ 



Ada 
da 



dx 



dy 



If we indicate the values of the coordinate and angular varia- 
tions pertaining to the initial point A with the subscript 0, and 
the values pertaining to the point B with the subscript 1, then, 
by partial integration of the above equations and substituting 
the proper limits, we obtain 






8. 



flP. 



Si 071 

. . C ^d(t> 7 I I Ads J 

At/i— A2/o=A<^ia;i— A</>o^o — J -j^ .xds+j -jj-dy 



^ (184. 



So 



Xo 



Substituting tor-4r ^^^ ^the expressions (167), but intro- 



da da 

M 
r 



ducing the abbreviation PH = P', and writing A <^i = A «/>«,+ 



a . 



we obtain. 



8i 



«„ 



s. 



Si 



-/fiC-v^^*+^-)+<-^/(^-<^^+^^) 
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At/ 



8i 

1— At/o = A</^o(^i— ^o) +J -ßj (^^—^^ 



ds 



81 



'^JEA(~v^^^~^y) "^v (~r^^^—^y) 



(186. 



The above equations may be simplified if the radius of 
curvature is very large relative to the sectional dimensions. We 
may then put P^ = P, J = I, and, in the temperature terms, 

omit the parts containing — . There results: 



8. 



8i 



. . (185». 



Ay 



9l 

1— Al/o=:^A</>o(^l— ^o)+ J -^jXXi—x) 



ds 



8. 



«1 



^fixi^'T^'-^^)^''*^^'-^''^ 



. . (186*. 



^ 
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§ 13. External Forces of the Arched Rib. 

We here consider plate arches or curved ribs whose ends 
are connected to rigid supports. The connections may be either 
such as to keep the ends of the rib completely or practically 
immovable, although permitting free rotation of the axis— 
Arches with Hinged Ends— or such as to prevent rotation also^ 
so that the ends of the axis remain fixed in direction — Arches 
with Fixed Ends (or Hingeless Arches), Both of these types 
of arches, as explained in the Introduction (§1), belong to the 
statically indeterminate class of structures, i. e., the conditions 
of static equilibrium do not suffice to determine the external 
reactions; it thus becomes necessary to establish additional 
equations of condition on the basis of the elastic deformations. 
For this purpose we may employ the deformation equations 
established in the preceding section (§12), or, as will later 
be shown, we may apply the Theorem of Least "Work. Static 
determinateness, however, may be attained in the arch with 
hinged ends by introducing a third hinge, thus obtaining 
the Three-Hinged Arch, 

In the general case of the fixed-ended, hingeless arch, there 
exist the following relations between the external forces: Let 
A and B (Fig. 44) be the two end points, assumed to be at 
different elevations. Let O represent one of the forces acting 

in any direction upon the 
^^^' ^^' arch. Let us, for the mo- 

ment, imagine the end A 
free to . slide horizontally 
while the end B, at the 
same time, has a hinged 
connection; and, in the 
freely supported girder 
thus obtained, let us deter- 
mine the bending moment 
M at any point (x,^), the 
ordinate y being measured 
from the closing chord A B. 

If g and y are the lever arms of the external forces about the 
end B and the point {x,y), respectively, then 




M = T?Ö.Ö^-| G. 







(187. 







The fixedness of the ends of the rib, preventing either rota- 
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tion or horizontal displacement, may be replaced by the effect 
of a force with horizontal component H^y applied at A and acting 
in the direction of the chord A By and a moment M^ applied at 
A together with another M 2 applied at B ; these reactions must 
be added to those of a freely supported girder. The bending 
moment at the point {x,y) then becomes: 



i 



y 



(188. 



Using the notation indicated in Fig. 44, we may also write 
the following general equations : 



yi= — s G.g'\ — '—J — +HT^tana 

* * 

I 

— V2 = V^—^Gsinil/ 

H2=Hi+:iGcosil/ 



At any section x, the horizontal and vertical components will be 



(189 



X 







X 



V^Vi—:S,G.siiix{, 



(190. 



{ 



If <^ is the slope of the tangent to the arch-axis at the point 
{x, 2/), the axial and shearing components are given by 

P=Vsin<l>'\-Hcos<l> (191. 

S=Vcos<l> — Hsin<l> (192, 

With M and P known, we may determine the internal stresses 
in the arch by equ. (168) or (168*), and the maximum fiber 
stresses by equ. (174) or (174*), so that the entire problem is 
solved. But m order to find M and P, in the general case, it is 
necessary to first determine three statically indeterminate quan- 
tities : -ff 1, i^i and itfg. In the two-hinged arch the end moments 
ü/i and M2 vanish ; hence the number of indeterminate quantities 
reduces to one, viz., the horizontal thrust H^. Finally, if a third 
hinge is put into the arch, it provides another static condition, 
namely that the moment of the external forces about the center * 
of the hinge must vanish; this condition determines the value 
of H^. 

If the two ends are at the same level, and if all the applied 
loads are vertical in direction, the above general equations reduce 
to 



1 { 



(193. 
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If the loading is vertical, M may be represented by the ordi- 
nates of a funicular polygon. If this polygon is constructed 
with the pole distance = Hi, and placed in such a position rela- 
tive to the arch as to intersect the end-verticals at distances 

M M 

61=-=^ and 62=-^ above the points of support, then theordi- 
nates of the polygon measured above the arch-chord and multi- 
plied by ffi will represent the moments M -I "i — ^^5 

consequently, by equ. (188), the vertical intercepts between the 
equilibrium polygon of the loading and the axis of the arch, mul- 
tiplied by JJi, will give the bending moments at the correspond- 
ing points of the axis. This principle was first established by 
Winkler. 
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§ 1 4. Reaetion Locus and Tangent Cnryes. Critical 
Loading. 

1. Reaction Locus and Tangent Curves. When the end 
reactions, 1. e., the resultants of (H^, V^) and (BTg, Fg)» a^d the 
end moments, if j and if 2, are known for any given loading, 
we may construct the force polygon and equilibrium polygon and 
the line of resistance for that loading. The two end reactions 
intersect each other in a point on the resultant of the applied 
loads, which changes as the positions of the loads change ; when 
this load variation follows some definite rule, the curve described 
by the intersection of the reactions is named the Reaction Inter- 
section Locus or, more simply, the Reaction Locus. 

With the shifting of the load resultant, the end reactions 
alter their position; one way in which these reactions may be 
determined is to have for each point of the reaction locus the 



Fig. 45. 




two points in which the reactions intersect the vertical lines pass- 
ing through the ends of the arch-axis. 

Another way of fixing the positions of the end reactions is 
by means of the two curves which are enveloped by them 
when the load resultant passes through the successive points of 
the reaction locus. The reactions are thus determined in posi- 
tion and direction, for any load, by the two tangents drawn 
from the corresponding point of the reaction locus to the two 
nappes of the enveloping curve. The magnitudes of the reac- 
tions are then found from the force triangle composed of the 
load-resultant and lines parallel to the two tangent directions. 
The two curves enveloping the reactions are called the Reaction 
Envelope Curves or, more simply, the Tangent Curves. 

In Fig. 45, let {x, ly») be the coordinates of any point of one 
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of the reaction-lines, (i/i, 1/2) the distances intercepted by the reac- 
tion-lines on the left and right end-verticals respectively, and 

( ^fV^) the coordinates of the point of intersection of the two 
reaction-lines ; then, in the general case, 



and 



Vi=^~ ..(194. 



^72 — 2/2=^, or 772 = 2/2+-^ (195. 



Also, for the left reaction, 

V^<^ = Vi+ -^ • ^= ^^ (196. 

and for the right reaction, 

i7x>| — ^^2^-^ v^ — X) — jj .• . (,iyi. 

Putting ic = ^ in equ. (196) or (197), we obtain the ordinate 
of the reaction intersection point, or, with variable f, the 
equation of the reaction locus: 

'^^ - H. = ■ H] (^^^• 

To obtain the equation of the tangent curve, the value of 
$ must be considered as the variable parameter in equations 
(196) and (197). The equation of the tangent curve for the 
left reactions is derived by eliminating $ from equ. (196) 

( rjxK^ => — ^Zj ^^ J and the equation obtained by dif- 
ferentiating this with respect to $. 

Similarly, we derive the equation of the tangent curve of the 

right reactions by eliminating $ from equ. (197) ( v^>^ == 
M, + H,y, + v, (i-x) \ ^^^ ^^^ equation obtained by dif- 

ferentiating this with respect to $, 

If end hinges are considered, ilfi = lf2 = 0, and hence 
Vi = ö> ^2 = 2/2? or the reactions always pass through the centers 
of gravity of the end-sections; consequently the tangent curves 
in this case reduce to the two end-points. The reaction locus in 
this case will be 

"^i — wj— H. ^^^^• 

In the case of the three-hinged arch, the above formulae 
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.apply in a general way. We may, however, make use of the 
relation that the line of resistance must, in this case, always 
pass through the three hinges, so that it is readily determined« 
for any given loading. For a moving concentration, the reac- 
tion locus will then consist of two straight lines, meeting at the 
middle hinge, which are the prolongations of the lines joining 
the end hinges to the middle hinge. 

On the basis of the above principles it is readily seen how the reactions 
may be found graphically as soon as the reaction locus and tangent curve« 
are known. It should be observed that with the aid of the curves drawn 
for a single concentration we may construct not only the reactions for 
different positions of this load, but also those for a train of concentrations 
resting on the structure. These procedures become particularly simple 
when the ends are hinged since, in that case, all the reactions for the 
individual loads pass through the same point so that the position of the 
resultant reaction, determined in magnitude and direction by the cor- 
responding force polygon, is at once known ; whereas in hingeless arches 
this line of action must be determined by a special funicular polygon. 

The reaction corresponding to a train of concentrations may be deter- 
mined either as the resultant of the sums of the horizontal and the vertical 
components of the reactions for the individual loads, or as the closing 
side of a force polygon, whose sides represent the reactions for the 
individual loads. Next, combining the reaction determined by either of 
the above methods with the total loads acting on the portion of the rib 
separated from the rest by a given section, or by constructing the cor- 
responding equilibrium polygon, we obtain the magnitude and position of 
the resultant pressure B at the section considered and with these data, as 
previously indicated, we may calculate the values of the extreme fiber 
stresses. 

With the aid of the reaction locus and tangent curves drawn 
for a single concentration, the critical loading for any stress, 
i. e., the manner of loading for making the stress a maximum, 
may be determined. 

2. Laws of Loading for Normal Stresses. As previously 
shown (§11), the normal fiber stresses attain their maximum 
values in the fibers farthest from the axis. Hence it will gen- 
erally suffice to determine the critical loads just for these 
extreme fiber stresses; and it should here be recalled that the 
stress o"i in the uppermost fiber will have a sign the same as 
or opposite to that of the normal pressure P according as the 
resultant pressure B intersects the section above or below the 
lower core-point. On the other hand, the stress o-g in the lowest 
fiber will have its sign the same as or opposite to that of P, 
according as B cuts the section below or above the upper core- 
point. Furthermore, for a concentration G, the resultant B 
coincides with the first reaction Ä^ if the load is located in the 
segment (I — x), but with the equilibrant of the second reac- 
tion Bz if the load is located in the segment (x). The sign of 
the normal pressure P for different positions of the load is thus 
dependent upon the signs of the individual values of Äj, Äg» 
and upon their position relative to the cross-section. For the 
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cases under present consideration, it may be stated that P will 
have the same sign for all sections and all load-positions; in 
fact, for vertical loading, P will be positive if the Bxis is con- 
cave downward (arch), and negative if the latter is convex 
downward (suspension cable). 

To investigate the effect of the loading on the normal stresses 
in the uppermost fibers of a cross-section (Fig. 46), we draw 



A^oPi 



Fig. 46. 




two lines from the lower core-point tIj of the section tangent 
to the tangent curves. The points J and G, in which these 
tangent rays cut the reaction locus, determine the limits of 
loading or ^'critical points." Any load applied between C and 
J yields a resultant pressure cutting the section below ng, hence 
producing tension (if P is positive) ; any load between J and E' 
(the intersection of a vertical through the uppermost fiber with 
the reaction locus) yields a resultant pressure acting above J H, 
and every load between E and G yields a resultant above F G, 

Fig. 47. 
P^opi P^oft jP%og^i 




so that, in either case, the resultant will pass above tIj, producing 
compression in the upper fibers; every load between G and D 
yields a resultant pressure acting below F G or Tig, producing 
tension in the given fibers. 

For the normal stresses in the lowest fibers of a cross-section 
(Fig. 47), the tangents J^ E^ and F^ G^ must be drawn through 
the upper core-point n^ ; the points J^ G^ are then the critical 
points, so that all loads lying between C and J^, or G^ and D wl^" 



Laws of Loading for the Arched Eib. 



109 



produce compression if P > 0, and all loads between J^ and G, 
will produce the reverse stresses. 

If, from the points C and D, lines are drawn tangent to the tangent 
curves, their intersections with the core-lines will divide the rib into portions 
having alternately one or two critical points, according as the intersections 
of the tangents from the core-points with the reaction locus fall within 
or without the limits of the span. 

In the two-hinged arch, the end points take the place of the tangent 
curves; and, in the three-hinged arch, the reaction locus consists of two 
straight lines meeting at the middle hinge. 

3. Laws of Loading for Shears 8. The shears 8 determine 
the shearing stresses in the plate-arch or the stresses in the web 
members in the framed arch with parallel chords It is there- 
fore important to determine the critical values of the shears. 

Fig. 48. 




Drawing the vertical line HE (Fig. 48) through the upper 
fiber H of the section and, parallel to the arch-tangent F G 
another line F^ G^ tangent to the tangent curve, the intersec- 
tions E and G^ with the reaction locus give the division points 
of the loading or ** critical points" for shearing stress. For a 
section to the left of the crown, all loads between C and E, or G^ 
and D, produce a negative shear, and all loads between E and G^ 
produce a positive shear. For sections to the right of the 
crown, the reverse rule obtains; and, in general, the loading 
beginning at any section will have a positive or negative effect 
according as it extends toward the right or the left, and the 
limits of the loading are given either by the end of the rib or 
by the intersection of the reaction locus with the parallel 
tangent. 

Drawing tangents from the points C and D to the tangent curves, the 
points at which the arch axis is parallel to these tangents divide the rib 
into portions having alternately one or two critical points. Naming the 
points of contact of the tangents under consideration M and N, then for 
all sections between M and N the vertical through the uppermost fiber 
gives the sole critical point, since the intersection 6ri, used above, here 
falls outside the span. The extreme values of the shear S will then be 
produced by loads extending from the given section to the left or right 
ends of the span, exactly as in the case of maximum shears in a simple 
truss. 
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1. THE THREE-HINGED ARCH. 

§ 16. External Forces. 

By equ. (188), if the ends of an arched rib are hinged, so 
that ilf 1 = if 2 = 0, we have in general 

M=M-H,y (199. 

The insertion of a third hinge at the point {x = g, y =/) 
of the arch-axis supplies an additional equation of condition 
enabling H^ to be determined directly. Namely, at the hinge 
point the moment of the external forces must vanish, and hence 

Mo-HJ=0 

where M© is the simple beam bending moment at the center 
of I he hinge. Consequently 

H^ = ^ (200. 

* If a vertical load G is applied at a distance ^ (K g) from 

the end of the arch, we have Mq = ß . -^ {^ ~- 9)f and there- 
fore 

n=G' ^^^'T/^ (201 

Similarly we find, for t > g> 

E = G ^\^]-^ (20P. 

The influence line for horizontal thrust {H) in a three-hinged 
arch thus proves to be a triangle with base I, whose apex lies 
on the vertical line through the middle hinge and whose altitude 

is equal to G • ^ "T^ . 

If the middle hinge lies at the crown, then g = -^» so that the 

horizontal thrust for a unit load is given by equs. (201) and 
(201*), as' 

H = G-jj-j or E = G^^^^^* 

With the value of H known, we may determine the moment 
M for any load applied at a; = ^, by equ. (199) : 
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(202. 



We also obtain the following expressions for the axial and 
transverse forces from equs. (191) and (192) : 



Px<£ — G 



i—^ 



sin <f} -\- H cos <f} 



Px>^ = — Ö Y sin <l>-\- H cos <^ 



(203, 



/Sx>^ = G — - — cos<l> — H sincfy 



>€ 



I 



^ 



Sx<t = — G ~-i-cos<f> — H sin <t> 



(204. 



It is advantageous to take the moments M about the core- 
points of the cross-section, substituting for y the ordinates of 
these points, since, by equ. (179), the extreme fiber stresses are 
proportional to these moments; it then becomes unnecessary 
to proceed with the determination of the axial forces. 

The moment and shear influence lines are formed of broken 
straight lines whose vertices lie in the verticals of the crown 
and of the given section, and wtose equations are given by 
(202) and (204) if ^ is considered the variable. These influ- 
ence lines may also be obtained by a simple construction which, 
for the moments, coincides with that of Fig. 32 if Mn and M\ 
occurring there, are understood to represent the core-points of 
the given section. 

The shear influence line is drawn in Pig. 49. The two 
parallel directions a t and 6 s are determined by the intercept 
ad = G . cot <^i on the end- verticals ; furthermore the point 
i must lie vertically below J, 



the point at which the reac- 
tion locus is intersected by a 
line drawn from the end 
hinge parallel to the section 
tangent. The intercepts of 
the figure included between 
atsh and acb give the val- 
ues of the shear for a unit 

load= — r— 7 — . 

sm 01 

The horizontal thrust for a 
uniform load covering the 
entire span, with an intensity 
of p per unit length, is 



Fig. 49. 
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tltot — ^ 



(205. 



If the load extends only for a distance \^ from one end, then, 
by equ. (200), 



for Ai < -Q-^ H= — - 



2 
I 



Ai>f, H = -^ (4AiZ — 2a; — Z^)^ 



(206. 



By the general rules given in § 14 it is a simple matter to 
determine, for any given form of arch, the greatest moments 
and shears producible by a moving load. The influence lines 
may be used for this purpose, this method being advantageous 
whenever the load consists of a train of concentrations. 

For a continuous uniform load, the critical loading for 
moments is determined by. 



I 



2 fane 



„, ., - (307. 

where ajk and 2/k are the coordinates of the appropriate core- 
point in the given section (cf. equ. 98). If the distance Ai < -g- 
from the left end is covered^th the uniform load p, we have 



iUmax 



pX».a?k(2Z— XQ 



21 



— P 



a?k- 



P 



4/ 



• Vk 



= -o-P^k(Ai ^k) 



(208. 



which is identical with the moment in a simple beam of span Ai. 
If the distance {I — A ) is covered with the load p, we 
obtain 



M 



max 



Mmln=-^PXI, (I Xk) ST*^'' ^ 

= 2-p^k(i — AJ —-gj 'Vk 



The critical point for maximum shears is given by 



... (209. 



x^ 
I 



2f 



2f-\-ltan(f> 



(210. 



We then have for any section for which A2< -g-, 

8:n..={-^[(il-Xr- (l — \,r] COS<t>—^W-x') Sin<t> 



'P • cos <t> 



(Xa — 0?)' 
2X, 



(211 
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and 



1 <« 7' 

= p . COS <f} . 3 ^jl — ^^2* — 2a? — I* 

4X3 



(212 



For all sections for which equ. (210) gives Ag > -g- we must 

substitute \2 = lm equ. (211). 

If the axis of the arch is of parabolic form, equs. (110) also 
yield the values of 8. sec <f>. 

Fig. 50. 




Fig. 51. 




Figs. (50) and (51) show the plotted graphs of the maximum moments 
and shears in a segmental arch having a constant distance between core- 
points. The curves acmdh and e g nhf in Fig. 50 represent the moments 
about the upper and lower core-points when the entire span is loaded; 
the curves apqrsb and pi q^, r^ ^1 give the maximum negative and positive 
moments about the upper core-points, and the curves tiUi,ViWi and 
etunvw f give the same moments about the lower core-points. In Fig. 51, 
ah od is the curve of shears for a full-span load, aef gh and klmnd 
are the curves for loads extending from the section to the right or left 
ends of the span, respectively, while p e or ql represents the effect of a 
load extending from the point J (see Fig. 49) to the end-point B, 

If the half-span is loaded, and if the arch-axis is a parabola, 
the moments in the loaded or unloaded segments, respectively, 

will be 3f=±-j- px fy — x\ and at the quarter - points 
M=±-^jpP. 
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§ 1 6. Deformations. 

1. Effect of Temperature Variation and a Horizontal Dis- 
placement of the Abutments. We consider a three-hinged arch 
whose ends are at the same level. Let the span I be increased 
by the amount A I through a yielding of the abutments ; also let 
there be a simultaneous temperature variation of ztt°. Setting 
M = and P = in the general deformation equation (185), 
extending the integration over the half -arch, denoting the total 
length of axis by 6 and the length from the end to the point 
(x, y) by 5, and assuming a segmental form of axis for the arch, 
we find :• 



Al 



=— A <t>o.fdziot [— 2~ + TJ 



hence 



A<t>o=- 



M 



0) 



t 



(213. 



2/ — "-^ 2f 

which formula may also be applied to non-segmental arches of 
flat pitch. 

Substituting the expression (213) in (185) and (186), we 
obtain the following values for the displacements of any point 
of the arch-axis : 



Ax^ g- f 1 — y) ± <fyt(s .cos<I> 2f 

Al X , . / • J I & 

Ay= g- 'J ±iot{^s.sin<t>+-^ 

or approximately, 



X 




. . (214. 



Ax = -^±(l-j-)^.t(x-lfi) 
, Al X _, , / , Ix \ 



(2U\ 



The upward deflection at the crown is given by the second 
of equs. (214) as 



A/=- 



4/ 



Al±iat 



hi 

4f 



(215. 



2. Deformations Due to Loading. In equs. (185) and 
(186), which serve to determine the deformations, there remains 
to be determined the quantity A <l>o, i. e., the rotation at the left 



\ 
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end A, The following values may be established for this quan- 
tity in three-hinged arches: 

If 6 is the total length of axis, and A <^'c the rotation of the 
right segment of the arch at the crown-section, then, applying 
equs. (185) and (186) to the two half-arches with the admissible 
approximations J=Z and P'=P, we obtain the following ex- 
pressions for the displacement of the crown : 



2 

C M 

Aa;c= — A<^o7 — J '^-Y' U—y)ds 



/i(^-^«+^-) 



— Aa;e= + A.^'e • / + J-^ (y) ds 



2 



O 



2 



(216. 



9 



Ay^ = A^,-± + f~fj(^-x)ds 



•"J EA\ 2r 


h 



ds 



dy) 



+/Ä( 



I CO 



ds 



— dy) 



b^ 
2 



(217. 



Adding the first and second of the above equations, also the 
third and fourth, and eliminating A <f>\ from the resulting equa- 
tions,- we finally obtain 



^^o=-.f^(l-i^-f)ds 



ft 
J EA IV 2f I / r '^ 2f ~ I \ 



(218. 
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Since M and P may now be considered as known for any- 
given loading, the above equation will, in general, enable A<^o 
to be determined and hence, by equs. (185) and (186), we may 
find the deflections at any point of the arch and, by equs. (216) 
and (217), the deflections at the crown. 

a.) Flat Parabolic Arch, Loaded with a Concentration, The 
equation of the axis of the rib is i/ = -^ x {I — x) ; also, for 

a flat arch, we may put ds = dx,r=^ -gj, and P, constant for 

all sections, = H. I and A will likewise be assumed constant. 
We then obtain for a concentration O, lying at a distance ^ 

(< y) from the left end, by equ. (218), 

''*.=-|7[¥/'0-T+2t)''«+t/('-') 



(1_^ + Jpl),«__y.p„_., (l_i.+«).,] 



G € 



EA 2 

Hence, 



L[^j-(i_^+^) ,,+ (•(- 



dy 



)] 



Ac^o 



_ G.ni'-5(i-o'] 



G.^(Sf + Sl*) 



SO EI .1' 12EAfl 

Similarly we find the rotation at the right end B, 



(219. 






12EAfl 



(220. 



The components of the deflection at any point {x,y) of the 
axis of the rib are found by equs. (185) and (186) to have the 
following values : 

For re < 4" and < $, 



Ax- 



G 



El 



^^[2^{5(l-$y-l'}(l-x) 



^dP(2l—Sx)—$'(S0P—55lx + 16x^)^x^1^ 
+ ^#-{16 (i-.2x)r+3P}(l-2x) 



. (221, 
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Aj/: 



a 



E I 30t 



+ i^l'—5(l — iyj'\ 



— 3i*] 



. (222. 



For a;< -f but >^: 



— 2a;='(19r + 15^*I— 5^»)+70Z='a;''— 55Zx*+16a;»] 
+ JZ^Aie(l-2x)f+3l'](l-2x) 

A!/=#f • sir. [5ei' — x(U» + 15li'—5e) + 15xH' 



' (223. 



-15x»i + 5a;*] + ^- j|^[16(3x-20f-3?''] '" ^ ' 



.(225. 



Finally, for x > ^ (»öd hence > $) : 

-2x'' {21P-5ei + 5e) +70xU''-55xH +16x0 
- il^-^^ {^Q (2x-l) P+3P y(2x-l). 

^y= '^lo^E'~lP [l'-5^(l-i)-5x(l-xy]- 1 

The expressions for the vertical deflections agree in the first 
parts, viz., the terms depending on the moments, with the cor- 
responding terms given in equs. (139) to (141) for the system 
of arches or cables stiffened with a three-hinged truss. We may 
therefore apply here also the graphic construction there given 
for determining the deflections. 

The displacements at the crown are found to be : 

^^'==WF(^'+i-^-^'0 (227. 



The rotations at the crown are found to be, for the left arch- 
segment, 

^*'== i2Ö^(9J»-60^^i + 20^') - ^^§l^i3P-16n. (229. 
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and for the right arch-segment, 

^'^'^ 12o'!eii' (l'+20ei-20e) +-i^M^i(9l'-'i-m ..(230. 

The preceding formulae apply only if ^ < — g- ; the effect 

-f 

of a load in the right half of the arch is obtainable by the princi- 
ple of symmetry. 

If the load is at the crown, there results 

Aa?c=0 

^2/c— 480^/ 4SEAf ^^^^• 

A(/>c — — A<^c— — 48ÖY/^ 24EA f "" ^'^'^'^' 

By equ. (227), the horizontal displacement of the crown will be a 

I 

maximum for a load at | = -7-; furthermore, every load on the left half 

of the rib produces a displacement of the crown toward the right. Also, 
if we consider only the first term in equ. (228), we find A i/c = at about 
€ = 0.336 1, so that, approximately, all loads in the outer thirds of the 
span produce an uplift, and all loads in the middle third produce a 
depression of the crown. 

b.) Flat Parabolic Arch; Continuous Load. The deforma- 
tions produced by any loading, whether a train of concentra- 
tions or a continuous load, are readily evaluated by means of 
the influence lines which may be constructed in accordance with 
equs. (219) to (230). Let us consider here only the case of 
a uniformly distributed load of intensity p extending for a 

distance A from the left end, where A < -g-. For such loading 

we obtain the following formulae : 

-^*x=32^[2i3_5?A^ + 4A»]-^-^lfct30 (234. 

and, at the crown, 

^<^«= mW-V [9^'-30iA^ + 8A«] - '^'SllfT (235. 

^*'c=2iS?[^' + 10iA»-8^«]+P-^|=^ (236. 

Aa;c= 48^^/;' [5«'— 20U''+16A»] (237. 
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A2/c=ö«^ [3^^-20 U^ + 16A»] - ^-^^^^ 



960 EI I 



(238, 



If the loaded length A extends from the left end to some 

point beyond the crown, i. e., if A > -g-, we have the following 
formulae : 



■p(4l\ — r' — 2\^) (8f+3/^) 



4SEAfl 

_ p( 4l\ — l'-2\') (8 /-' + 3;V) 
48 EA f I 

^^^=iraT [i'+ioiii-xr-s(i-\r] 

48 EA fl 

^<f>'o=''^^ö^[9P~soi(i-\r+8(i-\r] 

p(u\-i*-2\^) (sr'^uf) 

+ 4S EAfl 

^y^=^mwr [3i'-2oi(i-xr+i6 (i-xy] 

p(U\-i'-2\') (3;^4-8f) 

96 EA f 



. . • • ^^Öt7. 



1 

I- . . . . (240. 



. . . . (241. 



• • • • y^^^t 



(243. 



. . . . (244. 



The horizontal deflection of the crown is found to be a max- 



l 



imum for A = -0-; we then obtain 



(245. 



The maximum uplift of the crown occurs approximately 
when the first and last thirds of* the span are loaded; we then 
obtain 

max.(,Zil/cj— lie 64Q j^j 21QEAf ^ 

The maximum downward deflection at the crown, which 
occurs approximately when the middle third of the span is 
loaded, is found to be 



/AN 37 p?* , 

max. (— A 1/c ) = ■ ^TTSn^Tn ^ + 



116,640 EI ' 864 



5 pl^(SV-\-Sf) 
EAf 



(247. 
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2. ABOHED BIB WITH END HINGES. 

§ 1 7 • Determination of the Horizontal Thrust. 

1. General Case. By equations (187) to (192), putting 
both of the end moments M^ and ilf 2 equal to zero, the external 
forces may be determined as soon as the horizontal force H is 
known. To determine the latter it is necessary to consider the 
elastic deformations. The appropriate equation of condition 
may be developed from the Principle of Virtual Work, or it may 
be derived directly from equ. (185). From the latter, with the 
approximation J = /, we obtain the displacement of the end B 
toward -A: 











By the Principle of Virtual Work, equ. (248) may be established as 
follows: The general expression for the work of deformation of curved 
ribe may be written, 



w-f. 



2EA "^ 






M 



where, with the previous notation, P' s=P -\ , and, for the two -hinged 

M By 

arch, 3f Ä= M — JETy and P'= V sin (ß -{- H coa (ß -}- — — — ^. But, by the 

dW 
above mentioned principle, - must equal the virtual work per unit 

dW 

value of the horizontal end-forces H; i. e.,-T-=-= — A 2 if the two ends 

increase their horizontal distance from each other by A 2, (cf . Castigliano 's 
Theorem). We thus obtain 



—fiz 



dP" 



EA dH 



' (f«H- 



EJ 



dM 
dH 



ds 



/dP' 
""'-dW'^ 



8 



or 



which, as ds COS 4> = d x, is identical with equ. (248). 

In flat arches (up to about -y = -5-) Fig. 52. 

we have, very nearly, 

P'=H.4^=H .sec<t> 

dx ^ 

and, if the curvature is approximately 
constant, we may write 
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— d5 — dx= —ds . cos ß; 

this is an approximation always admissible in practical applica- 
tions on account of the relatively small effect of P upon the end 
deflections. 

Introducing also an average cross-section Aq, defined by the 
formula 



h 



= r-^^ = ^L.^ + ^^ +. . . . (249. 

J Aco8<p AiCos<pt At cos (Pi ^ 





where 6 is the total length of axis of the arch, A^/ 2. .the mean 
cross-sections of the arch elements, «iSg- -their lengths, and 
<f>i<l>2' ' their inclinations to the horizontal, and substituting 
lf==M — Hy, equ. (248) yields the following expression for 
the horizontal thrust : 



/^ 



.ds + Eo>t .b.cosß — E^l 



H = - ^ (250. 



/^ 



h cos ß 

+—Är 



It should here be observed that the abutment points of the 
arch need not lie at the centers of gravity of the end sections, 
but may be located either higher or lower at will. It is merely 
necessary to always measure y from the line joining the end 
points. 

If the two ends are not at the same elevation, but have their connecting 
line forming an angle a with the horizontal (Fig. 53), then the horizontal 
component of the end reactions is given by the following expressions: 

Fi-. 53. 




a.) In case the span is increased by the amount A I through a horizontal 
displacement of the abutments, A,B, 



x^- 



ds -\- E cJt ,h ,cos (ß — a) .sec a — E .^l 
1^ 



H= — n . , . (251-. 






y^ds h.cos (ß — a).gec ^a 



I ^ A, 
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b.) In case the abutments are displaced in the direction of the con- 
necting line A B through the distance A l,sec a, 

h 
- — ^ .ds +^«*. 6 cos (ß — a) ,seca — E Alsec^a 

H = 5 • • • (251\ 

ds h .cos (ß — g ) . sec' a 

"0 



/^ 



In flat arches we may also write, with, close approximation, 
h cos ß ^=1 and bcos{ß — c) = ? . sec a. 

In the above expressions for H, the first term in the numer- 
ator gives the effect of the loading, the second term that of a 
variation of temperature, and the third term that of a displace- 
ment of the abutments. The symbol t denotes the difference 
of temperature in the arch from that of erection, i. e., from the 
temperature at which the arch, supposed to be without load or 
weight, would be entirely unstressed. In a full-centered (semi- 
circular) arch, for which the above formulae are by no means 
sufficiently accurate, no stresses are producible by changes of 
temperature. 

If the moment of inertia of the cross-section of the arch is 
constant within each panel-length aiag.-Om.., then the defi- 
nite integrals in the preceding expressions for H may be trans- 
formed into summations exactly as developed in § 5. For this 
purpose we must introduce the modified moments of inertia, 

r = Icos<t>=I-^ (252. 

We then obtain, on the basis of equs. (72) and (73), if üq 
is a mean panel-length and Z'o a mean value of /', 




h 



C^ .ds = -^^MraVm, (253. 

J. J- ^ 





where 



f-^ . CZ5 = -^ S t/m Vm ...... (254. 



*'■»=-£ •Ä(2j/»+2/-) + f5f-7fe(22'»+J'-)- (255. 

Thus the same rules apply for an arch carrying a vertical 
concentration, as have been established for the suspension sys- 
tems considered in §§ 5 e# seq,] the horizontal thrust produced 
by the action of such load may be taken proportional to the 
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ordinates of a funicular polygon constructed by treating the 
quantities v as forces applied at the respective panel-points. 

If the loading consists only of a horizontal force W, acting 
at a height h above the closing chord at a point of the arch-axis 
whose abscissa is w, then, if we omit the effects of temperature 
variation and of shifting of the abutments and substitute for the 
axial force the approximate expressions 

P=(H—W)sec<t>y^'^ and P=Hsecd>y"^ , 

the fundamental equation (248) yields the following formula for 
the horizontal thrust at the right abutment : 

b w 

■ffw= 5~ .... (256. 



/■ 



^da . b »cosß 

T I 



Ac 



or, substituting the approximate value — f^ for the second 

term of the numerator, and replacing the definite integrals by 
the summation expressions of (253) and (254), 



Q Ao • do 

Hw=— J -— — (257. 

5 2/in Vm H T— 

At the left end, there is acting, then, the outward force 
But, for the single horizontal load W, we have 

M=W.y-W. JL.xlz"; and ^=W. ^ .(l-a^)^^ : 
hence 



.. (258. 



Lo ' * w J 

-J Ml-^)Vra—:l {h- y) VnA 

1 I 

The expression — 2 {I — x) Vm gives the reaction at A for 

* 

the forces Vm considered as acting vertically. If we imagine this 

reaction, which is easily determined and = -0-5 Vm in sym- 

^ 
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metrical arches, to be applied horizontally at A, also the forces 
Vm to be acting in the opposite direction at the respective panel- 
points, then the above expression in brackets denotes the static 
moment of those forces about the line of action of W and may 
be represented by the ordinates of a funicular polygon in the 
well-knoTm manner. 

Fig. 54. 




The construction for the horizontal thrust produced by a 
vertical load O, also by a horizontal force W, is shown in Fig. 
54. Pig. 54* is the force polygon constructed with the quanti- 
ties Vm computed by equ. (255) ; Fig. 54^ is the funicular polygon 
of these forces considered as acting vertically; Pig. 54° is the 
funicular polygon for the same forces acting horizontally. These 
funicular polygons give the intercepts pp^ and qq^ on the lines 
of action of G and W respectively. If we add to the latter inter- 

cept the small distance qqQ = -r-^ , then the length ppi 

and go Qi will represent the horizontal thrusts for the forces O 
and W respectively, provided the latter forces are represented 
by the distance Uq n^. The latter length is composed of 

Sj h . COS ß . 7'o 

ymVm and nni= — - — - — - 

Q A.0 , do ' p 

where p is the pole distance of the force polygon (Fig. 54*).* 

With Oax and 7' constant, i. e., with the moment of inertia 
increasing toward the abutments in the same ratio as sec <^, we 
obtain approximately Vm = Vm- 

* That the H-curve for concentrated loads on arches with end hinges 
may be represented by a funicular polygon, was first demonstrated by Mohr, 
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In plate-girder arches, in which the depth of web is usually fairly 
eonBtant, the approximation Vm ^= y«, will always give sufficiently a«Gurate 
results. It appears that the variation in the moments of inertia must be 
very marked before it will exert any appreciable inSuence upon the 
value of H. 

If the two ends lie in a line inclined at an angle a to the 
horizontal, the preceding method for determining the horizontal 
thrust H most be modified as shown in Fig. 55. The quantities 



V are given here, as above, by equ. (255), the ordinatea y being 
measured from the closing chord; and, in I' <=! cos<^, 
denotes the inclination of the arch elements to the horizontal. 
The funicular polygon giving the quantity 2 yv must be con- 
structed for the forces v considered as acting parallel to the areh- 
ehord, using a force polygon whose vertical pole distance is p. 

The correction length is, in this case, ««, ^ — ' ". "„ " *" 

Equ. (250), likewjiie (251') and (251"), may be extended to 
the case of an arch having its two ends connected by an elastic 
tie. If Ai is the cross-section of this tie-rod, the lengthening of 
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the span becomes A I = 
assumes the form : 

h 



H 



EAx 



', I -{- mil, SO that equ. (250) 



f-^ ,ds + Ewt.{hcosß-l) 



H 



s 



(259. 



1 



. ds 



h . cosß 



Ao 



- + 



A^ 



The problem becomes somewhat more diflScult if the tie-rod 
itself is arched and is connected to the main arch by suspension 
rods. The equation for H may then be established by applying 
the Principle of Least Work. 



If the suspension rods are 
distributed at uniform inter- 
vals of length a (Fig. 56), 
and accepting the approx- 
imation, admissible in flat 
arches, of equating the axial 
forces in the arch to H, we 
have 



Fig. 56. 




M=M — Hy + Hr} = M-Hy'', 



and if 



Aq = 8i mean cross-section of the rib, 

A^ = the cross-section of the tie-rod, 

A2 = the cross-section of a suspension rod, 

/i = the rise of the tie-rod. 



and 1^=1(1 + ^t^y 



then we obtain, 



H = 



J^ds + E<^t(hcosß—h) 





/ 



y;,ds + '-^ + ^ + ^ky'(^\ 



A« 



At 



\ a / 



(260. 



This formula leads to the same graphic method for deter- 
mining H as has been deduced above from equ. (250) et seq., 
but in place of the arch-ordinates y there must be introduced 
the intercepts 1/' between arch and tension-rod. 

If the tie-rod does not connect the ends of the axis but two 
higher points thereof {CD, Fig. 57), its stress is to be com- 
puted by the formula: 
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D 



H= 



(^ .ds+Ei^t(bcosß-h) 



D 



f^.äs + ^ 



COS ß 



+t 



Fig. 57. 




Here y is the areh-ordinate measured from the tie-rod, M is 
the moment of the given loading in a simple beam of span 
AB = I, Zi and A^ are the length and cross-section of the ten- 
sion-rod, and &i and Aq are the length and mean section of the 
arch between the points C and D, The influence line for H is 
given by the funicular polygon of the forces v (computed from 
the values ot y) ; this polygon is prolonged outward, above the 
points c and d, to the closing side a 6. 

If the arch is connected through hinges to elastic piers, and 
if h is their height, 7, their constant moment of inertia, and E^ 
the coeflBcient of elasticity of their material, then the outward 

deflection of each pier by the force H must equal ,AL ^q that 

2 H h* 

the increase in span will be A Z = -0- ' . . Substituting this in 
equ. (250) and solving for H, we find 



E = 






My 



. ds 






/ Ao o Ex '1 



. • . . ^ ^01/ • 



2. Arch with Flat Parabolic Axis and Parallel Flanges. 
Concentrated Load. Adopting the same simplifying assump- 
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tions as above, equ. (250) for determining the horizontal thrust 
is also applicable to the present case. Assuming A cos <t> = Aq, 



constant, likewise IxosKft^^I -^ — = -^o> constant, and noting 

/ 



ds ^ 



that, for flat parabolic arches, & cos j8=^z(l + 3-4-) (l — 8^) ^ 

(16 f* \ 
1 — 3-7r), then for a parabola of rise / with a load Ö at a dis- 
tance ^ from the end, we have (cf. the derivation of equ. 75) : 

+ 15^ Jo ^ ^ ^^^ ^ 



"•+"feC-¥» 



(261. 



For the effect of a concentration alone, we obtain from the 
first term of the above expression 

where, for abbreviation. 

The substitution of /' =/ would be an approximation corre- 
sponding to the assumption that the axial force contributes but 
very little to the deformation of the arch. 

The equation of the reaction locus is derived from equ. 
(198») : 

^=5(7+7^^ • *^^^^- 

A much simplified, approximate expression for the hor- 
izontal thrust in a fiat, parabolic, two-hinged arch of uniform 
section has been established by Engesser and Müller-Breslau ; it 
reads : 

H=|e.i(lz^ (263». 

With this approximation, the infiuence line for H becomes 
a parabola, and the reaction locus a straight line parallel to the 
arch-chord. The error in comparison with the more exact equa- 
tion (261*) amounts to — 4% for a load at the crown, but, in 
the small values of the horizontal thrust for loads near the abut- 
ments, the error becomes relatively greater up to about + 10%. 
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3. Plate-Girder Arch with Parabolic Intrados and Straight 
Extrados. Although the general formulae [equ. (250) together 
with (253) to (255)] are suflScient for the treatment of this 
case, let us establish a direct, approximate formula for the 
horizontal thrust producible by a concentrated load. If A^B^ 
is the gravity axis of the rib (Fig. 58), /' its rise, / the height 




of its crown above the line connecting the end hinges, A« ^^^ ^i 
the effective depths (or distances center to center of flanges) of 
the cross-sections at the crown and abutment respectively, and 
Iq and 7j the moments of inertia of the same cross-sections ; also 
introducing the ratio-symbols 






r 
f 



— ho 



ho 



(264, 



and the abbreviations 



2ht 
ho 



2r 
y--r 



and, approximately, 

rx = 7o(l + 8«-f + 16xf) 

where x is the distance of any section from the crown; then 
equ. (250) yields the following formula for the horizontal thrust 
producible by a load placed at a distance ^' from the crown : 

H = 

{i(l-7')+i.a(l-y*)-^b(l-Y') + ^«(l-7')}ö4+>T.««6co./5 

l-|,+l^+8^|(l-|,+i'^)-2.d+(4^-x).-4.(2^-X)+^^ 

^ • • • • ^^DD^ 
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where 

a=(8v^'— l)v-2€ 

C = 16«v»^+(4«^-x)i'(8v-f-l)-4r(2«^-x) 

The above equation may also be used as an approximate, general 
formula for calculating the horizontal thrust in any arch-rib having a 
parabolic gravity-axis and any continuous variation of depth of girder. 
Thus, if the cross-section is uniform, we may obtain the horizontal thrust 
from the above formula by putting c = ^ = and, if the end hinges are 

Fig. 59. 




in the axis, p = 1, For the crescent arch (Fig. 59), we must write 
y ^If € = — 1, X = + l>we then obtain for this case, 

H = 

^ % P Iph cos ß' 

.... (266. 

Another formula for crescent arches, given by Schaff er, is as follows: 
^ { (1+» log,^^ (1-7) los>^\G- ij^^ . « thoosß 

The reaction locus for the above types of arches is deter- 
mined by the general equation (198*). 

4. Segmental Arch of Uniform Cross-Section. Substitut- 

ing P'=P + ^, 

y = r (cos <t> — cos ß) , 2/o=2/i = ö, ^ds — dx=— ds cos ß 

and P = H cos<t>-\'V sin <t> 
i Iso putting the small quantity 

^ = 8 (267. 
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where /• is supposed to be constant, equ. (185) yields the fol- 
lowing relation : 

+18 +ß 

EI.Al=r^ C M (cos <l> — cos ß) d<l> — r''B CMcosßd<t> 
-ß -ß 

ß ß 



(268. 



-2Hr^ C (cos<l>-cosßyd<l>+2Hr^BC (cos<l>-'Co$ß)cosßd<t> 

ß +ß 

— 2nr^S Ccosß.co$<l>.d<l> — Br^l V cosß .sin<l>,d<t> 

"ß 

+ 2EIiotco$ß,r.ß 

If two concentrations G are applied at two symmetrically 
located points of the arch, and if the included central angle 
«= 2 y, we find 




Fig. 60. 



M = Gr (sinß — siny) I^^q 

M = Gr(sinß-sin<l>)VZy V=g] 



y=ol 



= 7 

= 
= ß 

= 7 



Substituting these expressions- in equ. (268) and solving for 
H, we derive the following formula for the horizontal thrust 
produced by a single concentration (together with a tempera- 
ture change t and an end-deflection Al) : 

H = 

[«tViS — Ä7V7 + 2COS/3 (cos7 — COS /3) — 2(l-+-ö) cos /3(/3«mi3 — 7«tn7)] Ö 

4-2'-^ (2utrßco8ß — Al) 



2[i3 — 3«tni3cos/3-+-2(l + 8)i8.cos»/3] 



In the semicircular arch, ß = ^; consequently, 



. . . . (269. 



j7-^^ CQs'7 p 2E1^1 



f* v 



(270. 
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or, with A Z = and if x is the distance of the load from the 
abutment, 

^_J^^^^ (270\ 

The fl^-influence line for a semicircular arch is therefore a 
parabola. 

The equation of the reaction locus is derived from equ. 
(198*) : 

'^'~ 2Hsinß ^^'-^• 

For the semicircular arch, this reduces to 

V = ^ (271». 

' Hence the locus is, in this case, a horizontal line. 
Flat semicircular arches may, with little error, be designed 
by the formulae for parabolic arches. 
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§ 18. Haximum Moments and Shears. 

1. General Case. Graphic Method. There is nothing essen- 
tial to be added to the general rules given in § 14, for the con- 
struction of the reaction locus and the determination of the 
critical loading, in applying them to the two-hinged arch. If 
the JBf-curve (or JEf -polygon, if the loads cannot be transferred 
to the arch except at distinct points) is plotted according to the 
values of H calculated for different positions of a moving load, 
or obtained graphically as described in § 17 : 1, then the reac- 
tion locus may be simply constructed by drawing the successive 
end-reactions, through the end hinges, as the resultants of the 

Fig. 61. 




corresponding values of H and V^, With the aid of this locus, 
the critical loads may be determined according to § 14. In 
finding the maximum moments and shears, we may apply the 
principles given in § 7 ; 3, 4. As before, we may either use 
the method of influence lines or construct the equilibrium poly- 
gon of the loading. As in the case of the three-hinged arch, it 
is advisable to take the moments about the core-points of the 
cross-sections since, by equ. (179), the extreme fiber stresses are 
directly determinable from these moments. 

Fig. 61 shows the application of the method of influence lines. 
jfiTi K^ and K^, K^ are the two core-lines. Since, in general, 

M =M — H y = y f— -^JEfV the moment for a moving load 

will be represented by the difference between the ordinates of 
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the H-curve and those of the ordinary moment influence line 
for a simple beam, the latter figure being constructed with the 
distance y as the unit load. Since J^ is the critical point (or 
load-position giving zero moment) for the upper core-point, and 
Jg is the critical point for the lower core-point of the section 
itf 1 itf 2, the figures a m^ i^ b and a mg t2 & will be the moment 
influence lines for the respective core-points; and if v^ and Va 
are the distances of the upper and lower extreme fibers from the 
gravity axis, then, for a uniformly distributed live load of p 
per unit length, we fijad : 



Maximum tension in the upper ,^ ^lya , ^,^^^ f^h ( ^ 

fiber / 



areaiohb (z =^) 

\^ area ado/ 

Maximum compression in the = £i^ . ^^^^ ^^— ^ ( ^^ \ 

upper fiber / ^2areaadbJ 

Maximum tension in the . = £y^ . areal^, ( £=\ 

lower fiber / ^2areaadbJ 

Maximum compression in the _ JMi , area iThhi ?L=\ 

lower fiber / ^Zcreaadh' 

The evaluation of the areas of the influence lines may be 
accomplished graphically, as already outlined in § 7 : 3 (a). 

The influence line for shears is represented by Pig. 49 if the 
line a 6 c is replaced by the ff-curve. 

The method of influence lines is particularly advantageous when the 
live load consists of a train of concentrations. In that case the position 
of loading for maximum stress may be found by the rules given on 
page 42, 

It should also be noted that, usually, even continuous loading is 
transmitted to the main arch at distinct points. The influence lines are 
then no longer continuous curves but assume the form of polygonal figures 
with the vertices on the vertical lines through the points receiving the load. 

The second graphic method, for determining the moments 
and shears by means of the equilibrium polygon for partial load- 
ing, is to be carried out exactly as described in § 7 : 3 (b). 

2. Arch with Parabolic Axis and Variable Moment of 
Inertia. The horizontal thrust for a uniform load p covering 
the entire span is found by integrating equ. (265). If N de- 
notes the denominator of that equation, we obtain 

1 , 1 __!_ , _L 

„ 12 "'"60* 140**"r252® i!. (272 

^tot= ^ p f ^ 

For a partial load, extending from one end to a point distant 

2 f ' 

zt $\ from the crown, if we put ±: — ^^ = ± y^ (where the 
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+ sign applies if the load extends over the crown and the 
— sign if the load falls short of the crown )j we find the horizon- 
tal thrust, 



- iTn (^+^'^*-'y*') ^ + q^fi (8 + 97i-7i*) O ;> 

TT 140 336 , n — 

" 481^ f 



r . . (273. 



If X]i, t/k are the coordinates of the core-point of any cross- 
section, the limits of loading for maximum stress are determined 
by the conditions : 

Xk H ji I — (Vk H 

— = r==- and = =^ . 

Substituting the value for H from equ. (265), also V^=G 1+7 

2 » 

we obtain, 
^(l-7x) ri + l(l + 7i') a-i(l + 7i'+7i*)b 

The value of y^ given by solving this equation is to be used 
in calculating H by equ. (273) ; we may then find the greatest 
negative moment by the relation 

i!fmin===V.a;k— H.2/k=g (l+yi)_^P^^k— H.i/k (275. 

This expression holds good for all sections from the end to 
a point whose abscissa is given by' 



^ . . . . (274. 



K'+i-«-J-*^+50 , 



l-x\= — ^ 2lv7 • ^'^ <^^^^- 

For the middle portion from x\ to I — x\, for which an 
interrupted load extending on each side to the end of the span 
must be taken, there is to be added to the value of M given by 
equ. (275) the value given by the same formula for the sym- 
metrically located point of the arch. 

The general formulae may be used for calculating the shears. 

3. Arch with Flat Parabolic Axis and Parallel Flanges. 
This is merely a special case of the preceding one ; if the moment 
of inertia is constant throughout, the corresponding formulae 
may be obtained by simply substituting € = p^ =» and v = 1 
in equs. (272) to (276). If the moment of inertia increases 
toward the abutments with the secant of the slope, i. e., if 1% = 
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/o sec <l>, we obtain the following expressions directly by integrat- 
ing equ. (261*) : 

For a full-span load [cf. (82)] , 

Htot= g- -jr' (277. 

For a load covering a length Ai from one end [cf, equ. (83)], 

H-SG)'[l-e)' + l(V)']f (2'8- 

For a crown-load of length o, 

H = il8(25-10$ + 7)p.p« (279. 

For the greatest negative moment, A^ is determined by 

(l-}^i)il' + lK-K*)=lfj'l' (280. 

and the value of the moment is given by 

Jlfmin=V.a;k — H.yk=^ .a^k — H .t/k (281. 

For the central portion included between the abscissae x\ 
and I — ic'k, determined by the equation 

l-x\=\^, .y\ (282. 

we must add to the above values of M the values given by the 
same formula for the symmetrically located points of the arch. 
For a full-span load, the moment about any point of the 
parabolic axis is given by 

Jf.^^-'^^lipl.ilz^ (283. 

or, if the moments are taken about the core-points, 

3f,,,=^^i(J=2^_-|^.y, -(283«. 

From the above values, the maximum positive moments may 
readily be deduced. 

If f^ defined by equ. (262) or approximately by 



^-K'+^Tir). 



is put equal to f, which is equivalent to neglecting the effect of the 

1 oi' 
axial force upon the deformations, then we should have Htot = -q ^-r— 

= H'tot and the moment about any point of the parabolic axis = 0; hence, 
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under this assumption, the line of pressures coincides with the axis of 
the arch. The error thus introduced into the determination of the stresses, 
especially near the crown, may sometimes become considerable. For 
example, if the cross-section at the crown consists of two flanges having 
a combined area Ao, then, with the above approximation, the intensity 

H' 

of stress in each flange will te 0^= — . But if we substitute 

(15 Ä' \ 

14- -öö- • — 75— 1, we find: 

The stress in the upper flange. 



—•i'^0+^^^^)=- 



The stress in the lower flange, 



, f /'1 2 (f'-f) \ 



1+ 


13 
16 


h 

f . 


1+ 


15 
32 


f 


1- 


15 
■ 16 


h 

f 


1+ ^9. 


h^ 
^ 



The former attains its maximum value with —7- = 0.742, wher 

h 1 
^«= 1.35 <r' and <ri =0.242 a\ With -y = -0", we find for the upper flange, 

^tt= 1.24 <r', and for the lower flange, <ri = 0.65 <r\ 

The critical loading for shears is determined by 

>^'(l' + U2- V) =-^ri\cot<f> (284. 

and, if ff^x, denotes the horizontal thrust calculated by equ. 
(278) for a load extending from x to Ag, the maximum + shear 
will be : 

and, similarly, 

1 vl* 

8min = -2-P (^ — 2x) COS<l} ^y . StU <f> — Sm^x (286. 

4. Segmental Arch of Uniform Cross-Section. The hori- 
zontal thrust for a continuous, uniformly distributed load 
p may be obtained by integrating equ. (269) between the ap- 
propriate limits, after substituting = p .dx = — pr cos y .dy. 
If the load extends from one end to a point departing from 
the crown by the central angle y, the limits to be used are y = /5 
and y, so that we obtain : 
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1 1 

sin ß.A — ainy. B + -2 cos ß\ (ß — 7) — -^^»cosß.C 
^"" 2 (ßS sinßcos ß + 2 (l-{- 8) ßcos'ß) - pr,.. (287. 

Here, 

2 1 

A= y sin^ ß -^ Y ^^^^ ß~ ß ^*^^ ß ^^^ ßy 

1 / 3 \ 

B=siV^-- y sin^y — cos ß l2cos ß +2 ß sin ß—y siny— y cosyj , 
C = sin ß (2ß sin ß — 4:ßsiny — cos ß) -\- sin y (2 y sin y + cos y ) 

+ ß-y- 

If the entire span is loaded, y = — ß, and we have, 

«iVß — 3(1 — 2siVi8) (sinß — ßcosß) 



ritot== 



— 3«co«ß(i8 + 2/3ÄtVi8 — «tniScosß) 



6(i8 — 3«mi8co«i8 + 2(l + «)i8co«»i8) 

and, if the arch is a complete semicircle. 



pr 



ritot== 



3 TT 



pr 



(288. 



(289. 



Fig. 62. 




With the aid of the reaction locus given by equ. (271) we 
may determine the critical loadings to be used in finding the 
maximum moments and shears by equs. (281) and (285) re- 
spectively. These are plotted in Figs. (62) and (63) for a 
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segmental arch of uniform core-depth. The same notation is 
here used as for the three-hinged arch in Figs. (50) and (51), 
so that we may refer to the explanation there given (p. 113). 

6, Temperature Stresses. The horizontal thrust, fft, pro- 
duced by a uniform change of temperature, t, is given by equs. 
(250) to (269), if we substitute = 0, M = 0, and A? = 0. 
For structural steel we may take Ea> = 196 lbs. / sq. in. / °F. 
(==248 tonnes / sq. m. / °C.) and, for the variation of tem- 
perature, assume ^= db 55°F. Bqu. (250) then becomes: 

fft=±10,780 J lo.h.cosß ^290. 

I , lohcosß ^ 

or, for flat parabolic arches of uniform cross-section, equ. (261) 
gives approximately, 

fft=dbl0,780-^p \g° j^ "(290*. 

In the crescent rib of parabolic form, equ. (266) shows 
that the value of H is reduced to about half the above value. 

The moments due to temperature change, referred to the 
core-points, are given by 

Mt = — ff t . 2/k (291. 

These moments are thus proportional to the distances of 
the core-points from the closing chord, and hence they attain 
their greatest value at the crown. 

The shear due to temperature variation is, by equ. (192), 

8t = — Ht.sin<l> (292. 

In. an arched rib consisting of two equal flanges, if A is the total 
cross-section and h the effective depth, the extreme fiber stresses due to 
temperature variation are, by (179), 



<r= ± 



^^G=^t)y 2Ft(t/=p-2-) 



A . h 



and, introducing the value of Ht from equ. (290*), we obtain, for the 
parabolic arch with parallel flanges, 

15 h(2yzilh) , 



(15 h'\ 



Accordingly, with E <at = 10,780 lbs. per sq. in., the extreme fiber 
ötresses at the crown will be: 
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,r= ± 10,000 -f ^"g^- 

■^+32 f 

The stress in the upper flange is a maximum with -- = 0.742 ; the following 
values then obtain: 



{ 



<ru = ± 0.371 X 10,000 = ± 3,710 lbs. / sq. in. 
(Ti = =p 0.808 X 10,000 = m 8,080 lbs. / sq. in. 



h 1 
With a ratio of -7- = -o-, 



{: 



(Tu = ± 2,640 lbs. / sq. in. 
<T\ = -^ 3,700 lbs. / sq. in. 



In the case of the parabolic crescent arch, the temperature stresses are 
constant throughout each flange, and their approximate value is 



(7= ± 5,320 A 
f 

Hence, with the same ratio of crown-depth to rise, the tempeiature 
stresses in the crescent arch are less than in the arch with parallel flanges. 

In an arch having its ends connected with a tie-rod of the same 
material as the rib itself, no stresses are produced by uniform changes of 
temperature. 



Im 


1 

2 


h 
f 


1 + 


1 
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h^ 
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§ 1 9. Deformations. 

To determine the elastic deflectionB of any point (aJi, i/i) 
of the axis of the arch, equations (185) and (186) may be 
employed. Let ns first apply equ. (186) to the end-points; 
simplifying by writing P^ ^=^P and J = 1, and assuming a 
symmetrical arch-form, if 6 = the total length of axis, we find 
for the rotation at the end A, 



dao 



Again substituting F = I cos <f>=^I -^y and writing, for 
abbreviation, 

[^T+ii-^-')^ä^]-'' (293. 

the above equation assumes the form : 

I x=l 

EIo . A<l>o= — \ fz(l — x)dx— ^C (^^ — Eiüt'^dy.. (294. 

x = 

Substituting this relation in equations (185) and (186), we 
obtain the following expressions for the variations of the co- 
ordinates : 

I 071 

— EI .Ay=^Cz(l — x)dx—Cz(Xi—x)dx + C^,, .(295. 



I Xi 

EIo . ^x=^Cz (l — x) dx —Cz (yi—y) dx + Cg. . . . (296. 



where 

x = l Vi 

C, t^<>/(t~^''0 ■dy+hf(^-Eu,t) .dy 

x = 



x = 
x = l 



X = l ^\ 

C,^+y^I^((j--E<ot).dy-Ioj{~-E„t).dx 

x=Q U 



' . . (297. 
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, represent the contribution of the axial compression to the total 
deformation. . If we adopt the usually admissible approximation 

of putting —-=-—= constant, where Aq is a mean area 

of section, and if t is supposed uniform throughout the span, 
then the second definite integral of equ. (294) vanishes and 
we have 






(297». 



The definite integral containing the quantity z may readily 
be given a static interpretation: If the quantities z are con- 
sidered as forces acting on the horizontal projection of the 
arch-axis, then the second member of equ. (294) represents the 
end-reaction Za for these forces. Let M^y and ilfzh denote the 

moments of the forces Zg, and 5 z about the arch point (oji, t/,), 



when these forces are applied vertically and horizontally, re- 
spectively, at their respective points. Then we have, 

EIoA<l>o=Z^ (294». 

- EIo^y=Mzy + C^ (295». 

JSJ/o Aa;=lfzh + C2 (296». 

If the radius of curvature of the arch axis is very large 

relative to the sectional dimensions, we may write z = — ^7- • M ; 

hence, neglecting the term Cj which depends upon the axial 
compression, we may obtain the vertical deflections ( — Ai/) 
of the arch as the ordinates of a funicular polygon, constructed 
with the pole distance E Iq, for a loading consisting of the 

area of the curve of reduced moments, M —p- . With the above 

assumptions, the deflections may be determined by rules which 
are practically the same as those for a simple beam. 

For finding the defiections graphically, a treatment suggests 
itself similar to that applied to suspension bridges in § 8. 
If we write, with the usual notation, M = 111 — Hy, there re- 
sults 

z = H[(^-y)jr+c\, (298. 
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where 

c = (l-Z^) /i^ (299. 

The moments, ilfzv and ilfzh, may then be represented by the 
differences between the ordinates of two funicular polygons:- 

M I 
one constructed for the supposed loads -^ - -p- + c, and the 

other for the supposed loads y , --, The former polygon is 

obtained by reducing the ordinates of the simple moment curve, 

constructed with pole distance H, in the ratio -jr and adding 

thereto the small and nearly constant quantities c; while the 

funicular polygon for the loads t/ . -y is identical with the 

BT-influence line described in § 17:1 and constructed as shown 
in Fig. 54. 

Little need here be added to make clear the graphic determination of 
the deflections of a cresoent-shaped arched rib as executed in Plate I, 
Figs. 1 to !•*. In Fig. 1, the ordinates of the arch-axis are multiplied 

by the ratio -yj- ; and from the resulting values, with the aid of the 

force polygon Fig. !•*, there is constructed the funicular polygon I, i. e., 
the H-curve for a moving concentration G, The value of this unit load 
G is determined in the familiar manner by the funicular polygon II; 
in the example selected, with I = 160 meters, 7o = 2.80 m.*, Ao = 0.112 

^orx ., .. h COS ß . lo 
sq. m., a = 16 m., p = 180 m., the necessary correction nrij := — 

Ao * do ' p 

= 1.13 m. We prooeed to find the vertical deflections of the points of 
the arch produced by a load G=l applied at the point C (arj, i/i). The 
load values e are derived from the simple moment diagram (Fig. 1*) 
constructed from the force polygon Fig. 1® with the pole distance H. The 

ordinates of this moment diagram are multiplied by , and should 

be increased by the quantities c = — -j-^ — = 0.33 m. ; but these corrections 

are vanishingly small on the scale of the drawing. From the resulting 
ordinates there are constructed, with the aid of the force polygon Fig. 1', 
the funicular polygon III and, for horizontal action of the forces, the 
funicular polygon IV. With the provisional neglect of the effects of the 
axial compression, the vertical intercepts between the funicular polygons 
I and III and the horizontal intercepts between the funicular polygons II 
and IV, or rather between the corresponding funicular curves, are propor- 
tional respectively to the vertical and horizontal deflections of the points of 
the arch under the given loading; and the scale for these deflections is 

-= — times the scale of lengths. (In the example on Plate I, the scale 

U , Cb , P 

of lengths is 0.5 mm. = 1 m., 6? = 1 t., H = 0.454 t., E = 20,000,000 t. per 

20,000,000x2.8 
sq. m. ; hence the scale for the deflections is 1 m. = — 454 x 16 x 180 ^ * 
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mm., or 1 mm. in the structure = 21.4 mm. on the drawing: Scale I.) The 

C C 

corrections and — "FT" » representing the coordinate components 

of the deflections due to the axial forces, may be assumed proportional to 

E A 

the coordinates x and y\ the corresponding scale is — —• times the sca!ö 

4.1 *!, rri. . *!, 1 *!. , . -. 20,000,000 X 0.112 

of lengths. Thus, m the example, the scale is 1 m. = — ' .,. 

U.454 

X 0,5 mm, or, with = 1 t„ 1 mm, in the structure = 2,467 mm. on the 
drawing. It thus appears that the effect of the axial compression, com- 
pared with the deflections first investigated, is an absolutely negligible 
quantity. 

The intercepts between the two funicular polygons I and IH serve 
not only to determine the deflections at all points produced by a unit load 
{G) at C but also, by MaxwelPs Theorem of Reciprocal Deflections, the 
intercept at any point M will give the deflection at C produced by a 
unit load at M, Consequently the above intercepts constitute the influence 
line for the vertical deflections at the point C\ and, with this, the total 
deflection at C produced by any. given loading may be obtained by the 
usual rules. 

Similarly, the influence line for the horieontal deflections of the 
point C may be represented by the intercepts between the funicular 
polygons I and V (Fig. 1^), if we apply the principle that the horizontal 
deflection of C produced by a unit vertical load at any point M is equal 
to the vertical deflection of M produced by a unit horizontal load at C 
The latter deflection, however, may be constructed, as before, by finding 
the simple moments of the horizontal load and treating the resulting values 

of Mw • -^ as vertically applied forces. The moments Mw for W = 1, 

y^ "% a =:Xx y^ "i X ^l 

defined by Mw = y — x -r \ « a^^d Mw= (l—x) -r \ ^ ^^^ 

tJiT^O If J X ^^ Xi 

easily constructed; and from the ordinates of this diagram, multiplied 
by J, , there are derived the force polygon (Fig. 1«), whose pole distance 

is Hti n. y ^^^ *^® funicular polygon V. The differences between the 

ordinates of this polygon and those of the H-curve (Funicular Polygon I) 
determine the horizontal deflection of the point C for any position of the mov- 

EI 
ing load ; the corresponding scale is — — times the scale of lengths. 

(In the example, Hjt = 0.405, hence the scale for the horizontal deflections 
is 1 mm. in the structure = 23.9 mm. on the drawing. Scale II.) 

The influence lines for the quantities Ct and Cz, i. e., the deflections 
due to axial compression which should be added to the above deflection 
values, may be represented, according to equ. (297'), by the IT-curve; 
and the scales for measuring this curve, to obtain the vertical and 

E A. E A. 

horizontal deflections of the point C, are ^ and — times the 

yt Xi 

force-unit, respectively. Thus, in the example, the scale for vertical 



20,000 X 0.112 
27.2 
on the drawing (Scale III) ; and the scale for horizontal deflections 



deflections is 1 mm. in the structure = — - — nj 2 ^ ^^'^ ^ ^^^^ ™™* 
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20,000 X 0.112 
is 1 mm, in the structure = «o ^ ^'^•^ = 2625 mm. on 

the drawing (Scale IV). 

If the arch has a uniform moment of inertia, there may be 
deduced from equ. (295') a direct expression for the deflection 
pt'oducible at the point ix,y) by a concentration O placed at 
a distance £ from the end of the span. If, as an approximation, 

we write 5"= — > ®^^- (295*) yields the following: 

(c/. equ. 131».) 

-i?/o.At/=ömx-F.mx + ffc(^^^^^ + roy).. (300. 

Here, as in equs. (130), 

m.~(2H^e-x'')-^['^^-, for x<^ 

xn^=(2lx-x^-e) ^^eT"^^ > *^^ ^>^ 



. . (301. 



n is the horizontal thrust to be determined as in § 17; and, 
as in (132), 



X 

I — X i 

m 

X 



X » 

x= — 7-^ I xydx-\--Y I G^^)y^^ (302. 



In general, with variable moment of inertia, m, is proportional 
to the ordinates of the fl"-curve. 
With a parabolic arch-axis, 

m^^-i^(x' -21x^ + 1') (303. 

and 

-'EIo^y=OTn^ — nm^+ncx (l — x) (304. 

The vertical deflection of the arch-point (x,y) due to tem- 
perature variation may be obtained from equ. (300) by putting 
= and -BT = the value of Ht given by equ. (290). Hence, 

EIo^y=nt,m^ + 2 (^Eiüt-^)loy (305. 

In the example executed in Plate I, assuming E (a== 248 tonnes / sq. 

2 8 X 128 
m. / *'C., we have Ht =^48 . t 16 v 180 X 75 ^ ^'^^^ * * tonnes. If 

ij is the ordinate of the H-curve (Funicular Polygon I) measured to the 
scale of lengths, then ty^^ = ij . p . a = 180 X 16 X ij ; consequently E lo^y 
= (1184.6 ij-f 1368.3 y)f or, finally, Ay (in mm.) = (0.02116 17 -f- 
0.02444 y)t, where 17 and y, measured to the scale of lengths, must be 
10 
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given in meters. For ts= ±30*^0., the vertical deflection at the crown 
amounts to 

A 1/c = ± (0.02116 X 51.75 + 0.02444 X 42.5) 30 = ± 64 mm. 

Similarly, in the case of a displacement of the abutments 
increasing the length of span by A I, the vertical deflection 
of the arch-point ix,y), is given by 

A2/--^(m,-2A.2,) ....(306. 

where 

h 



i. e., with reference to the graphic representation, N =WoWi .a .p. 
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3. ABOHED BIB WITHOUT HINGES. 

§ 20. Determination of the Reactions. 

1. General Oase. Ooncentrated Load. We assume an 
arch so rigidly supported that its end sections cannot undergo 
rotation; hence the ends are to be considered as fixed. In 
general, the ends may lie at different elevations; but the form 
of the axis must be such that the vertical center line bisects 
all chords parallel to the closing chord. 

Fi^. 64. 




The fundamental equations are obtained from equs. (185) 
and (186) by extending their limits of integration over the 
entire arch and introducing the condition A <^i = which must 
be satisfied on account of the fixedness of" the ends. The hori- 
zontal and vertical coordinates {x, y) of the points of the arch 
are to be measured from a pair of axes so located that the 
F-axis coincides with the vertical center-line of the arch while 
the X-axis is parallel to the closing-chord at a vertical distance 
to above that chord. With the admissible simplifications J ==^I, 
P' = P, and provisional disregard of the effect of temperature, 
also assuming an unstressed initial condition of the rib, the 
general equations become: 

h h 

-7- . ds 
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Observing the smallness of the terms containing P in com- 
parison with those in which M occurs, it appears fully per- 
missible to put F^=^n and to consider A = constant = an 
average cross-section Ao. We then have, either exactly or very 
nearly, 



EAr 



EAqU 








d X. 



so that, upon replacing / by 7' = 7 cos <f> = I 4^, (where x is 



d 8 



not measured parallel to the axis A^ but horizontally), we 
obtain : 



+1- 



ff- 



_2_ 
2 



dx + - — = 
Aon 



CM. HI ri 



2 

+4 



j y.xdx^^O 



(307. 



2 

As the hingeless arch is triply indeterminate with respect 
to the 'external forces, the above three equations of condition 
will suffice for the evaluation of the unknown reaction elements. 

As proved in § 13, the moment M is given by the vertical 
intercept between the equilibrium polygon of the loading and 
the axis of the arch, multiplied by H. Consequently, ii D F E 
(Fig. 64) is the funicular polygon for a concentration applied 
at any point C, constructed with H as the pole distance, we have : 



M=n,MN=n(QN-PM-PQ)=M-H(y+z) 
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where M, as before, is the moment which would be produced 

in a freely supported beam of span L With 25=2!o + ^H^* • ^f 
there results : 

As unknowns whose values are necessary and sufiScient to 
fully determine the equilibrium polygon, let us choose* 

jy, Zi=ff-^^, SindX2=nzo (308. 

The expression for the bending moment then becomes : 

ilf = M — JJt/ — Zi . 0? — Z2 ( 309 . 

Upon substituting this value in equs. (307) and solving them 
for the three unknowns, remembering that, on account of the 
assumed (oblique) symmetry of the arch about the F-axis, 

.± .1 

f ^=0, also f ^ = 0, 



and if, furthermore, we choose the X-axis that 

^ 2 



/ 



^'==0, (310. 

l_ 

2 



we obtain the following expressions : 



+ 1 
^ 2 



/ 



-jj-ydx 



H= f (311. 



+ 1 
^ 2 



/ 



i/'dx , 



I 

2 



* We here follow, in the principal features, the method of design 
of F. B. Müller-Breslm. (See Zeitschr. d. Arch. u. Ing. Ver. zu Hannover, 
1884.) 
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X,= 



+ T 






+1 



V 



(312. 



+ - 



Mdx , Hh 



/' 



AoVo 



a 



^ 2 



(313. 



/ 



dx 



The definite integrals appearing in the above expressions 
may be replaced by summations in a manner similar to that 
deduced for the integrals occurring in the expressions for H 
in § 5 and § 17. For this purpose we divide the arch into 

horizontal panel-lengths Om-i, »m, flhi+i , within which the 

moments of inertia of the cross-sections may be assumed constant 

and equal to /m_i, /m, /m+i We introduce an arbitrary 

constant panel-length «o, also a mean value for the moment of 
inertia, Jo, and adopt the following notation: 

r V«-^- -p^ (2y-+3/aux) +-6"f A (2j/a.+ 2/».x) . . (314. 

vQo i m ^CLq 1 in+i 



^ t;'m= 



am 



■ • - ■ 

6 ao Vm 



{2Xm-\-Xm-x) + 



(Zm+i 



6 ao r 



m+i 



V"m 



(2a;m+a;m+i) ..(315. 
(316. 



1 dm /q . 1 am+i lo 

2 Oo I'm "^ 2 ao /'m+1 

or, with sufficient approximation, 

i;'in=« Xm . V"m (317. 

Substituting the above values in equs. (311) to (313),- [c/. 
equs. (253) and (254)], we obtain: 



E = 



ZMmi; 



m 



/ol 



X,= 



S Vm Vm H ~A 

2MmV'm 



^XmV m 



SMmV"m-f-H 



/o& 



^X2= 



Aq« do To 



2 17 



w 



(318. 



(319. 



(320. 



m 
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The summations appearing in these expressions should ex- 
tend over the entire arch, hence from — o ^^ ~^' "2^ * 

The position of the axis of abscissae, from which the ordinates 
y are measured, is fixed by equ. (310) or, if y' denotes the 
arch ordinates measured from the closing chord, the axis is 
determined by 

Cl ^ 

\ -Try' dx 2 i/'m t?"m 

U= J ^ _^ (321. 

For a constant value of I', the X-axis becomes the rectifying 
line for the arch-curve; so that ^o represents the altitude of 
a parallelogram erected upon the arch-chord with an area equal 
to that included between the chord and the arch-curve. 

We proceed to determine the influence lines for the quan- 
tities H, Xi and Xg for a moving concentration. The graphic 
method may here be applied, since the summations appearing 
in the above expressions are readily represented by the ordinate» 
of funicular polygons. Thus, if the load consists of a unit 
concentration applied at a distance ^ from one end, we have, 
as shown in § 5, p. 36, the following relation : 

where My is the moment producible at the section ^ of a beam 
freely supported at A and J5 by a loading consisting of the 
vertical ** forces" Vm. In similar manner we obtain the quantities 

SMmV'm and5 Mmv"m as the moments My' and My" of the 



"forces'* v'm and i;"m, respectively. Since the values of Vm, 
v'm and i;"m may be calculated directly by equs. (314) 
to (316), there is no difficulty in constructing the above 
funicular polygons and, hence, the influence lines for H, X^ 
and Xj. 

In Figs. (65*) to (65^), this construction is carried out. 
We first have to find the rectifying axis Ax, for which we use 
the force polygon for the quantities t;" (Fig. 65*») and the re- 
sulting funicular polygon constructed upon the arch-rise (Fig. 
65*=). The calculated quantities v give the force polygon (Fig. 
65*) and, corresponding to the vertical and horizontal directions 
of application of these forces, we obtain the funicular polygons 
(Fig. 65«») and (Fig. 65'). The intercept of the latter polygon 

on the X-axis, augmented by the quantity —r-^ , gives the 
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magnitude of the unit force O ; while the ordinates of the former 
polygon give the thrusts H, Constructing, next, the funicular 
polygon for the loads t;" considered as acting vertically on the 
straight beam AB, we obtain (in Fig. 65«) the influence line 
for the quantity Xj. Similarly the funicular polygon of the 
forces t;' (Fig. 65^), constructed with the aid of the correspond- 
ing force polygon (Fig. 65**), represents the influence line for 
the quantity X^. [The correction to be applied to Xj by equ. 



(320), 



hh 



. H '^c .H, can be introduced ; in general, 



however, this quantity will be so very small that it may safely 

Fig. 65. 

4y 




be neglected.] If the pole distance for the force polygon (Fig. 
65**) be chosen equal to s t;", then Xg is to be measured 





n 



on a scale whose unit = n force-units. The scale for Xi is 
given by s t;'ni iCm, i. e., by the distance p q which is inter- 



cepted on the Y-axis between the first and last sides of the 
funicular polygon. From the influence lines for Xi and Xa 
we may easily derive the curves for (Oz — ej and Zo which 
are to be used directly in the construction of the end reactions. 
To do this, we simply multiply the ordinates of the Xj-curve 

by the ratios -§ • 4= , and those of the Xa-curve by the ratios 

B pg 
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G 



nH 



the corresponding figures indicate how this may be 

accomplished graphically. The construction of the reaction 
lines no longer offers any diflSculties, since the distances Zo and 
(«2 — ^i) -fix the closing side of the equilibrium polygon D E F, 
which is to be constructed with H as pole distance. If this 
polygon be drawn for different positions of the load, the curve 
generated by the vertex-point F will be the reaction locus and 
the enveloping curves of the reaction lines will be the tangent 
curves. 

Through Xj we also obtain the vertical end-reactions V^ 
and Fg- These will be for supports at the same elevation: 



V,=G 



I 



AmMi 



Ml 



Ca — ei 



j^=v,+£r.^=v,+x. 



V2 — Vj Xi 



^ • • • « \ö^^. 



where Vj and Vg denote the reactions for a simple beam. Since 
Xi is influenced only by the variation of the moment of inertia 
and not by the form of the arch; it follows that Vi and Fj are 
also independent of the arch-curve. 

The end moments are given by the formulae : 



Mi=^H . to — Xi-g — X2=-ff . Ci 
M2=^n . #o + Xi-ö---X2=H . 62 



(309». 



b.) Horizontal Loading, If a concentration W is supposed 
to act on the arch horizontally, or parallel to the arch-chord 
(Fig. 65*), at a point whose horizontal distance from the crown 
is w, there may be derived from the fundamental equations 
(307) the following equations of condition for the uiinowns 
Hw, Xiw and Xgw which have the same significance as the 
similar quantities in the preceding analysis : 



2 
2 



ffw- 



Ao w A 



22/- + Ä 



Xiw.Z(l- 257)^^2- 



2Mi;' 



l+Wto 






= 



+ 






-o-TT^^o+C — 0. 



(323. 
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Here M denotes the moments producible about the points of 
the arch-axis by the load W if the right end of the rib were 
free to slide horizontally ; v, t;' and t;" are the quantities defined 

by equs. (314) to (316) ; and C« -^ [^^-^ - TF 1^1 ^ 

is a correction term which is so small that it may safely be 
neglected. 

Hy, is the horizontal (inward) thrust at the end B, and 
(ffw — W") is the corresponding thrust at the end A, 

The summations S M v, S M v' and S M v" may be deter- 
mined graphically as the moments producible about the line of 
action of the load, W, by forces v, v\ t;" .conceived as acting 
horizontally, together with opposing horizontal forces at the 
ends A and B equal in magnitude to the vertical reactions which 
would be produced if the forces v, v% t;" were applied vertically. 
Hence the summations are given by the intercepts of the 
funicular polygons Fig. 65', Fig. 65* and Fig. 65®, being rep- 
resented by the lengths aß, y 8, and <^, respectively, measured 
by the same scale units as were used in the preceding construc- 
tion for Hy Xi and Xg for vertical loading. 

The end moments for this case are given by: 



M,=E,e,= (mo-X,4-X,)(l-^) 

M2=B^e^=EU+X^-^ -Xj 



.... (309^ 



2. Simplification with Constant Moment of Inertia, /^ As 

a rule the variation of the moment of inertia in hingeless arches 
is so slight, that we may assume 7' = / . cos <t> = constant. Then, 
with a uniform panel-length a, we have 

1 

'^m = 6 (2/m-i + 4i/m+2/m+i) 
V"ni=l. 

Frequently, with greater subdivision into panels, we may also 
write Vm = ym- 

But, for a constant v", the influence line for Xg becomes a 
parabola; and, for a load G at a distance $ from the end, equ. 
(313) becomes: 

Here C denotes the small quantity H —j—^ ; if this is 

neglected, we obtain; 
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^o=§-H 1 — = 2^^ (324. 

i. e., Zo is equal to one-half the altitude of the simple moment 
triangle D E F (Fig. 65*) . Similarly, with the same assumptions 
as above, we find, from (312) : 






Mxdx 



^' ^^ —^ — ^ J, — —2X2 — ^— 



— 2 



x^dx 



or, referring back to equ. (308), 

2^^ = 00-^ (325. 

Accordingly Zo may be derived from {e^ — e^) by a simple 
construction. 

Furthermore, by equ. (322), 

y,==v,+x,=ö^^^:^"t^il (326. 

y,=V,-X, = ö^^^5i_Z^ (327. 

The vertical reactions are thus identical with those occurring 
in a straight beam having fixed ends and a constant moment 
of inertia. 

The ordinates of the reaction locus, measured from the axis 
Ax, are given by equ. (198) after substituting the values from 
(308) and (309») r 

substituting the values for Zo and (^2 — ej, this equation 
reduces to: 
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The ordinate of the point D (Fig. ^^) is also found: 



Zi = Zo + 



C2 — ei 



= 2 



l-i 



or, 






Hence the end moments will be given by : 



and 



M,^-n(z,-to)-=-G ^^\,^^ +Hto 



(328, 



M^ n(z,'-to)=-0 ^^\J^' +Hto (329, 



(330. 



Fig. 66. 




In these expressions, the terms not containing H are identical 
with the end moments of a straight beam fixed at the ends. 

On the basis of the foregoing results, the construction given 
in Figs. (65*) to (65^) for the general case may be simplified 
as follows for the special case of /' = constant : First, by the 
method described previously (equ. 318) construct the ff-curve 
ahb (Fig. 66) ; also, with H as pole distance, for the given 
position of the load, construct the moment triangle dee. Now 



lay oSM L= Zo= p cf, (equ. 324), draw the connecting line 



KL and the line ND parallel to the arch-chord. Then DL 
fixes the closing side of the equilibrium polygon (equ. 328) ; 



the 
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and the vert ex th ereof may be obtained by joining D with M 

and drawing J F parallel io DM (equ. 328). As a check, the 
altitude of the point F above the closing line must equal the 

length c/. We thus obtain the successive points F of the 

reaction locus as well as the tangents D F and F E to the tangent 
curve. 

Assuming a constant moment of inertia F and neglecting the effect 
of axial compression, the equations of condition (307) may be interpreted 
as follows: 1.) The total area between the axis of the arch and the 

line of pressnres must vanish. (jMdx = 0.j 2.) If we conceive 

elements of the arch-axis to be invested with weights proportional to the 
elements of the above-described area, affixing different signs to the areas 
on the two sides of the arch-axis, then the static moment about any two 

axes must vanish. IjMydw = and J M xdx = Oj; in other words, 

the two areas, included between any horizontal line and the arch-axis 
and pressure-line respectively, must have a common center of gravity. 
Winkler* has combined the above conditions in a single theorem: "In 
an arch of uniform cross-section, that line of pressures is approximately 
the right one for which the sum of the squares of the deviations from 
the arch-axis is a minimum." This theorem may be derived from the 

principle of least work, whereby Tr= J j, dx-\- J 'pj"'^ — mm,, 
or, with the above approximations, j M*dw = min, 

3. Flat Parabolic Arch of Constant Moment of Inertia. 

The rectifying line of the arch-curve is, in this case, located at 

3^ the rise of the arch. Foir a load O placed at a distance $ 
from the end, equ. (311), with the values y= —j^X (^ — ^) 
— / and /' = constant, will yield the following expression : 

3 

l5 e(l-0\ O (331. 

4 n« 1 . 45 / 

* 4 Aof 

For the vertical reactions V^ and V2, the expressions of (326) 
and (327) remain valid. The equation of the reaction locus 
becomes, 

'/-Ä/(l+?lf7')^ (332. 

hence, in the present case, the reaction locus is a straight line 



Deutsche Bauzeitung, 1879, p. 128. 
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parallel to the axis of abscissae. The directions of the reaction 

lines are then fixed by the values, from (328), of 0i = -g- -y 17 

1 I 
and Z2 =-0- JiHT) ' V'y ^^^y ^^® most conveniently obtained 

by the construction shown in Fig. 66. In addition, we may 
also establish the equations of the tangent curves which, for this 
case, are hyperbolas. 

This is done with the aid of the following diagram (Fig. 67). If 
Xr and yr are the coordinates of any point of the line of action of the 
left reaction referred to the point E as origin, then the equation of this 
reaction line is 



y' = 






a7r — ^-i = 17 f 



2e 



. Xt 



-A) 



(333. 



or 



2eyr = ^ri(^Xr — l) -hlVXr (o. 

Differentiating this with respect to ^, 

4{yr = i7(2irr-0 (ß. 

Eliminating { from (a) and {ß), we obtain the following equation of 
the tangent curve: 

(2xr — iyv + ^xryrl = .' (333\ 




\' EC=E^D=v=^f(l 
, EJ = JC=^V 



Of the two asymptotes of the hyp.erbola rejfresented by the above 
equation (333'), one coincides with the vertical line through the end of 
the arch-axis, and the other is an inclined line (J E^) passing through the 

points (a> = 0,y= -y 17) and (cd = 1, y = 0). At»= -j, or the center 

of the span, the hyperbola is tangent to the axis of abscissae. 
The end moments are 



M, 






G 



2 1' 



21- 



1 + 



5J 

j45 I 
4 AoP J 



(334. 
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M.. 



^ ^(ttt^'^^tO 



= -ö 



21' 



21-. 



5(1-0 



1 + 



46 / 



4 AoP 



1 



• • ♦ • ^ ÖÖOm 



Neglecting the effect of the axial compression, we may sub- 



45 7 8 

Btitute in all the above equations 1 + -x" "r^ =1 ^^^ 1=^ tk /• 



4 Aof 



15 



4. Effect of a Change of Temperature of the Arch and 
of a Displacement of tiie Abutments. Let the arch, supposed 
weightless and without load, alter its temperature uniformly 
in all parts by t°; also let the span be increased, through a 
displacement of the abutments, by an amount A I. Then, re- 
taining the assumptions introduced at the beginning of this 
article, the fundamental equations derived from equs. (185) 
and (186) take the following form: 



+ T 



M 



2 



AoTo 



=0 



f -^ydx-iH-EA^mt}-, E.Al 



-4- 



M 



2 



(336. 



Also, with M = 0, equ. (309) becomes 



M^—Hy — X^x — X, 



^4 



Choosing the axis of abscissae, as before, so that f ^-j?- =0, 



2 



the solution of the above equations will yield the following 
expressions : 
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Ht = 



E(atl — M) 



I 

/y*dx , 



(337. 



A, 



X 



= 



2 



_ iH—EAo<at)h 



(338. 



A, 



dx 



/da 




Introducing the quantities v, v\ v", defined by equs. (314) 
to (316), we obtain 



nt= 



E To((atl — M) 
I 



Xi = 0, X2== 



Ioh(H — EAo<ot) 



(339. 






m 



(340. 



The denominators of the. above expressions are determined 
by the previously described graphic construction. Xg will always 
be a vanishing quantity and may, without sensible error, be 
equated to zero. The line of action of the horizontal thrust 
thus coincides with the X-axis, i. e., if /' = constant, with the 

rectifying line of the arch-curve 
Fig. 68. (Fig. 68). 

With parabolic arch curve and 

constant /', since ( y^dx== 




45 



n, 



Ft= 



__ 45 Eu{iot—~) 
4F 1 _i_ ^5 Jo 



(341. 



or, introducing the constant ordinate, 77, of the reaction locus 
as given by equ. (332), 



2._«L(.<_Ai) 



(342. 



Comparing this with the corresponding (approximate) expression for 
the parabolio arch with hinged ends, as given by equ. (290») : 



fl't = 



15 



E 



/.(«*- 4-') 



1+ 



15 h 
8 Aof 
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it appears that in the hingeless arch the horizontal thrust due to tempera- 
ture change or displacement of the abutments is nearly six times as great 
as the corresponding thrust produced in the two-hinged arch under the 
same conditions. 

5. Arch Connected to Elastic Piers. Let the arch-axis 
AB (Fig. 69) be continued in the vertical pier-axes. 4 ^i and 
BBi, We assume that the two piers, throughout their height 
Ä, have constant moments of inertia I^ and are formed of a 
material whose coeflScient of elasticity is E^ = €.E, The base- 
sections, A^ and B^, are assumed incapable of rotation or dis- 
placement. Let the arch-rib have a variable moment of inertia 
/ and a mean cross-section Ao, In calculating the deformations, 
we will consider the axial force in the arch constant and = H, 
and neglect the effect of the corresponding force in the piers. 



Fig. 69. 




With the notation indicated in Fig. 69 or previously intro- 
duced, we have, for a vertical loading on the arch, Yi == V^ + X,, 

at any section of the left pier, Af = If j — Ez 

at any section of the right pier, M^=^M^ — Hz -\- X^l 

at any section of the arch, M = Mi-\- X^x — H {h-\-y) -|- M 

Substituting the following symbols for certain definite 
integrals : 



«=/^' ^=/^' ^-f^' ^=/^ 





(343. 



and equating to zero the differential coeflScients of the work 

of deformation with respect to the three unknowns H, X,, Mj, 

there are obtained the following three equations of condition: 
11 
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-E-^=M,(ah+b + -^)-n(ah' + 2hb+c 



. . (344. 



Solving these equations, we obtain 



H 



("^^75r)|^— ('-^)(^' 



2/1 / . , , . aÄ* 






3 "^ 6 



S:)+(-+»Ä)£ 



(345. 



and 



X,= 



/• Mo? _ Z /• M _ 

^ ^ ^ 

4 €/x 



(346. 



and Ml may be found by substituting these values in any one 
of equations (344). 

If /i = 0, the above equations reduce to 



My 



M 



n= 



^ ^ 



ds 



(347. 



Mx 



I ^M 



^1 = 



^ -* 



(^5 



(348. 



l^'a — d 
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and 



M 



ia-H6 + -^ZaXi+r^ds=0 



(349. 



This constitutes another solution for the general case (1.) as 
previously given by equs. (311) to (313). 

6. Segmental Arch with Constant Moment of Inertia. It 
is usually advisable to adhere to the general formulae established 
in paragraph (1) of this article for any form of arch. Neverthe- 
less, for segmental arches, it is desirable to present here a more 
exact analysis* to be applied whenever the sectional dimensions 
cannot, as above, be considered negligibly small in comparison 
with the radius of curvature. 

Fig. 70. 




With the notation of Fig. 70, the fundamental equations 
derived from equs. (182), (185) and (186) may be written as 
follows : 








EAr 



EAt^ ' EJ 



00 

+ 0) ^ (<^ — <^o) 



)dJ 



(350. 







Ax-Axo=—y.A<l>o-rcos<l>(A<l>-^<l>o)-r^{ ^ ^^^j ••• (351. 



00 





Ay-Ayo=x.A<l>o-rsin<l>(A<t>-A<l>o)-r^ i — ~j (352. 



00 

Assuming a constant area of cross-section and writing 
J 



Ar' 



= 8 



(353. 



* Schäfer — "Handbuch des Brückenbaues" — Chapter XI — 1st edition. 
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and observing that, for vertical loads, 

P= (Yi — S G^sin<l>+ Hcos<l>...: 



(354. 



and 



Jlf «« Jjf J -f V^r (sin 4>Q — sin<t>) —Er {cos<t> — cos <f>o) ^ 



X 



— 'S, Or (sin </>i — sin<t>) 





where M^, H and V^ refer to the left end, we obtain: 

0. 



<t>. 



^\M^(l + h) (<f>-<i>o\ + y^\r(cos4>-cos<t>^) 

+ (1 + 8) r (^ - ^o) «iw *o} 

+ H|-r (sin4>-sinil>o) + (.1+8)^ (4>'<l>o) cö5 0o} 

+ S G |-r (cos <^-co5^i)-(l+8) r'(^-^i) «fn<^i|l 

+ o> t (<l> — <l>o) 
■;^[^ia+«)(*-*o)+T^i{3/+(l+8)a(<^-</>o)} 

+ H{a:+(l + 8)(r-/i(^-<^o)} 
-lö{i/-Ä+(l + 8)(a-^) (<^-<^i)|]+o,#(<^-0o) 



, V „ /^ Jf cos (pd 4> 
Aa;-Aa;o=-t/A0o-^cos0 (A<^-A<^o)-^ I ^7 

0. 

= - 2/ A 0o~ rcos4>(^4>-^ 4>o)- -wj- 1 -M^i (sin<l>-sin<l>o) 



Vir (sin 



(p-sinM* Tj^ f 0-0 
2 ^'^i-^- 



, sin / f ^ f \ 

f — — (cos - COS 0o) 



- ^^2 " (sin<t>-sin<t>o) f + ^~y" (stti0i-stn0)M 

-=-t/.A^o-^COS^(A0-A0o)--^[-^iaJ-— 2~ 



TJ / r* (0-0o) . (g-g?) y 
-^V 2 "^ 2 



(r-/) X 



)-!^^]. J 



(355. 



(356. 



. (357. 
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where (A<^ — ^<l>o) is to be found by equ. (356). 
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= x.A<^, 




00 



M 8in0d(p 



, C08 



(358. 



00 

. j-rsi/K/>(A<^-A<^oI~"^j~|"^i {cos <f>- cos <f>Q) 

Tr f 0-00 ■€OS<t> / . , . , N Sm0o / , .\T 

-kiH — ^g— -g— (sin<^-sin</)o)_ ^—{cos<t>Q-cos4>)y 

^{cos<l>-cos<l>oy+^Gr{-^+-^{cos<l>-cos<t>,) 

— (sin<l>i-sin<f>) |- 1'==^xA<I>q- (a-x) (A<^-A</)o) 
^|gf r^(0-0i) I (a-O(y-fe) , (y+r-/) (g^-O 1 1 

Here Ä is the ordinate of the areh-curve corresponding to 
the angle <^i. 

If we substitute x = l, i/ = 2/1, <l> = <^„, the above equations 
(356), (357); (358) will constitute the three required equations 
of condition; these need not be rewritten since they do not 
differ from the foregoing except in the aflSxing of the subscripts 
and the substitution of I for x. 

If we have a symmetrical segmental arch, then 

<^=Y> yi=0, *// = — <^o; 

and if we write, for the ends of the span, A <^ — A <^o = ^i» 
Ax — AXq = Ca, Ay — Ai/o = Cg, we obtain the following ex- 
pressions for the equations of condition: 

A</>-A<^o=Ci=--^[-2Mi (l + S)<^o-'^'i (1+S) l<l>o 

+ 2F{|-(l + S)(r-/)<^o} [..(359. 

+5 G{h^^^nhMJM^yy2.t4>, 



A x-AXq= C2 =--- - Ci r cos ct>o- - J" - 1 - MJi-—'— 



EJ L 



V\^^\ 



.. (360. 
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I (r-f) 



-S-f-{r^(<^o + <^i) + 



Equ. (361) yields: 



[Vi{r^<Ao- 

— (r-/)G-0}] 



} 



7,= - 



J57J (ca — ZA0O — Cirsm0o) 



»*' (00 — 5«H 00 cos 00 ) 

-4- 2 Ö (00 "^ 01 — ^'"^ *^« '^^^ ^« — ^ ^^w> 01 COS 00 H" gfn 01 COS 01 ) 
2 (00 — stn- 00 cos 0o) 

^__ \gJ (2cs--2rA0o — CiO 
"" r[2r^0o-Ur-/^)] 

-f 5,ff 2r'(0o + 0i)+fe(g-2O-2(r-f) (I - 
2r*0o — Z (r — /=) 



From equs. (359) and (360) we obtain 



E 



J [ — (1 4- ^) 00 (O2 + Cl y COS 0o) + Cl y gt^ 
.» FM- /'I -L Ä^ /'/A _L ««•*. rA y,^o /A ^ — 9. o;*.a w 



0o] 



TT ___ £/ 1/ L — K^ -T 0) <Po\C2'rctr COS <po) -r Ci r g 

r* [00 (1 + 5) (00 + sin 00 cos 0o) — 2 5iV 0o] 
, 2 E J Of t(f>o sin 








2EJ(at(p9l 



+ r[0o(l + ö) (2r^0o+Ur-/=))-n 
g[2fe + 0i(l+g)(^-2O]-(l+g)0o(g'-2^+2f) 
2[0o(l + ö)(2r»0o+i(r-f))-Z"] 



. (361. 



^ . . (362. 



. (363. 



With these values, M^ may be calculated by either equ. (359) 
or (360) ; the latter yields: 



^ 2r'stn(Po 

, g (00 — sin 00 cos 0o) r _i_^ (^r (sin 0o + sm 0i) 
' 2 sin 00 

JE7^(C2 + Ci(r — /^)) 



4 Sin 0c 



r« 



Zil , g(2r^ 0o-Kr-f)) 
"" 2 ' 



2i 



4--S (y(g-^)' 

^ 2Z 



. (364. 
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Ml is most readily found in this manner after V^ and H have 
been determined. Then we also find 

_ y^=y^_ s G (365. 



.¥2= M^+VJ-:iG(l — i) (366. 



The preceding equations express not only the effect of a 
concentrated load, but also that of a change of temperature; 
the latter effect, by itself, is obtained by putting ß = in the 
various formulae. Similarly, these formulae give the effects 
of a rotation or displacement of the abutments, if the magnitude 
of such displacement (Ci, Cz or c^) be known. If the ends are 
rigidly fixed, we must take Ci = Cg = Cj = 0. 

For a flat segmental arch, the formulae of the parabolic 
arch may be applied without sensible error. 
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§21. Haximnm Moments and Shears. 

In determining the critical loads for maximum moments 
and shears, we need merely to apply the general principles 
presented in § 14. The same general rules apply to the hingeless 
arch as to the arch with hinged ends except that the reaction 
lines do not pass through the end-hinges but are to be drawn 
tangent to the tangent curv^es. 

Again, the maximum moments and shears may be determined 
either by the method of influence lines or by means of the 
equilibrium polygon of the loading. The influence lines for 
moments and shears, however, are not so simply found as for 
the hinged arch, but may be derived from the influence lines 
for H, Xi, Xj, according to the formulae (309), (192), (322), 
which may be rewritten: 



{ 



JIf — M — Fj/ ^ Xi a; — Xj (367. 

S -= (Vi + X,) cos <^ — H St» ^ (368. 



where M^g 0-0^0-2.) ^^ al(L+^ ,v,=0-^ , 

and X is measured from the center of the span. To find the 
extreme fiber stresses in the sections, the moments should be 
taken about the core-points. The method of influence lines 
is advantageous when the load consists of a train of concen- 
trations. 

To obtain the maximum moments and shears directly from 
the equilibrium polygon of the critical loading, it is necessary 
to find the values of the horizontal thrust, end reaction and 
end moment for that loading. It is a simple matter to obtain 
these quantities by summation of the values found for the 
different positions of a concentrated load; this may also be 
accomplished graphically. If, with the resulting values of F, 
Fl and Mj, there is constructed the equilibrium polygon of 
the loading (or line of pressures) in its proper position with 
respect to the axis of the arch, then the moment at the section 
under investigation will he M = H y% where i/' is the distance 
of the equilibrium polygon above the arch-axis or, rather, above 
the core-point of the section. If the load is taken as uniformly 
distributed, we may use, as before, a second reaction locus and 
tangent curv^e to facilitate the construction of the equilibrium 
polygon. 

For special arch forms, the influence of a partial uniform 
load may be calculated as follows : 
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1. Any Arch-Curve, with /' = Constant. If the load of 
p per unit length extends for a distance A from the left end, 
the resulting vertical end reactions may be. derived from ecjiis. 
(326) and (327) by integrating between the limits and >, 
giving 



V2 = 



p\ (2Z« — 2/X»-|-X») 



21^ 
p\'(2l — \) 



21' 



(369. 
(370. 



If H is the horizontal thrust produced by this loading, the 
integration of the expressions of (329) and (330) yielcb the 
following values of the end moments : 



nr I ^2 6i» — 8XZ-I-3X» 



[ 

^2 \P^' 



— Ht 



] 



4Z — 3X 
12 1' 



Hf, 



] 



(371. 
(372. 



where U is defined by equ. (321). 

For a full-span load, if Htot denotes the corresponding 
horizontal thrust, we have 



v,^v,= 4-pi 



(373. 



M,= M2= - [-^Pl' - Htot . ^o] (374. 



If Ai is the distance to be covered with load, as determined 
by the rules of § 14, in order to produce the greatest positive 
moment at the core-point (iCk, t/k) (referred to the end A as 
origin), that moment will be given by 



Muuix=M2+V2(l — Xi,) —Ht/k— p 



(K—xi.) 



•'• M^.= l^j,[si-S\,-6 (2Z-A0 ^]-H(i/k-fo)-p^^^'..(375. 
For a full load, there results 

ilftot=32 ^[6xk(Z-a;0 -Z^J^Htot (2/k-« (376. 

with which we may calculate 

lfmin = Mtot — -^max. 

If Ag is the abscissa of the critical point for shears, and if 
Hx-Xa is the horizontal thrust for a load extending from 
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X to Ag, we obtain, by the use of equs. (192) and (369), the 
following expressions for the greatest shears : 

8nu.x=-^[{l-xr{l'-x')-(l-\,y (P-\2')]cos<l>-H,JK,sin<l>. . (377. 

Amin = -2" P {l — 2x) CÖ5<^ — HtotStn<^— Ämax (378. 

2. Flat Parabolic Arch. If a uniformly distributed load 
p extends for a distance A from one end of the span, the integra- 
tion of equ. (331) yields 

Tj pX*(10?-15?X+6X«) 5 /X\3/^ 3 X , S \'\ pf ^o^q 

where, as an abbreviation, /' == / (l + -j- . \a Y 
For a full-span load, 

Htot=-f^ 45 h ^W ^^^^• 

The vertical reactions and the end moments M^ and Mj 
are to be determined by substituting the above values of H 
in the formulae previously developed; similarly, the maximum 
moments and shears may be found by equs. (375) and (377), 
when the distances Ai and Ag, corresponding to the critical 
loads, are known. In the case of the parabolic arch, those 
distances may be calculated as follows: 

For the maximum moment at the core-point (iCk, t/k), (re- 
ferring to the end A as origin), we have, by equ. (333), 

2 . /i-f-2Xi Z \ 8 -/^ , 45 I \ 

2^^" 3- /= V-2X?" ^^- "2xr ;i5- / V ^ + IT ^Ä;f-) 

or 

(2/^-|/) V+4-/'0-2xk)A,= 4-r?^k (381. 

The critical length, A^, will equal I for any arch-point whose 
coordinates {x\y y\) satisfy the equation: 

(y'^- 1 / ) ^' + 4 /'^ - S- f'^^'^ (382. 

If this yields x\ > -g-, then, for all points in the middle portion 

between the abscissae (Z — x\) and {x\), the critical loading 
will be an interrupted one (with two critical points) ; and, 
for any of these points, we must add to the value of ilf max given 
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by equ. (375) the value given by the same formula for the 
symmetrically located point of the arch. 

The critical point for shears is determined by 

^^. :^r=ian^ = ^r\l-'i^x) (383. 

For a full-span load, the end moments will be, by equs. (374) and (380), 
and the crown moment will be, by (376) and (380), 

If we put f = f, which is equivalent to neglecting the effect of the axial 
force upon the def ormation, we obtain, for a full load, 3f i = ^2 = ^c =0 
BO that the pressure line coincides with the axis of the arch. With respect 
to the error resulting from this approximation, practically the same remarks 
apply as in the case of the two-hinged arch (see page 137). If the 
arch-rib consists of two parallel flanges of combined area Ä with an 
effective depth between them of Ä, and if <r is the fiber stress for the 
pressure line coinciding with the arch-axis, then the extreme fiber stresses 
at the crown in the case of the eccentric location of the pressure line 
will be by equ. (179), in the upper flange, 



1 + 



i5_ 

8 



1 + 
and, in the lower flange, 

1 — 



45 h* 



Ci = a 



16 /« 



15 h 
8 / 



1 + 



45 h^ 
16 /« 



The maximum value of the upper fiber stress occurs with 



/ 15 

and amounts to <ru = 1.25<r; while the lower fiber stress changes its sign, 

h 8 

hence becomes a tensile stress, with = - _- . 

f ^ Id 

Similarly we find, for the end sections, 



ö'u=<r . 



l_^ 


h 

f 


and ai=a- . -- 


h 
t 


1-f ^ 

^16 




• . , 45 
"^ 16 





h 
Here the lower flange stress will be a maximum with -j- = 0.387, giving 

h _ 4 

a I = 1.72 <r. With — > ^ , the upper flange at the end section receives 

h 1 

a tensile stress. For illustration, if — = — ^ the stresses at the crown 

will be ' 

cru=1.24 cr, <ri=0.28 a; 



13 


f 


8 


r 


?, 


f 




r 



M max 



pi" 

2 — ^ ■ 24 



Neglecting the axial compression, i. e., with /' = /, we obtain 

1 9 

^1 = — 64 Pi"= — ^^y and M«.x = -^q^ V ^. 

3. Segmental Arch. For a uniform load p extending 
for a distance A from the left end, the end reactions F, H 
and M are obtained from equs. (362), (363) and (364) by 
substituting G^=pdx^=^ — p r cos <t>i d 4»i and integrating be- 
tween the limits and A (or <^o and ^i). 

There will be given here only the formulae for the special 
case of the load p covering the entire span. 

By symmetry, we obtain directly 

V,= V^== -^±=prsin<l>o (384. 

We also have, by equ. (363), 

TT praintpo / 3 (1-g) (4>o-8in4>oC08(po) -2 (1 -|- ^ ) 0ogiV0o \ /^ft^ 

tttot g \^ 00 (1+5) (4>o+8in<PoC08<po)-28in'4>, /' ^'^°^- 

"With this value, we obtain from equ. (364) : 

3(1-5) (0o-5tn0oCO«0o)*-2smVo[ (1+^) 

j^ pr^ (3 00*+ 00 am 00 co8(po) -4 am* 0,] ^ /'QQfi 

^^~ 12 * 0o(l+ö) (0o+«w0ocos0o)-2«m»0o — iÖ2..Wöo- 

For the moment at the crown, we obtain, by substituting the 
above values in (355), 

3 (1-5) (sm*0o-0o'-2sm*0oco«0o+20o«tn0o) 

--. pr^ -4(l+g)0oatV0o+aiV0(l+3g) (387. 

^ 12 ' 00 (1+Ö) 0o+«m0oCos0o) -2sm*0o 
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and the stresses at the end section will be 

0-«= — 0.19 <r, <ri = 1.7<r. 4 

I 

• If the half -span is loaded with p per unit length, we obtain, for the 

1 o Z* 
parabolic arch of constant section, H = -=-^ ^ . ; and the moments at 

16 f* 

the end-points of the axis are Mi = — ( — ^ — ~- j -?m- and I 

Mi= (—, ^j -^x"' ^^^ greatest positive moment occurs at rr = 

I 
-0" and is given by: 
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The maximum moments and shears are determined by the 
general rules. In the accompanying graphs, these values are 
plotted for a segmental arch having a uniform core-depth; 
Fig. 71 gives the maximum moments and Fig. 72 the maximum 
shears. The same» notation is used as in the corresponding 
diagrams for the two-hinged and three-hinged arches; and 
since arches of the same rise and depth of rib have been con- 
sidered, there is thus provided an opportunity for comparison 
of the three classes of arches with respect to the resultant 
stresses at the different sections, (cf. Figs. 50, 51 ; 62, 63.) 

Fig. 71. 




Fig. 72. 




4. Temperature Stresses. The horizontal thrust produced 
by a variation of temperature has been derived in § 20:4; its 
value for the general case is given by equ. (337), for the para- 
bolic arch by equ. (341), for the circular arch by equ. (363). 

With regard to the magnitude of the temperature stresses, the following 
notes are given: In a parabolic arch-rib having two equal flanges of 
combined area Ä and effective depth Jiy the intensity of stress in the 
flanges at the crown is approximately 



<rc= ± 



A.h 



similarly, at the ends, 
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A.h 
Substituting Et from equ. (341), we obtain 

"♦" 16 /a "*•"♦" 16 /« 

For Bteel, we may use Eoft =10,780 pounds per square inch, thus giving, 
in round numbers, 

1 — -L A 1-f- JL2l 

.e=±20,000A r/^ I, , and<r,= :^ 40,000 A _^_^/,-. 

I'he upper flange stress at the crown attains its greatest value with a ratio 

h 4 

of — = -jg- ; we then have <rcu = + 2,670 lbs. / sq. in. and <rci = — 6,220 

lbs. / sq. in.; similarly the lower flange stress at the end section attains 

h 
its maximum value with —r- = 0.39, when we find o-ju = — 14,040 lbs. / 

sq. in. and ffn = + 7,710 lbs. / sq. in. 

h 1 
For a ratio of -7-= -0-, we find 

<rctt T= + 2,540, <rci = — 7,620 lbs. / sq. in. 
(Tiu = — 12,700, ff^i = + 7,620 lbs. / sq. in. 

It thus appears that the temperature stresses may become very considerable 
and that, in this respect, the hingeless arch is at a disadvantage in 
comparison with the arch having hinged ends. 
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§ 23. Deformations. 

The elastic deflections of any point (x^y^) of the arch, 
referred to the end A as origin of coordinates, are determined 
by equs. (185) and (186). Again employing the abbreviation 



M^ + (i-E.t) 



r co8<f) 



^=Z 



T388. 



[cf. equ. (293)], and conceiving these quantities z as forces 
acting on the arch, we obtain, exactly as for the two-hinged 
arch in § 19, the following expressions for the coordinate 
deflections : 






(389. 



Here M^y and Mzh denote the static moments about the point 
(Xj 2/i) of the forces z applied at the points of the arch-axis 
together with a force — Z» =« — ^ 7© A <^o applied at the end A, 
these forces being applied vertically and horizontally for the 
respective moments. If the ends of the arch are perfectly im- 
movable, then A<^==0, and hence Za = 0. In general, Z» is 
the end reaction produced by loading the horizontal projection 
of the arch with the forces z. 
Furthermore, we may write 



i/i 



C,^Iof(^-Eo>t)dy 



Vo 






dx 



or, with sufficient approximation, 

C2-=-Io(^-Eiot)x, 



(390. 



Hence exactly the same rules apply to the determination 
of deflections in the hingeless arch as in the two-hinged type; 
and the contribution of the bending moments alone may be 
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obtained, exactly as in the preceding case, as the ordinates of a 
funicular polygon constructed with E Iq as its pole distance for 

a loading consisting of the reduced moment-diagram of ilf -p* 

For the graphic determination, proceed as follows : 

For the given loading, construct the equilibrium polygon 
or pressure line. The vertical intercepts m between this polygon 

and the arch-curve, multiplied by the ratio -p- and increased 

by the small and nearly constant correction 

c^(l_.gi^) I' (391. 

V H / Aorco8<p ^ 

will give the load-quantities 



z 



«(m^+c) (392. 



These have to be laid off in a force polygon, with proper 
observance of the algebraic signs (m is positive if the pressure 
line lies above the arch-axis), and the resulting funicular 
polygons for vertical and horizontal action of the forces con- 

1 ^7* 

structed. If the pole distance is selected = "^ * h . a ' ^ 

being the assumed uniform horizontal spacing of the «-loads, 
then the ordinates of the two funicular polygons, measured by 
n times the scale of lengths, will give the vertical and horizontal 
deflections, respectively, of the points of the arch under the 
given loading. To be precise, there should be added the cor- 
rections -\ and -* ; but, as a rule, these quantities are 

too small to warrant consideration. 

We may also represent the influence lines for the horizontal 
and vertical deflections of any arch-point {x^y^) by construct- 
ing the curves of vertical deflections producible by a unit load 
acting vertically and horizontally, respectively, at the point 
(a?it/i). Compare § 19. 

In the above formulae, the effect of temperature is included. 
If it is desired to treat this effect separately, an expression may 
be established for it which is identical with that for a two- 
hinged arch, equ. (305). This gives the upward deflection of 
any arch-point due to temperature variation by the formula : 

EhLy=Htmx+2(Eiot--^)hyx (393. 

Here JJt denotes the horizontal thrust due to the change of 
temperature and m» the static moment, about a vertical line 
through the given point, of the area included between the arch- 
curve and its rectifying line or line of action of the horizontal 
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thrust. This quantity is proportional to the ordinate (17) of 
the jff -curve (Fig. 65*); to be specific, m^^iy.p.a, where p 
is the pole distance and a the panel-length used in constructing 
the iff -curve, and tf is measured to the scale of lengths. We 
thus obtain for the temperature effect, in general, 

Ay^ia.fj + ß.ylt (394. 

For the example executed in Fig. 65, in which { = 1^0 m., / ^ 42.5 m., 
^ ^ s= 0.112 sq. m. and io = 0.70 m.*, we find by the approximate formula 
(341), assuming E <a=: 248 tonnes per sq. m. per degree C. and A Z = 0, 
Ht = 1.040 X t tonnes. The -ff-curve was constructed with a = 16 m. and 
p = 25 m., so that Ht mx = 16 X 25 X 1.04 iy . < and Ä /, A y = (416ij 
+ 334.2 2/)^; or, finally, 

Ay (in mm.) = (0.0297 ij + 0.0238 y) t. 
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4. THE CANnLEVER ARCH. 
§ 23. Areh With Hinged £nds, HaTing Cantilerer 
ExteBsions Beyond tlie Points of Support. 

The general equations (200) and (250) for determining 
the horizontal thrust hold good for loads on either cantilever 
arm if we substitute for M in those formulae the moments 
which would be produced in the span / of a simple beam. 

In the three-kinged arch (Pig. 73), i7=^-^aDd is pro- 
Fig. 73. 



portional to the moment Ho at the crown-hinge; hence the 
influence line for H is formed by prolonging the sides of the 
triangle, c a and c b. The reaction lines are given by the 
rectilinear prolongations of the reaction locus. Por maximum 
moments, only one of the cantilever arms has to be fully loaded. 
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namely that one adjacent to the unloaded segment of the 
interior span. If the right arm is completely loaded with p 
per unit length, then, with the notation of Fig. 73, we obtain : 



H 
M 



pa 
f 



-^^i-^-«) 



If both cantilever arms are fully loaded, 



(395. 






2 
1 



pa 
f 



U-y) 



(396. 



Fig. 74. 



AP'änp 




In the two-hinged arch, the horizontal thrust may be deter- 
mined by equ. (250) ; introducing the abbreviations N for the 

denominator and -^ = v, and retaining only the terms depend- 
ing on the external loading, equ. (250) may be written 
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I 

2 Mi; 



N 

For a load O placed on the cantilever arm, M = — G -y" ; 

hence 

) 

H ö|^ (397. 

In the Jl-influence line, Pig. 54, obtained as the funicular 
polygon of the v-forces according to § 17, the intercept of the 
prolongation of the last side upon the vertical through A gives 

the quantity S vx; hence, by equ. (397), this line also consti- 

^ 

tutes the continuation of the J?-influence line on the side of the 
cantilever arm (Fig. 74). 

If the arch possesses a vertical axis of symmetry, then 
'Xv X — -Ö- S V, hence 

^0 

) 

H^-^±-Oi\- (397\ 

The vertical component of the reaction at A is 

^. — ö|. 

hence the direction of the left reaction is determined by 

Fl xV 



icmr^^ 







and is therefore independent of the position of the load G. Con- 
sequently the reaction locus is continued over the cantilever 
arm as a straight line consisting of the end-tangent from the 
point A. 

If we substitute 2 /o = i tan t, then 

/o= Y 'T — "^ ~~i — » (398. 





consequently, 



H ^G (399. 
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Thus, for loading on the cantilever arms, the two-hinged arch 
acts exactly like a three-hinged arch having its crown-hinge at 
a height of f^; H and M may also be calculated by the same 
formulae (395) and (396), provided /© be substituted for /. 

If a load p oompletelj covers both cantilever arms, assumed equal in 
length, the moments at the core-points of the arch-sections are easily 
derived. They are, in fact, proportional to the distances of the core-lines 
from a horizontal line drawn at a height of fo above the end -points, and 

1 «a* 
are given by these intercepts multiplied hy H = — -0 ^ — [cf . equ. 

(396)]. In Fig. 75, these moments are represented in the graphs mno 



Fig. 75. 



m 




^17 



IJIjmi^^ 



11^^ 



SJ 



and pqr. Adding to these the moments due to a load p' covering the 
entire span { of the arch, we obtain the combined moments for the total 
loading as indicated by the shaded ordinates of Fig. 75 ; there is thus shown 
graphically the effect of the cantilever arms upon the distribution of 
stresses in the arch. 
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§ 24. General Case of the Cantileyer Arch. 

Let an arch with fixed ends have a cantilever arm anchored 
to it at any point (Fig. 76). The general equations (311) to 

Fig. 76a. 




b. 



Figs. 76b and 76c. 
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(313) apply here also, and may be written in an abbreviated 
form as follows : 



I 



ff = 



N 



I 



SMt?' 
X —J 



I 

2Mt;" 





X.= 



I 
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where M, as usually, represents the moments within the span I 
of a simply supported beam. For the concentration O, 



I 



a-')] 



x^c 



M— 6.1(1+«)]:::, 



consequently 





iMt, = G -i±i5.(|-.)-|st;(|+. 



The summations appearing in the above expression are rep- 
resented as static moments of the v-forces by the intercepts of 
the corresponding sides of the funicular polygon upon the ver- 
ticals through the ends A and B ; i. e., the two summations are 
represented respectively by the end ordinates of a line drawn 
tangent to the fl^-curve at the point c (Fig. 76*). Hence, 
according to the equation 



H = ^l l±±:iv(^^^x)-j-^^v(-^ + x) .(?,.. (400. 

the ordinate of the above tangent under the load G will give the 
horizontal thrust H measured to a scale ol G = N, 

The same relations hold good for the quantities X^ and Xg and 
their influence lines constructed as funicular polygons of the 
forces v' and v^\ Here, again, the tangents to the respective 
influence lines at the springing-point of the cantilever arm give, 
by their ordinates, the values of X^ and Xg for any loading. 

If c = -o-, i. e., with the cantilever arm attached at the end 

of the span, we find JET = 0, Xi = — 6?y, Xg = — 6?y ; hence 

Fl = G, 1^2 = 0, and M i = Mg == 0, and we thus find, what 
should be self-evident, that the loading on such cantilever arm 
produces no effect on the arch with fixed ends. 

If the cantilever arm has its springing at the crown, we find 
H is constant for all values of ^, i. e., independent of the position 
of the load. This applies also to the two-hinged arch, 
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§ 25. Deformations. 

There will be considered here, in detail, only the determina- 
tion of the vertical deflections of the end of the cantilever arm 
in the two-hinged arch represented in Fig. 77. For this purpose 
we may refer to the discussions given in § 19 and apply directly 
the graphic treatment, there deduced. 

Neglecting small correction terms, the deflections of the 
points of the arch under any loading are obtained as the static 



moments of a beam loaded with the forces z = 



M 



EI 



the result- 



ing curve of deflections for a unit load acting at the end of the 

Fig. 77. 




Farces 



cantilever arm will be, at the same time, by Maxwell's principle 
of reciprocal deflections, the influence line for the deflections of 
the free end produced by a concentration moving along the 
arch-rib. 

By § 19, this influence line may be represented by the ordi- 
nate-differences of two funicular curves of which one is the 
ff-influence line and the other is constructed for the load- 
quantities 

"^ — ^ = 2/0.^. -,-| . or « = 2/0.— .-r I 



k = 



We may also, as iu Fig. 77, employ the differences of the load- 
ordinates 
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in constructing the deflection curve directly. 

If, instead of the moment of inertia I, we substitute — r— 

(where h is any assumed constant moment of inertia), then the 
scale unit for the ordinates of the deflection curve will be 

EI a 

* times the unit of the scale of lengths. Here He, = 



denotes the horizontal thrust for a unit load G at the end of 
the cantilever arm, A a; is the horizontal spacing of the k and v 
ordinates, and p is the pole distance used in constructing the 
funicular polygon. 

The expression for the deflections ( — Ay) of the end of the 
cantilever arm, due to a load G at any point x, as given by equ. 
(300), may be written as follows if we neglect the term depend- 
ing on the axial thrusts : 

— ^7.Ai/=6?mx — Jffa.wix. 

With a constant moment of inertia, we obtain : 

EI.Ay=ljx(P-a^-x^)^-m^'^G-^ (forx=OtoOl 
EI.Ay=--[^x''^-^.(a-x')^G^^(lorx'=Otoa)\ 

nix denotes the moment of the quantities v; i. e., if w is the 
ordinate of the ff-curve drawn with a pole distance, p, mx = 
u ,p , Ax. Again, N is the denominator of the expression for H. 

The vertical displacement of the end of the cantilever due 
to a change of temperature, if we neglect the expansion of the 
cantilever itself, is given by 

EI.Ayt = — Ht-2j^ .a, 

or, substituting the value of JBft from equ. (290), 

Ayt=—'(otb.cosß.-^ (402. 

If the arch has a crown-hinge, we may first neglect the inter- 
ruption of continuity at the crown and, taking k — v = at this 
point, proceed as above to obtain a curve of deflections as the 
funicular polygon of the forces fe — v. To the deflections thus 
determined we must add the effect of the rotation at the crown. 
This produces a crown sag, — 5; and, by equ. (143), neglecting 
the term referring to the axial thrusts and with the altered 
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notation iJL^=l,vy ^=^N, ^ = a, m* = -^ . N, we obtain 

* */• 

EI.S^G.^(l'-j-)^^.N (403. 

Using the . same scale as for the ordinates of the deflection 

PI EI 2/ . 

curve, namely -= h — =« — t — . — ^ times the scale of lengths, 

the deflection ordinates due to the crown -hinge rotation 
are given by the moment ordinates for a crown-load of 

(f \ V V 

1 J- I . ^^ which, since -Ar = p.Ax.2non and /© = -^ 

'— ^ > is represented by a distance 2(^nno— Vo^sJ 



noi 



'— — 2r Vb (Fig. 73&). The deflection lines di Cj ei are therefore 
fixed by drawing d^c^ \ Or^ and the resulting (full-drawn) inter- 
cepts of Fig. 73 h give, by the above scale, the deflections of the 
cantilever end D for a moving concentration. (Compare equ. 
(143) et seq.) 

The effect of temperature, as before, is given by 

A2/t = — ü)^6.CöÄ^.-|y (402\ 
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6. THE CONTINUOUS ARCH. 

§26« Continuous Arch with Hinged Connections Be- 
tween Suceessire Bibs. Determination of the Horizontal 
Thrust. 

By continuous arches we understand a form of construction 
in which several arch-ribs have common intermediate piers on 
which their ends are free to slide together, but with the outer- 
Fig. 78. 




most ends definitely connected to the abutments. Let us first 
consider the case of such a bridge composed of n successive arch- 
ribs with hinged ends. Again allowing the approximation of 
writing P^ == H and of substituting a mean cross-section 
-4.1, Ag, , for each rib, also writing for the mth span 

bm . C08 ßm -, C ^ ds ^ if d S 

Am „J i- ml 



J^(^d.-d.) = - 



andy 



finally, assuming that the displacements on the piers may 
occur without friction and that the changes of temperature 
from the unstressed condition amount to t^, tz, t^ . . for the 
respective arches, we obtain for any loading on the mth span 
the following expression for the increase in length of that span : 



AZ = S-ff .ds-FS^-S. 



&m COS ßm 
E Am 



-}-(otmbmCOS ßra» 



Adding together all such expressions for the individual spans, 
we obtain: 
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m 

— H 



SAZ = = S-|f ds 



jjW hi COS ßi ^^ htCOSßi . _i hu C 08 ßn 1 

L EAr "• EAT' -h • . . . i ^An J 

Hence, 

Z r~ 'd8-\'E<a (tilfiCOSßi-\' t2h2C08 ß2-\' . . . + f n 5iiCO«i3n) 

H=^ i .. (404. 

y y'd 8 ly y*d8 ^ ^y y*da , hicosßi . bacoaff» 
1 / 2 / '" n / "^ At A2 

j^ j^ bn CQg /3n 

An 

Comparing this with the case of the simple two-hinged arch 
we find the following : The horizontal thrust due to any load is 
essentially less in the continuous arch; this reduction of thrust 
increases with the number of arches linked together. If all 
the arches have the same dimensions, then for n arches for 
which only one is loaded, 

H = — H' (404». 

where H^ denotes the thrust in the single loaded arch if its ends 
were immovable. 

For constructing the ff- influence line, the procedure given 
in § 17 may be directly applied. In obtaining the maximum 
stresses, the method of influence lines recommends itself ; and it 
is thus made apparent that the maximum positive moment at 
any section will occur when the corresponding span alone is 
partially or entirely loaded, whereas, for the greatest negative 
moment, all the remaining spans must be completely loaded. 

If the frictional resistance at the piers is considered, the 
calculation of the horizontal thrust is changed as follows: Let 
ffj be the horizontal thrust transmitted to the left abut- 
ment; also let it be assumed that the vertical pressures on the 
intermediate piers due to the dead weight of the arch-ribs are 
practically uniform and equal to A, and that the coeflBcient of 
friction = /. Let the loading in the mth span produce on the 
(m — l)th and mth piers the vertical reactions V^ and Tj 
respectively. Then the horizontal forces acting in the first to 
the tith spans are: 

H,,H;+fÄ,n,+2fA..., H,+ (m-2)fA, H,^'Jm-l)fA+fV,, 

B,+Xm^2)fA+fXV,^V,),H,+ (m-3)fA+f(V,^V,)..,, 

H,+ (2m-n-l)fA+f(y-V,), 

Hence, retaining the same simplifications as above and omit- 
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ting the effect of temperature as given by equ. (404), we obtain, 
from the equation of work, the following expression for H^ : 



ffi= 



„ y'd» I - y*<fa _i_ — y*d8 _|_ 61 cog A _. 6, cos j8j 



.. (405. 



n 



Ar 



Aa 



+ ... 



Au 



Here, 



y^ds 



L2 -« 3 -' m ^ 

-+(m-2) S-^ + ...(2m-n-l)S-^ + -^^^ 

— J.1 i n * -^a 



m+1 



^-2 ^•T^' -+(w-l) ^T^° +(m-2) 

As Am 



»m+i 



cosß 



m+i 



A 



m+i 



-f-... (2m — n — 1) 

&m COS jSm 



&n COS ßt 



] 



An 

I 6m OQg ffm 
"*" Am 

^ j/^da I ^ y*ds I &m+i cos /3 



m 



>n A 



m^l * n ' 



m.|.l 



m+1 



A 



m+1 



+ ... 



hn COS ßt 
An 



(406 



If, as before, we assume all the arches to have the same cross- 
section, then 

C,= l [2m(2n-m+l)-n^-3n] (3:^ + -^) ' 

h cos ß 



and we obtain 



h cos ß 



) 



(406». 



H^^ — H^ ^^ (2n— m +1) — n'— 3n . ^ ?^ / V 



fi- — r?i 
n 



/(T^x-T^2) 



(405». 



It should be observed, however, that the horizontal thrust 
due to loading can never be negative in any span, i. e., the 
horizontal thrust, already existing on account of dead load 
cannot become diminished. If the contrary is indicated by the 
above formula, then we must consider as included in the system 
only those arches on each side of the loaded span for which the 
formula gives a positive value of the horizontal thrust ; H^ must 
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be positive in the outermost spans. The horizontal force in the 
loaded span is 

Fig. 79. 



A special form of the continuous arch, designated by Haber- 
kalt* as the ** Balanced Arch,'* is shown in Fig. 79. The end 
spans consist of half-arches whose free ends are connected to- 
gether through a straight tension rod A E. This tie-rod has no 
connection with the intermediate arches. Only one of the sup- 
ports is fiied, the others are free to slide horizontally; in the 
terminal supports, A and E, this freedom of movement may be 
attained through the use of rocker-piers. To calculate the force 
H acting in the tie-rod, we may again employ equ. (404), if 
we denote by y the arch-ordinates measured from the respective 

chords and add to the denominator a term — representing the 

effect of the tensile strain in the tie-rod. (L = length and A = 
cross-section of the tie-rod AE.) If the ends A and E rest on 
rocker-piers of section A, and height h^ end if l^ and h are the 
horizontal and vertical distances between the end-points of each 
terminal arch, there enters into the denominator of equ. (404) 

O I, 1,3 

an additional term : — jA-^ — . For a load located in either 

end span at a distance ^ from A or E, the numerator of the 
expression for H must be increased by the small term 



Ath^ 



The effect of a temperature change of t^ is represented by 
adding to the numerator of equ. (404) the term 



-E<.t(L+-^) 



This system of arches has found application, in the form 
shown in Fig. 80, in a foot-bridge over the Seine built at Paris 
in 1900. In this case, however, the supports on the two inter- 
mediate piers are made fixed ; so that the middle arch, acting as 

* Österr. Wochenschr. f. d. offentl. Baudienst, 1901. 
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an ordinary two-hinged arch, is excluded from the continuous 
structure. The tension in the tie-rod is determined by 



H= 



2 



y^ ^ ^ j_ ^ C08 ß ^^ ^ ~jL ^^ ^' 



:^fds + ^^^^ + 



2A 



/ix/i' 



Fig. 80" 




D 



¥^ 



Upr 



In the above expression, the summations cover a single side-span 
and the quantities A, A^, hi, etc., have the denotation previously 
aligned. 

In Pig. 80 the shaded ordinates give the influence of a con- 
centration G upon the moment at the arch-point M measured to 

a scale whose unit is — . 

y 
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§27. The Continuous Arch with Hlngeless Connec- 
tions between the Kibs. 

If the successive arches are rigidly connected together at 
the intermediate piers, so that any change in the angle between 
the arch-axes at the points of support is prevented, although a 
horizontal displacement at these points is permitted, the struc- 
ture thus formed of n successive spans without any hinges is of 
Infold static indeterminateness. It is here assumed that the 
connection to the abutments possesses freedom of rotation. 

1. A statically determinate structure is obtained if a hinge 
is inserted in each span. However, in general, such a system 
will be practicable only with an odd number of spans; for, if 
the number of spans is even, the system lacks stability. The 

Fig. 81. 




system ceases to be a rigid one, but enters into unstable equilib- 
rium, when it is possible to connect the end-hinges by a chain 
of straight lines passing through all the intermediate hinges 
(the chain of lines AB'C^D'E^F' in Fig. 81). If the last 
point (F^) does not coincide with the end-support (F), the 
stability of the system is assured ; but the capability of deforma- 
tion is even then considerable, if F' approaches close to the 
point F. 

If only one span, as S C in Fig. 81, is loaded, the reactions 
in the unloaded spans are given by the chains of lines from the 
abutments, A B' and F E^ D^ C\ while the loaded span acts as 
a three-hinged arch supported at B' and C\ In the second, 
fourth, and all the even spans, these imaginary points of support 
lie above the crown-hinge; in the odd-numbered spans these 
points fall below the crown-hinge; and, in such case, they will 
coincide, with the actual pier-supports B, C, 2> . . , if all the 
crown-hinges are located at the same height above the closing 
chords AB C D. ., i. e., if all the arches have the same rise. 
Loading in the odd spans will thus produce compression at the 
end abutments, and loading in the even spans will produce 
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tension. The individual spans act alternately as erect or in- 
verted arches of equal virtual rise /o throughout. All parts of 
the structure are thus subjected to reversals of stress. 

For a moving concentration, the reactions vary as a linear 
function of the position of the load ; and, for a structure of three 
spans of equal rise, the influence lines for the horizontal thrust 



Fig. 82, 
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at the end-supports and for the vertical reactions at A and B 
are shown in Fig. 82, a, 6, c. 

The moment, referred to the point {x, y) in the first span 
or to the point {x\ i/') in the second span, is given by 
i¥= M — - Hy or ilf = M -{- Hy\ respectively, where M denotes 
the moment of the vertical forces for a single arch. Hence the 
influence quantity for M is obtained in Fig. 82, d and e, as the 
difference between the ordinates of the H-curve and those of 

13 



194 



Arches and Suspension Bridges. 



the — or — r lines. These intercepts must be multiplied by the 

factors 2/ or 2/' ; and these ordinates y must be measured, in the 
odd spans, above the true points of support AB, and, in the 
even spans, from the virtual points of support S' C\ There thus 
remains no difficulty in establishing the analytical expressions 
for the resultant forces and moments. 

If the friction at the movable intermediate supports is con- 
sidered, then the reaction at those points must no longer be taken 
as vertical but as inclined at the angle of friction. The reactions 
of the loaded span tend to be displaced outward, but the direc- 
tion of displacement changes alternately for the other spans. 
Since the reactions in these spans also alternate regularly be- 
tween tension and compression, it appears that the directions 
of the reactions at all the piers on each side of the loaded span 
must be inclined toward that span (Fig. 83). The intermediate 

Fig. 83. 




supports of the successive spans are replaced by the imaginary 
points Si Ci. ., B' C. . ; and the changes in the reactions from 
those of the frirtionless condition are easily obtainable. 

2. If no crown-hinges are provided, the structure with n 
distinct spans is ti-fold statically indeterminate; and, to deter- 
mine the reactions, n equations of elasticity must be established.* 

To establish these equations of condition, it is simplest to 
make use of the principle of least work. For flat arches, with the 
depth of section small in comparison with the radius of curva- 
ture, the work of deformation may be written ' 



W 



-; 



M' 



2EI 



dx-{- 



2EA 



0) 



nCt dx,.... (407.^ 



* The theory of this type of structure, which may be considered as 
a more general case of the continuous beam, was first presented by H. 
Müller-Breslau (Wochenbl. f. Arch. u. Ing., 1884). In the following 
treatment, this work has been utilized. 
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if we adopt the approximations of taking the axial-force = H 
and assuming a mean cross-section A, and denote by I the 

moment of inertia multiplied by cos <f> = —z — • The integration 

0/ s 

is to cover the entire length of the structure and I denotes this 
total length of span between end abutments. 

If y 1 ^2 • • denote the vertical reactions at the 1st, 2nd, . . , 
intermediate piers, and if i/i 1/2 . . are the moments at any point 
of a straight beam of span I loaded with a unit force success- 
ively at the different points corresponding to the intermediate 
supports ; if, furthermore, M is the bending moment producible 
in this beam by the external loads acting on the continuous arch 
and if y is the arch-ordinate measured from the line joining the 
end-points A B ; then we have 

ilf =M ^Hy-^V.y,- V,y, - V^y, - . . . . , . (408 

If, as a general case, we assume that, under the loading, the 
end-points are displaced outward by an amount A I and the 
intermediate supports are depressed by the small amounts 81 82 . . , 
then CasUgliano's Theorem, concerning the derivatives of the 
work of deformation, yields the following relations : 

But, by equ. (408), 

9 M 9 M 9 M 



9H ^' ^ Fl ~" ^^^ 9 V^ ~~ 2/1 



• • • • 



Hence, if 1^ denotes an arbitrary moment of inertia, equ. (407) 
yields the following equations of condition : 



X 



EIoM-o>EIotl=CM^ydx-Hl^ 
EhK=^M^y,d 
EI^h^=^M^y2dx. 



If we substitute here the value of M from equ. (408) and intro- 
duce the abbreviations 



Co=^y'^dx+l^ 

Cm=\yym-fdx 



MM Cmr = j 2/in 2/r y- d a? 



(409. 
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we finally obtain the equations: 

EhSt^j M -J- yidx-Hci-VtCu-VtOzi- VtCtx- . . 
^/,5a= JM-^ yadx-H C2-ViCi2-V2Ci2-ysCt2-' ' . 



. . . (410. 



If the load consists of a single concentration G in the mth 
span, the definite integrals j M-j ydx, I M-y-t/icZx...., 




may be represented by the ordinales of respective funicular 
polygons. They are in fact equal (cf. § 17) to G times the 
moments, about the load point, in a simple beam of span I loaded 

,^^ A. ..(Pig. 84). 



successively with the quantities y -j-, y^ -j- 



Let us denote these moments, which may readily be determined 
by construction, by m, m^, mg . . . 



.J 
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The quantities CiCa-.Cm and the general term Cmr are also 
given by these funicular polygons, as follows : Since yr= —- x 

(from a;==0 to x=lr) and 2/r=-r {l — x) (from x=lv to x^l), 
we have 

It 

i. e. = the moment about the rth point of support of the area of 

the graph of i/m — y— ; or, since by equ. (409) Cmr = Crm, it is 

also equal to the moment about the mth point of support of the 

area of the graph of t/r —j— . The equations (410) thus take 
the form 



■a)^Zo^Z+^ZoAi=öm— fl'co— FiCi— F2C2— ^3^3— 

i;7o82=Öm2-HC2-yiCi2- ^2^22-^3^82 — 



. . (411. 



There remains to be determined the definite integral c© =» 

I (^ t) 2/ ^ ^ "f" ^ ~V~ • ^^^s quantity is nothing else than 

the moment, about the chord A B, of the load-quantities y -j-dx 

applied horizontally at the respective points of the arch. Hence 
this quantity may, in a familiar manner, also be obtained by 
graphic construction; and the solution of equations (411) will 
yield the values of the reactions H, V^, Fg . . . If the effects of 
temperature and of yielding of the piers are, for the sake of 
simplicity in computation, omitted for separate consideration, 
then the left-hand members of the above equations must be 
replaced by 0, and the solution gives : 



n=0 (am+)8mi + y^2+ • • • ) 
Fi=ö(aim"+)8imi + yim2+..) 
^2=0 (ajm^jSa mi + 72^12+ . .) 



• • • • • • 



(412. 



where aßy . .. ., aj )8i yi , . . , tta- )82 72 • • • represent coefficients 
which are independent of the position of the load ; so that it 
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is necessary to solve the equations but once in order to obtain 
the influence of any position of the load. 

Equations (411), with the omission of the first, also serve to 
determine the reactions for a continuous beam on putting H = 0, 

For a more exact analysis, the friction at the supports should 
also be considered. 
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§ 28. More Exact Theory of the Arch^ Including the 
Effect of the Deformations Under Loading. 

As previously stated, in § 10, the foregoing theory of the 
arch-rib is founded on the approximation of assuming that the 
elastic curve under loading is identical with the initial form of 
the arch-axis ; hence, in determining the moments, the deforma- 
tion of the arch caused by the loading has not been considered. 
This is the same approximation as was made in the treatment 
of stiffened suspension bridges in §§ 4 to 8; and, for a more 
accurate analysis, we must follow the same general procedure 
developed in outline in § 9. However, since the error- of the 
approximate theory diminishes as the deformations of the struc- 
ture become less, it may be generally stated that in arches, which 
as a rule are more rigidly constructed than suspension bridges 
(especially the earlier examples), it will less often be necessary 
to apply the rigorous theory. We will therefore take up the 
exact analysis only so far as may be necessary in order to obtain 
an estimate of the admissibility of the approximate treatment 
and of the magnitude of its error. 

Let us consider a two-hinged arch of uniform cross-section, 
and let {x, y) denote the coordinates of any point of the arch- 
axis, measured from the left point of support, in the unstressed 
condition of the arch-axis ; and let the vertical deflection of the 
point, under loading» be vj. We will neglect the horizontal» deflec- 
tions of the points of the arch and, furthermore, assume that the 
end-reactions are not affected by the deformations. With the 
usual notation, the moment at the given point of the arch may 
be written : 

M^M — Eiy — ri); 

and, for a flat arch of approximately constant curvature, the 
change of curvature due to deflection will be, by equ. (183), 

V EA ) dos" • EI ' 

or, substituting the above expression for M, 

Substituting the abbreviations 

c^- ?7 (413, 
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the differential equation of the defleetion-ordinates of the arch 
becomes 



dx 



For the cases of loading considered in practice and with a 
segmental or parabolic arch-axis, F{x) is an algebraic function 
of no higher than the second degree, so that its second differen- 
tial coefficient will be constant and its higher derivatives will 
vanish. Then the integral of the above differential equation 

is 1 

7]=Asincx+BcoscX'-F{x) +'^F^^{x) ..(414. 

with which the expression for the moment becomes 

M=H(^Asincx+Bcoscx + ^F'' (x)) .. (415. 

The constants A and B are determined by the condition that 
at ic = and x^=l, 17 = ; and, at any interruption of contin- 

uity, equal values must obtain for 17 and -j-^ • 

To determine the horizontal thrust H, the following method 
may be used. Let us consider an arch loaded with a unit con- 
tinuous load, and assume the resulting pressure-line to coincide 
with the axis of the arch ; then, if we thus disregard the bending- 

• j> 

moments, the axial thrust in the arch = 1 . r, where r = -gj 

is the radius of curvature of the arch at the crown. The actual 
distributed load q, in the place of the unit loading, produces the 
deflections rj and, with the length of the axis = 6, a shortening 

of the arch-axis by the amount -^^-r- .6. If we apply the prin- 

ciple of virtual work to the assumed load 1, on the basis of the 
deflections 17, the equating of the external and the internal work 



gives l.fridx = l.r. 



Hh 



EA 



Substituting in this equation the above expression for rj 
(equ. 414) and observing that, for a parabolic arch uniformly 
loaded, 

we obtain, with the aid of equ. (415), 
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H = Ü (416. 

I 

f (A sin cx-hBcoscx) dx-{- -^-j- + -3 fl eT^^ 



To apply this formula, an approximate value for H must first 
be calculated by the formulae previously established. [Com- 
pare this expression with that of equ. (152) for the case of the 
suspension bridge.] 

For a uniformly distributed full-span load, the constants 
A and B are found, by the condition that 1; = for x = and 
a? = Z, to have the values 

B = JL /_! _ IL V 

Hence, by equ. (415), 
and, by equ. (416), 

For very small values of c, hence for very rigid arches, we 
thus find, in agreement with the approximate theory, 

and approximately (assuming 7 = oo ), 



8 f 

At the limiting value ol -w- cl =-k-, we find M=<», i. e. 

the arch must fail under the h ending-stress. This yields the 
relation 



EI-^H 



^(l + -f^) = -?- (*19-' 

The limiting value thus fixed for the horizontal thrust at 
which the arch will fail by bending is nearly identical with the 
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buckling load given by Euler's formula for straight columns 
whose unsupported length is L 

If the loading consists of a single concentration G, applied 
at distances $ and ^' from the respective ends of the span, the 
moment at any point to the left or right of the load may be 
written 

i¥=fl {A sin cx-\-Bcoscx) -\ — y — f- 

or 

M^=^n{A^sincx-\-B^coscx)-i a" ~7ä * 

The constants are determined by the conditions that, for x = 
and x=^ I, ly = 0, and, at the point of application of the load, 

n and -T-^ must have the same values for the left and right 

segments of the rib. Substituting i^ = 1 — ^ and ic'= I — x 
we obtain 

■m, 1 sinc^'sincx yy H / sin ex -{-sine x' ^\ (AOf) 

sind t^r \ Hncl /'* ^ 

which expression applies for all points from a; = to a? == ^. 
For the right segment of the arch, i. e., from a; = ^ to a; = ^, we 
must interchange ^' with ^ and x^ with x in the above expres- 
sion. 

For the horizontal thrust, equ. (416) yields the expression 
E=^ (421. 

2 1 O sincj-^- sincj' — sin c I 

"3"'^"*""?""^ sind 

1 Sf /2 cl ,\ H . 

With c = 0, i. e., for the infinitely rigid arch, the above 
expression gives fl" = 0. But if we assume c only so small that 
the arc-functions sin and tan may be replaced by the corre- 
sponding arcs, we obtain 



2 ^7 H T, 



EA 

and, if we neglect the relatively very small second term in the 
denominator, this formula becomes identical with that of 

3 f f 

f Engesser and Müller-Breslau : H=-^ G -rr- (see p. 128). 

For this case, namely with c = 0, the terms of equ. (420) 
take the indeterminate form of -q-, whose evaluation by the usual 
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methods gives the following expression in agreement with the 
approximate theory: 

If the arch is uniformly loaded over the entire span with g 
per unit length, and, in addition, with a load p extending for 
a distance A from the left end, the following expressions for the 
moments at the arch-points are derived from equ. (415) : From 
a; = to ic = A, 

^""■?i"[(i-""¥)(^**^ ca;+5in cx'-^sincl) 
+ -~ (sin c x^ -{-sin ex cos cX. — sind) \ 
Prom x = \to x = l, - . . (422. 

^^^^ir[(l -■¥) (sin CX + sin ex' --Sinei) 

+ -|r (l—eoseX) sinex'l 



IJere, a;' = Z — x and A' = Z — A. 

For the horizontal thrusts in this case, equ. (416) yields 
the expression : 



H— 



-^[flrZ« + pAM3Z-2A)] + 



gl-\-p\ 



1 8/ 



K+^^+-^fl- 



H 



EA 



rb 



(423. 



where 



^^ <^8incl r^("g zO (l~^<^^^0+-§- (1+CÖSCA'-CÖ5CZ-CÖSCA)1 

For comparison of these formulae with those of the approxi- 
mate theory, the following example is worked out: 

'For a parabolic arch of constant section, let I = 120 m., / = 12.13 m., 
ji = 0.06696 m*., / = 0.5549 m*. Let the loading consist of a dead load 
of g = 2 t. per meter covering the entire span and a live load of p = 2 t. 

per meter covering the left half of the span. Hence X = \' = -g-. 

By the approximate theory, equs. (277) and (278), we obtain 

1 / . P\ ^* 



where 



f=:f (l + -^g- J^^ = 12.13 X 1.180 = 13.44 m. 



[\ 



204 Arches and Suspension Bridges. 

Hence 



1 120" 

H = Y ^^^ T3~4r ='*01-79 t. 

The moments are given by M = 'NL — Hy as follows : 

For x=-^l -2 I ~il 

if = 844.72 526.29 —55.28 tonne-meters. 

For the exact design, we first assume the above value for H and thus 
obtain 

^ 401.79 

^*— 11,098,000-8.287x401.8 —0.0000362117 

Hence c = 0.0060176 

and cl = 0.722112 = 41« 22' 16".3. 

I 
With X= -2» equ. (423) yields 

432,000+9,941,538 

^ ~ 2 521.34+227332.01+970.40—5.34 ='*01.79 t. 

which is precisely identical with the result of the approximate theory. 

I 
Furthermore, with X = -g- equ. (422) yields, 

for ic =-^ I, 

^ = c^smczl (^""^ ~^/ V"" -^ol-h sin -^cl- sin cl) 

/ 3 11 \"| 

+ p {sin "^ cZ + sin -^ cl, cos -2 cl — sin clj I , 



1 
for X = "2" ^f 



M = 

c 



^^i^L V+ "2" ~ ^~I^) V «^^Tc^-«**«^7 \y 



for X '=-^ If 

^ = c'smcZl V~^ ~F) V"" T ^^ + «*'^ T Ol -sind) 
-{- p - sin -^ cl ll — C0S-2CIJ r 

Substituting the numerical values in these expressions, 

for x='^l -g-i '^l 

If = 872.41 556.38 —39.99 tonne-meters. 

The variation from the approximate theory thus amounts to 
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+ 27.69 + 30.09 + 15.29 t.-m. 
or 3.17% 5.41% 38.2%. 

The error involved in the approximate theory, with an arch 
of adequate stiffness, is thus found to be zero with respect to 
the horizontal thrust and but a few per cent in the ruling 
positive moments. At any rate, it should be noted that the 
accurate theory always yields increased values for the positive 
moments and that, in a very flexible arch, the error in this 
respect may be very considerable. However, in all cases of 
arches applied to bridge construction it will suffice to conduct 
the design by the approximate theory, especially as the exact 
theory becomes very complicated when the moment of inertia 
is variable. If it is desired to calculate the additionaLmoments 
due to the deformation, an approximate method may advan- 
tageously be applied if the arch is not too flexible. This con- 
sists in determining the deflections of the arch under the ^iven 
loading by the rules developed in § § 16, 19 and 25, and then 
referring the moments to the altered form of the axis. If A a; and 
Ay are the displacements of an arch-point due to the loading, 
H the horizontal thrust and V the sum of all the vertical forces 
on one side of any given section, then the correction to be 
added to the bending moment on account of the deformation 
of the axis is given by 

AM=F.Aaj— H.At/ (424. 



■» - T-; 



.»/ 



i. 
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§ 29. Proportioning of Section in Plate Arcli Bibs. 

It is difficult to directly determine the exact sectional areas 
in plate arch ribs, even if the dead load is known or assumed, 
since the maximum moments cannot be determined without 
the core-lines and the position of the latter is in turn dependent 
upon the sectional dimensions and areas. The best we can 
do is to adopt an approximate method which consists in first 
estimating the position of the core-points, taking them at about 
the outer leg of the flange angles. 



Fig. 85. 




Let the fundamental cross-section consist of a web plate and 
four equal flange angles (Fig. 85) ; let h be the depth of this 
section, a« its area, and 7o its moment of inertia about its 
gravity axis. Also, let a^ and «2 ^^ the required areas of the 
flange plates, and I the moment of inertia of the combined 
cross-section A = ao +^ + ^2 whose center of gravity is at 
the distances di and do from the centers of the flanges. Then 
we have, very nearly, 



a^di— «2^2^ öo(^2~ -2") =ö ^^d di-{-d2=h. 



Hence 



or, if we write the ratio 



Ol — Oa \ h 



)'t /] /i _|_ Qi — «2 \ h 

2, «2— ^IH I~^T' 



Ol — a, 



= <^ 



(425. 
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then, di = (1 - <^) I, cZ^- (1 + <^) Y (426. 

Using these relations, the following approximate expressions 
for the moment of inertia may be written : 

I=aid{'+a2d2^+Io+ao(j—^i) =A{l—(l>^)\+Io—ao(^) . 

If M^ and M2 are the maximum moments about the two 
core-points of the cross-section, (which we have assumed to 
lie at the -flange surfaces of the flange angles), and d\ and d\ 
are the distances of the center of gravity of the section from 
the upper and lower extreme fiber-planes, then the maximum 
fiber stresses which should equal the permissible intensities of 
compressive stress are 

^ M2d\ Mtd\ 

^~ I ~~ I ' 

Consequently, -~ = -, .- > 

or, with sufiicient approximation, 

d^ ~ 1 + ~~M.' 
from which we obtain 

<^=f3-: (*27. 

But, since 7 o- == ilf 2 d\ or, approximately, 

[Aa-'l>')^ + Io-ao-^]<r=M,a-<l>)-l-' 

we have 

^ — rmrir + -7i^^^^.V (428. 

or, substituting the value of </> from equ. (427), 

The areas of the flange plates may then be calculated by the 
formulae : 



1 + . 1 M2 A l.n 

»1 — — 2— ^ - 2 ^0— m7+m7 ^ ~ 2 ^0 

1 — J 1 __ Ml A L 



. . . (430. 



This approximate design of the flange sections thus requires 
that the maximum moments Mj_ and M^ about the outer edges 
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of the flange angles should be determined. In calculating these 
moments, however, it will usually suflSce to find the critical 
loading with reference to the center of gravity of the section 
instead of for the separate core-points. The error introduced 
by this inaccurate determination of the loading will never be 
material, since the influence of the loads in the vicinity of 
the critical points is always comparatively insigniflcant.* At 
the same time the design is thus greatly simplifled since the 
number of different cases of loading is reduced by one-half. 

With the aid of the cross-sections determined by this flrst 
approximation, a more accurate design may then be made in 
which the true core-lines are located, the maximum moments 
referred to these, and the effect of temperature taken into con- 
sideration. For calculating a^ and «2, the above formulae may 
again be used. 

* In Weyrauch' s design of the Neckar Bridge at Cannstaat, it is shown 
that the error in the maximum stresses due to the simplified assumption 
of the loading does not exceed 1.7%. (See WeyrawcÄ: "Die Elastischen 
Bogenträger," 2nd edition, p, 41. Munich, 1897.) 
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D. Arch and Suspension Systems with 

Open Web. 

(Framed Arches.) 

§ 30. Determination of the Stresses in the Members^ 
«fhen the External Forces Are Known. 

1. General. According to the explanation given at the 
beginning of this book, the class of bridges under immediate 
discussion includes all those framed structures which, on ac- 
count of the occurrence of oblique reactions, may be designated 
as Arches or Suspension Bridges. In construction, these bridges 
consist of two chords, at least one of which is curved or poly- 
gonal in outline aiid is connected to the other by a framework 
or system of web members. In the design, the same funda- 
mental assumptions are made as in the general theory of Trusses, 
namely that the individual members of the framework are 
connected at the panel-points with frictionless hinges, so that 
only axial stresses can appear in the members. The secondary 
stresses resulting from rigid joints are to be separately con- 
sidered but, with proper construction, these stresses will as 
a rule be slighter in arches than in ordinary trusses on account 
of the smaller deformations; hence it will generally be un- 
necessary to investigate these stresses in designing an arch. It 
is further assumed that the deformations are so slight that the 
initial form of the structure may be made the basis for the 
computation of the stresses. (Cf. § 28.) 

If the external forces, i. e., the applied loads and the result- 
ing reactions, are known, then the calculation of the stresses 
in the individual members may be executed according to the 
generally applied rules. If the truss-work itself contains no 
superfluous members, then the stresses can be simply derived 
from the equations for static equilibrium; and this may be 
accomplished : 

1. By applying the conditions of equilibrium to the forces 
acting at each panel -point, which may be done graphically by 
the method of Cremona's force-polygon; or 

2. By the so-called Method of Sections. 

The latter method is applicable whenever it is possible to 
pass a section through the structure so as to cut not more 
than three non-concurrent members. The stresses in any one 
of these members may be determined either analytically, by 

14 
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equating the moment of the external forces with that of the 
unknown internal stress, taking the point of intersection of 
the other two members as the center of moments ; or graphically, 
by resolving the resultant of the external forces along the direc- 
tions of the three members in the section. (Fig. 86.) 

If the web-bracing contains redundant members, then an 
exact design requires the application of a procedure based upon 
a consideration of the elastic deformations of the individual 
members. There are thus to be obtained as many equations of 
condition as there are redundant members. 

In many cases, however, the procedure may be simplified 
and the number of statically indeterminate quantities reduced 



Fig. 86. 



Fig. 87. 





<^ Force Püliffo/v 



by adopting a certain approximation which will here be con- 
sidered in connection with several systems of web-bracing. 

a.) The framework consists of three sets of web members, 
all of rigid construction (Fig. 87). Let the panel-length be 
relatively small so that the break in direction of consecutive 
chord members may be inappreciable. Each panel contains a 
redundant member, viz., one of the two diagonals. If, as is 
suflSciently accurate, we assume the external reactions to remain 
unaffected, then the stress in the diagonal will affect no members 
of the contiguous panel except the radial posts common to both. 
Introducing the notation indicated in Fig. 87 for the lengths 
and sections of the members composing any panel, then the 
stress 8q of the diagonal dg is determined by the following 
expression of the Theorem of Least Work: 



Sr/Sf 



d8 
d8. 



= Sr/Sti = 



(431. 



in which the coefficient of elasticity is assumed uniform through- 
out, r represents the ratio of the length to the cross-section 
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of each member, and ii denotes the stress produced in each 
member by two opposing unit forces acting in the direction of 
the member ^2- If Z represents the stresses which would be 
produced in the members by the given loading upon the omission 
of the redundant diagonal, then the actual stress will be 



8^Z + S^.u 



(432. 



and only the posts Ci and Cg require additional terms, 8^ u^ 
and /S" w" respectively, to represent the influence of the adjacent 
diagonals. Accordingly there results from equ. (431), 



S r Z t* + Äe 2 rw2 + rg 8' u^ u' + r^ Ä" u^ u'' = 



(433. 



With approximately parallel directions of Ci and Ca, the stresses 
u are easily expressible with the aid of the force polygon, Fig. 
87, by the following values: (from similar triangles). 



_ a _^ h^ 



C2 



'-^>u,^^ 



di 



Furthermore, 






»" 






or, with close approximation, 



u'= — 



Ci 



da ' 



u''=- 



d 



Introducing in the above equation the further approximation 
S' = Ä" = /Sg, and solving for Äg, there will result the expression 



Ä«= 






'6 



a' i_ &' _L / _L \ /■ 1 _L 1 ^_L di* I da* 



(434. 



No appreciable error will be introduced by using a mean depth 
of panel c, putting 



C^ Co C 



Ol C2 (Ci + C2) = 2 c\ 



and, in addition, assuming an average cross-section A^ for the 
posts Ci and c^ there will result 



/8f«= 



Ai "^ Aa "^ A» ■^" Ab "^ A« 



..(434*. 



For a final simplification, introduce the closely approximate 
values 



in the above equation, thus obtaining: 
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Ai "^ Aa "^ As "^ Ab ' A« 

By equ.(432), the value of 8^ fixes the stresses in all the other 
members in the panel. Accordingly, the stress in the diagonal 
di will be 

or, on substitution. 



s.= 



At ^ Aa ~ A, ~ A» ~ A. 



The ratio between the stresses of the two intersecting diagonals 
will be 



S. (^.T,+^.T>-+^.(T + T.+2l + f )f .. 



dt 



..(435. 



8, 


2 c« rf," 

•4.J A» 


d. 


8, 


As Ab 


^2 



An approximate value, sufficiently accurate in many cases, 
may be obtained by neglecting the terms containing A^ or Ä2 
as a denominator. There will then result the simple relation 



(436. 



If the radial posts c are of relatively heavy section when 
compared with the diagonals, then a final simplification will 
give, 

A.= — J^Z^ (437. 

The expressions (436) and (437) are dependent only upon the 
lengths and cross-sections of the web members ; consequently, 
if the latter quantities or their ratios be assumed at the outset, 
the resultant of the two stresses S^ and 8q may easily be obtained 
(Fig. 88). For this purpose, lay off upon the two diagonals 
from their point of intersection the distances K-l and K'2 
proportional respectively to the numerator and denominator of 
the above expressions. The diagonal of the resulting parallelo- 
gram gives the direction of the resultant of 8^ and 8^ and 
its intersections and u with the two chords will be the moment- 
centers for the determination of the chord stresses. If Mo 
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and jtfn are the momenta of the external forces about these 
two points, po and p« the perpendiculars from- o and m upon 
the lower and upper chords respectively, then the chord streases 
will be 

5. — + — , 8^ ^.....' (438. 

b.) The framework consists of doubly intersecting diagonals, 
wilkout radial posts. (Fig. 89.) This system of bracing, in 
the consideration of its internal stresses, is also statically in- 
determinate. An approximate determination, sufficient in all 
cases,, may be made by putting A^ — ^ in the equations derived 
above. There is thus obtained, from equation (435), the following 
ratio of stresses in two intersecting diagonals: 

Fig. 88. Fig. 89, 




Laying oif the distances d, and d^ from the point of intfirsection 
K, the diagonal of the resulting parallelogram will cut the 
chords in the points o and «, about which the moments of the 
chord stresses are to be taken. The stress in the diagonal will 
be, by the above equation, 

Ä,= ^Z„ (440. 

from which may be derived the well-known rule, that the analysis 
of such a multiple web system may be effected by resolving 
it into its simple component systems. 

c) The framework is constructed as in (a.) but without 
rigid diagonals. The approximate formulae (436) and (437) 
show that under any given loading the stresses in the two 
diagonals of any panel will be of opposite character. The 
exact formula (435), however, may yield a like sign for the 
two stresses; but, in such case, at least one of these stresses 
will be very small. It may therefore be assumed that one of 
the two diagonals in each panel must always remain without 
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stress. There remains to be determined, under any given load- 
ing, merely which of the two diagonals receives a positive Z, 
or a tensile stress; this member is then to be considered as 
acting alone in its panel, so that the web system is reduced to 
a statically determinate one. 

2. Severest Loading and Determination of Maximum 
Stresses. If we can find the reactions for any arbitrary position 
of a concentrated load, then no difficulty will be involved in 
determining the manner of loading for maximum stress in 
each member. This may generally be accomplished by the 
aid of influence lines for the individual stresses, as explained 
on page 42 of this book. There may also be applied the re- 
action locus and tangent curves for 
Fig. 90. determining the critical point or load- 

division point for each stress. In 
arches with pin-ends, the tangent 
curves are replaced by the two end- 
points : and in three-hinged arches, the 
reaction locus consists of the two lines 
joining the end-points with the crown- 
hinge. Arches with double end-con- 
nections (Fig. 90) , corresponding to 
arched ribs with fixed ends, may be 
considered as exerting two reactions 
at each abutment, the resultant of which coincides with a tan- 
gent to the Tangent Curve. 

The position of continuous loading for producing maximum 
stress is determined by rules similar to those applying to arched 
ribs. It is merely necessary to find the center of moments 
for the member under investigation, and to pass through that 
point the tangents to the Tangent Curves. For a chord member, 
the center of moments will be the opposite panel-point or 
some point determined as in Fig. 88 or 89 ; for a web member, 
it will be the intersection of the two chords of the corresponding 
panel. The intersections of the above tangents with the Reaction 
Locus constitute the division-points of the loading. 

The stresses produced by the loading thus determined may 
be evaluated by the method of sections or moments, either 
graphically or analytically, provided the corresponding reactions 
can be ascertained. Except for the signs of the stresses, there 
will be no difference in the procedure whether arches or sus- 
pension structures are considered. 

If the loading consists of a train of concentrations, the 
maximum stresses are best determined by the aid of infiuence 
lines. This procedure, in the case of hinged arches, is to be 
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especially recommended for its simplicity and will therefore be 
given a detailed eonsideration. 

3. Method of Influence Lines for Framed Arclies with 
Pin-Ends. 

a.) Determination of the Chord Stresses. According to equa- 
tion (438), the upper-chord stress r s (Fig. 91) is determined by 



where M^ Is the moment of the external forces about the point 
u (to be determined as above), h^ is the vertical depth of 
truss at the point u, and a is the inclination of the upper 
flange above the horizontal. The moment M^, however, may 
be expressed in the case of the two-hinged arch as the moment 
Mu of a freely supported beam diminished by the moment of 
the horizontal thrust, or 

il/„ = M„ — Hy., 

8<5 that tho chord-stress will bo 

S = — ^ — ,_ — ^_sc(;i = — (-- n\--'-.seca .. (441. 



If the influence line for the horizontal thrust H, or the 
"ff-curve," is constructed or computed according to methods 
to be later explained for a moving load = 1, there remains 

merely to draw an influence line for the expression — ^ ,i. e., 
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for the moments of a freely supported beam divided by the 
constant ordinate y^. This moment influence line, in the case 
of vertical loads, is known to be a triangle with a maximum 

Q/nX u 



ordinate at u = 



i.y« 



Xn 



Accordingly, if we make the distance AN = and draw 

the connecting line N B (Fig. 91), the latter will intercept on 



XnX n 



the vertical line through the point u a distance UU^ = . 

so that AU B will be the Moment-Triangle. Within the panel, 
however, all loads must first be transferred to the panel-points 
r and s, so that the influence line between R and S must be 
a straight line; consequently the entire moment- triangle will 
not be effective but the influence line will be represented by 
/ R S B, Subtracting from the ordinates of this line those of 
the JBT-curve, the differences, multiplied by the numerical factor 

"Y^* sec o-, will give the stresses in the chord member rs ac- 

/la 

cording to equation (441). 

For a system of concentrations, the severest position of load- 
ing and the corresponding stress may be determined by the 
general principles of influence lines. For a uniformly dis- 
tributed load of intensity p per unit length, the largest stresses 
in the chord rs will be, 

Amin = — Area ARS J .^ .sec a .p, 

fin 

Ämax = + Area J H B .^ .seca ,p, 

in which the areas are to be determined by measuring the 
abscissae to the scale of lengths and the ordinates to the scale 
of forces. 

If the panel-points of the lower chord lie sJong a parabola, then it 
should be noted, for simplifying the construction, that the locus of the 
points U corresponding to the panel-points of the lower chord will be a 

horizontal line and its constant ordinate will be U Z7' = -t— . 

b.) Determination of the Web Stresses, (Fig. 92.) It 
will be sufficient to analyze the stresses for a simple web system ; 
and then to make an approximate determination of the stresses 
in a multiple system either by separating it into simple systems 
or by eliminating the redundant members with the aid of 
equations (434) to (435). 

The stress in the member r v (Fig. 92) is obtained by taking 
the moment of the external forces about the point of inter- 
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section z of the chord members of the corresponding panel, 
so that 



Ä=+ 



(rv) 






where dz represents the perpendicular let fall upon the member 
from the point z. Again, we may write ilf z = Mz — H , y^, thus 
obtaining 



Mas is again the moment which would exist if the end-points were 



(rv) a» \ y* 



Fig. 92. 




horizontally movable, or the moment produced in a simply 
supported beam. For all positions of a unit load (G = l) to 

the left of the point r, Mz = y x\^ or equal to the moment 

of the right reaction about the point z; for the load positions 
to the right of the point s, the moment of the left reaction 

will give Mj5 = y . Xz ; this affords a simple construction for 



the influence line of 



M, 



For this purpose erect at 



a 



X s 



vertical line AP= -^, and at 5 a vertical line BQ = 
the connecting lines A Q and B P, intersecting in the vertical 
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line through z, determine the polygon AR S B which constitutes 

M 

the influence line for the function — -. Deducting the H-ordi- 

nates, the shaded area in Fig. 92 will be the influence area for 
the required web stress; the intercepts of this area, multiplied 

by the constant factor -|^ , represent the stress in the web 

member r v for the different positions of the load. In the case 
represented, there are two division-points for the loading (critical 
points) ; all loading within the limits J^ J^ produces a tensile 
stress, loading in the remaining portions of the span will produce 
compression in the member. In some cases there may be but 
one critical point, i. e., but one intersection of the moment 
polygon with the H-polygon; this will occur when the vertex 
Z lies outside of the H-polygon. 

In the case of a uniformly distributed load p per unit length, 
the largest stresses in the member r v will be 

8min = — (AreaARJi+AreaJzHB) -^ .p. 

For an approximate solution in the case of a double web 
system (Fig. 91), resolve it into its component systems, consider 
one-half of p acting on each, and apply the metlaod of influence 
lines as above. 
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, § 31. The Simple* Framed Arch with Hinged Ends. 

Under this head we consider all those framed structures of 
a single span, which have their ends A and B capable of rotating 
but not of sliding freely. If, in addition, such a framework 
is interrupted by a central hinge, there results the statically 
determinate 

a.) Three-Hinged Framed Arch. The equations of static 
equilibrium suffice to determine the reactions in this type of 
structure. The reaction locus in this case consists of the two 
lines passing through the end-points and the crown-hinge ; and 
the reactions are given by equations (200) and (201). The 
H-polygon for vertical loads reduces to a triangle whose altitude, 
if the crown hinge is at the middle of the span and if the 

corresponding rise is denoted by /, is JET = -^. 

To the foregoing discussions, nothing need be added con- 
cerning the determination of the stresses in the Three-Hinged 
Arch. These may be found, according to the previous general 
remarks, either analytically or graphically. The influence lines 
for chord and web members are constructed as in Fig. 91 and 
92, except that the ff-polygon is replaced by the triangle already 
mentioned. 

Fig. 93. 




The suspension system represented in Fig. 93 is to be con- 
sidered as an inverted three-hinged arch and is to be designed 
in exactly the same manner. In such a system, if the curve of 
the cable or chain forming the lower chord is made to coincide 
with the equilibrium polygon of the dead load, then all the 
dead load and the main part of all live load that may be uni- 
formly distributed over the entire span will be carried by the 
lower chord, while the upper chord and the bracing will be 
stressed only by partial or non-uniform loading. 

b.) Two-Hinged Framed Arch. As previously stated, this 
system is statically of single indetermination with reference to 

•L e., having a single span; non-continuous. 
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the external forces, so that the elastic deformations must be 
considered in determining the unknown reaction. Various 
methods of procedure are here applicable. 

1. General Equation of Condition for the Horizontal Thrust 

(H), If one of the ends of the framed arch, e. g., A, were free 
to slide horizontally, then the system would act as a simple trus^ 
for which the internal stresses -p. g^ 

could be determined in the usual 
manner. Let these stresses be 
represented by Z and let u denote 
the stresses which would be pro- 
duced by a pair of forces of 
magnitude =1. sec a applied 
at the end-points and directed 
toward each other. The stresses 
u are also easily determined. 
If, upon anchoring the ends, there is produced a horizontal 
thrust = H, so that the actual force acting along the direction 
of the arch-chord = -ff sec a, then the stresses in the arched 
f ramewotk will be 

8 = Z + H .11 ; (443. 

These stresses will produce elastic deformations in the in- 
dividual members amounting to 

where s is the length and A the cross-section of the member, 
and E is the coefficient of elasticity. The work of deformation 
of the internal stresses of the system will be 

where ^="T" for abbreviation. 

Assuming that the abutment is displaced horizontally under 
loading by an amount A I, the span I being increased by this 
amount, then, by a familiar principle concerning the work of 
deformation ( Castigliano 's Theorem), 

— A ^ . cos a= -ry-pz V- » 

. , dW I ^ a d8 

Substituting the value of S from equ. (443) and putting — =^u, 

— E.Ll = ^rSu=%rZu+H^ru^ 
whence 

^__2rZ„+|^ (444. 

A different analysis gives the value of H in terms of the 
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virtual deflections at the abutment. Considering the end B 
as fixed, let the horizontal deflections of the free end A 

produced by a unit load at M, be 8ma, 

produced by a load Pm at M, be Pm Sma, 

produced by a force 1 . sec a acting along the chord 

AB, be 8aa, 
produced by a similar force H . sec a, be JET . 8aa- 

The actual horizontal displacement of the point A with 
reference to the point B, caused by a yielding of the abutments, 
is denoted by — A Z. This must agree with the resultant effect 
of all the applied loads F and of the force H . sec a, so that 

-AZ = (2P„.8ma + H8aa) 

whence 

XT SPmgma + A? (445. 

Comparing this with equation (444) shows that %rZu 
= -& . 5 Pm Sma »ud 5 ru^ = ^ . 8aa ; SO that the terms of equ. 
(444) represent the horizontal deflections of the freely supported 
end of a simple truss, caused respectively by the external loading 
and a force 1 . sec a directed along A B, multiplied by the 
coefiicient E. 

The above determination of the horizontal thrust tacitly 
assumes an unstressed initial condition of the system; in other 
words it is presupposed that upon the removal of the external 
loading the system will remain free from stress. In general, 
howevef, this unstressed condition will not obtain except when 
every member is at that temperature at which it may have been 
fitted into the structure without initial strain. If the actual 
state of the individual member differs from this temperature 
by t^y then, if w represents the coefficient of expansion, the 
equation of condition for H becomes 

—E .M=%{r8 + E.iot,s)u. 

If it is desired to find the effect of the temperature alone, the 
external loading may be omitted from consideration; accord- 
ingly, putting Z = 0, 

-'E,Al=l,E.o>.t,s.u+H:S,ru^ 
whence 

n =^— ^'^^ + ^^<*^^g^ (446. 

It should be observed here that it is impracticable to consider 
separately the temperature range (f) of each individual mem- 
ber from its unstressed initial condition. It must suffice to 
assume certain uniform temperature limits for all the members 
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or at least for groups of members, although this makes it un- 
certain whether the severest combination of conditions is pro- 
vided for. It is therefore important that the range of tempera- 
ture, at any rate, should not be assumed too small. Under the 
conditions of our climate, there should be assumed a value of 
t= ±: 30°C. (= ± 54°F.) ; furthermore, it is easily practicable 
to apply the above formula to the case of the unequal heating of 
the two chords occurring when one of these is shielded from 
the sun. 

Assuming w ^ to be the same for all the members, then 
^<atsu = (ot%su. There is a theorem, first demonstrated by 
Mohr*, as follows: If, in a free, unloaded structure, two unit 
forces directed toward each other are applied at any two panel- 
points A B separated by a distance s^, the resulting stresses u^ 
produced in the various members s will satisfy the condition 

5 w' 5 + 5i = 0. 

In the present case, the distance between the panel-points 
AB = l . sec a, and u represents the stresses produced in the 
framework by the forces 1 . sec a acting along the chord A B ; 
consequently u' = u cos a and 2 ws = — I , sec^ a, thus giving 

p. ^ E(Al — <otl8ec^a) .... 

^^ l.ru' ^**'' 

For steel we may use E w = 250 tonnes per square meter per 
degree C. (= 197.5 pounds per square inch per degree P.), so 
that for ^ = 30°C. (=54°F.), ^0)^ = 7,500 tonnes per square 
meter (=10,660 pounds per square inch). • 

It may be observed here that the above derivation of H is not exact 
inasmuch as it assumes, in determining the stresses, that the initial 
geometric form of the system remains unchanged. Only under this assump- 
tion can the theorem of virtual work be applied. This is, however, the 
same approximation as was made for the theory of the Arched Rib, and 
the same remarks apply concerning its permissibility as have been made 
in $ 28. This method of analysis becomes better applicable to the framed 
arch as its radial depth increases and as its deflections, in consequence, 
diminish. 

2. Analytical Determination of the H-Influence Line. In 

order to obtain the influence line for the horizontal thrust H, 
it is necessary to consider a unit load placed successively at 
the individual panel-points and to compute the corresponding 
values of 2 r Z 11. In a symmetrical arch, this computation 
is most easily accomplished by finding the stresses u and z 
produced in each of the members of the framework by a hori- 
zontal and vertical unit reaction applied at the end A. The 
stresses u and z may be determined either analytically or 
graphically, the force polygon being used in the latter procedure. 

* Zeitschrift d. Arch. u. Ing. Ver. zu. Hannover, 1874. 
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If, now, a load of unity be placed at any panel-point whose 
horizontal distances from the ends A and B are x and x' re- 
spectively, then the horizontal thrust is given by the formula 
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ffx= ; (448. 
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The summation S refers to all the members between the end A 



X' 

and the load, and the summation S refers to all the members 

between the point of application of the load and the panel-point 
symmetrical thereto. If the panel lengths are all equal, the 
distances x, x' and I may be replaced by the corresponding 
numbers of panels. 

In an asymmetrical arch, an additional force polygon, z', 
is to be constructed, viz., for a vertical load of unity applied 
at the end B ; and the numerator of the expression for H must 

X X* 

be changed to a;' 5 tzu-\- x 5 r z' li. 



3. Graphical Determination of the H-Influence Line. The 

effect of a concentration P is given by equation (445) as 

H = ■^"°' . The expressions Sma and 8aa may also represent 

the projections upon the chord AB oi the horizontal deflections 
of A produced respectively by the load P = 1 and by the force 
(l.seca) acting along the line AB, According to Maxwell's 
Theorem, however, the deflection of the point A along the 
direction of the chord caused by the vertical unit load, must 
be equal to the vertical deflection of the loaded panel-point 
that would be produced by a unit force acting along the chord. 
Consequently the influence line for H is given by the vertical 
deflections of the panel-points (elastic curve of the loaded 
chord) produced by two opposing unit forces acting along the 
chord A B, The scale unit for H is the relative displacement 
of the points A and B produced by two opposing forces of 
(l,seca) acting along the same chord AB, For evaluating 
these displacements, various exact or simplified procedures may 
be followed. 

a.) Method of the Williot Deflection Diagram. (Plate 1, 
Figs. 2-2°.) We first construct a Cremona Force Polygon for 
the stresses tii produced by two unit forces acting along AB 
(Fig. 2*). From these values and the known lengths and cross- 
sections of the members, are computed the elongations multiplied 
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by E-, EAs = -~.Ui. The latter quantities are used for the 

construction of a Williot Diagram (Fig. 2**). For this purpose 
we consider any arbitrary member (kd in Fig. 2**) as fixed 
and lay off its elongation (here'==0) from a pole k^ to the 
point cZj. From k^ di'^e drawn the elongations of the contiguous 
members ki and di in their respective directions (a lengthening 
being drawn in the direction of the member, a shortening in 
the opposite direction) and at the ends of these two lines are 
erected perpendiculars thereto, representing the angular dis- 
placements of the members. The intersection i^ of these per- 
pendiculars represents the change in position of the panel-point 
% relative to kd. Proceeding thence in the same manner,- the 
elongations of the members ic and dc fix the position of c,, 
and so on to A^. Proceeding similarly on the other side of kd, 
we obtain the point ?i, then e^, and finally the point B^, thus 
determining the relative displacement of the points A and B. 
Since A, however, is constrained to move in a horizontal plane, 
there must be effected such a rotation of the entire framework 
as will eliminate the difference of elevation of the points A^ 
and B^. In this rotation about B, A will move in a direction 
perpendicular to AB through the distance B^ A2, and the 
diagram of displacements corresponding to this rotation consists 
of the figure -4.2 62^2 •••> geometrically similar to the actual 
framework; finally, therefore, the distance between correspond- 
ingly designated points of the two displacement diagrams will 
give the actual deflections of the respective points h, c, etc. 
If the moving concentration G is applied only at the panel- 
points g, h, if etc., of the upper chord, then. the vertical dis- 
placements of these points, scaled from the Williot diagram, will 
represent the ordinates of the JBT-influence line, all upward 
deflections corresponding to positive values of H, These values 
are plotted in Fig. 2° to one-half the scale of the displacement 
diagram. The scale unit for H or the value of the correspond- 
ing concentration G is therefore -0- 8aa, where 8aa is the displace- 
ment of A in the direction A B produced by a force 1 .seca 
acting in the same direction, or, what is equivalent, the dis- 
placement produced by a unit load multiplied by sec a. This 
quantity is represented by the horizontal displacement A^A^ 
to be scaled from the Williot Diagram. 

b.) Construction of the Deflection Curve (H-Influence Line) 
as the Funicular Polygon of the Deformations of the Angles, 
According to the above discussion, the influence line for H 
coincides with the deflection curve (elastic curve) of the loaded 
chord produced by the action of a unit force directed from 
A toward B, This deflection curve may be derived from the 
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angular and linear deformations of a chain of members con- 
necting the panel-points in question, which chain may consist 
either of chord members or web members (as indicated by the 

Fig. 95. 




a. 




heavy lines in Fig. 95a and Fig. 95b respectively). 



Fig. 96. 




The changes in the angles of this 
linkwork will produce vertical deflec- 
tions of the panel-points; these deflec- 
tions may be obtained as the ordinates 
of a funicular polygon constructed by 
treating the angular deformations as 
loads concentrated at the respective 
panel-points. 

The angular distortions may be de- 
termined either analytically or graphic- 
4^ ally. UMNO (Fig. 96) is one of the 
triangular frames connected with the 
point M of the linkwork, and if Am, 
An, Ao are the longitudinal strains in the 
bars composing it, then the angular distortion at M will be 

A (no) = (Am — An) cotan(mn) + (Am — Ao) cotan (mo). 

The same quantity may be found graphically by constructing, 
to any convenient scale the vector summation M 0^ N^ M^ of the 
strains in the triangular frame M N 0, (all elongations being 
plotted in the direction of the cyclical succession of the sides 
of the triangle M-N-O, and all compressions being plotted in 
the reverse direction) ; the change in any angle will then be 
represented by the projection of this chain of lines upon the 
opposite side of "the triangle. Adopting an arbitrary radius 
k for the angular scale-unit, then the distance w, measured 
to the linear scale of the plotted strains and divided by k, will 
represent the actual change in the angle in radians. Note that 
w is positive if it is directed from the perpendicular line through 
M in the positive cyclical direction, M N 0, In the link-chain 
of Fig. 95a, the changes in all the angles meeting at a panel- 
is 
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point must be added algebraically to get the total angular 
distortion at the point; in the arrangement of Fig. 95b, it is 
necessary to consider only those angles formed by the web 
members themselves. 

Construct the force polygon of the distances w with a pole 
distance p; then, considering these quantities as vertically 
applied loads, -construct the corresponding funicular polygon; 
the ordinates of this polygon, measured from the closing side, 

will represent, to a scale of — times that of .the plotted elonga- 
tions, the deflections due to the angle-changes. The polygon 
will therefore be an influence line for JET. In similar manner 
we may represent the denominator 8aa of the expression for 
H, i. e., the displacement of A in the direction A B produced 
by a force 1 . sec a. The part of this displacement due to the 
angular deformation will be given by the intercept upon the 
chord AB of 8i funicular polygon constructed for the quantities 
w considered as forces acting parallel to A B, with a pole- 
distance p. cos a (since the quantities w were determined for 
a force of unity). 

In Plate I, Figs. 3 to 3®, this procedure is shown applied 
to the same structure as that used in Fig. 2. The linkwork 
was formed of the web members according to the scheme of 
Fig. 95b. The quantities w were obtained graphically from 
the elongations in the table (column 5) which were plotted to 
the same scale as that of the Williot Diagram (Fig. 2^). AH 
the values of w were of the same sign (negative), indicating 
that all the displacements were upward; this corresponds to 
positive values for H. Furthermore, having assumed k = 5 
meters and the pole distance p = 10 meters, the funicular 
polygons Figs. 3*^ and 3^ give the displacements to a scale of 

— = Ö- times that of the elongations, i. e., to the same scale 
p ^ 

as that of Fig. 2. 

To the deflections caused by the angular deformations must 
be added those produced by the pure elongations of the mem- 
bers in the chain. These are scaled from a simple Williot 
Diagram (Fig. 3®), obtained by the vector addition of the 
elongations of the members, to which is attached a small repro- 
duction of the structure to provide for the rotation of the system 
back to its horizontally constraining abutment. The vertical 
deflections of the panel-points of the framework are taken from 

this diagram and (reduced to 1. scale) are annexed to the 

Deflection Curve (Funicular Polygon, Fig. 3^) ; similarly, the 

corresponding horizontal displacement 8"aa of the point A 
is added to the displacement 8'aa obtained in Fig. 3*^ from 
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the angtdar distortions. We thus obtain the quantity -^ S^a 

= Y (S'aa + 8"aa) as the magnitude of the load G which 

produces the values of H given by the ordinales of Fig. 3*^; 
G thus constitutes the scale or unit-load of the iT-influence line. 

The two procedures a) and b) yield identical results; in 
general, method b) permits of securing a somewhat greater 
degree of graphic precision. 

c.) Simplified Method for the Determination of H. The 
determination of the horizontal thrust H will be substantially 
simplified if the elongations of the web members be neglected 
and only the effect of the chord members considered. The 
web members have relatively but a small share in the total 
deformation of the system, so that this simplification will usually 
be within the permissible limits of accuracy. It can be intro- 
duced in the analytical determination of H (paragraph 2.), 
as well as in the graphical procedures (a) and (b). It is 
thus necessary to find the stresses u and the resulting elongation 

terms -r- w = r . i^ merely for the chord members. The chord 

stresses u (produced by the forc^ 1 . sec a) may be obtained 
either from a force polygon or by computation. Consider the 
chord member lying opposite to the panel-point m (Fig. 97) ; 
let o-m be its inclination from the horizontal, y^ the vertical 
height of the point m above the arch-chord, and hm the vertical 
depth of truss; then the stress in the member will be 

%tm=jrsec(rm (449. 

Again applying method (b) on the basis of a chain of links 
consisting of the web members, the weight w, to be applied at m 

k 
and representing the angular distortion, is given hy w = ru ,-^ 

where d is the perpendicular distance of m from the chord 
member and k is an arbitrary constant. Putting fc = 1 and 
d=^hja cos «Tm, we have 

Am t^m 
A m Urn 

or, with Om as the length of the horizontal projection of the 
chord member, 

Wm= ~r~ 'T^ ' ^^c^ <^m (450. 

Am flm 

Introducing an arbitrary standard section Ac, the quantities 
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w may be replaced by the new numbers i; = Ac . w, whence 

"^^ ""^" . secV (451. 



Ac dm _4 üc 

Vm=-r 'i—Um-sec^(rm='-r 

Am Am Am 



Ä» 



m 



We can now obtain the ordinates for the H-influence line as 
the moments My producible in the framework when acting as 
a simply supported beam and loaded vertically at the panel- 
points with the weights Vm ; while the unit load G will be given 
by iVmVm; accordingly, 



H= 



Mr 

Xvy 



(452. 



This relation could also have been obtained from equ. (448). 

Fig. 97. 




The signs of the quantities v need no further consideration as 
we have already seen that the angular deformations w will 
have the same sign for all the panel-points of the upper and 
lower chords. 

The graphic method again involves the construction of two 
funicular polygons, one for the forces v acting vertically and 
a horizontal pole distance p\ the other for the forces v directed 
parallel to A B with a vertical pole distance p' (Fig. 97). In 
Plate I, Figs. 4*-4°, this simplified determination of H is carried 
out for the framed-arch treated in the preceding illustrations 
and, for comparison, the resulting influence line for H is in- 
troduced in Fig. 3* in dash and dot lines. For this purpose, 
the pole distance p' was so chosen as to make the funicular 
polygon Fig. 4° yield an intercept identical with the distance 

-g- 8aa of Fig. 3, so that the same scale unit O will apply to the 

H-polygon. The discrepancy with the exact determination of 
H amounts to J[5% in the case considered. 
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Fig.E 



If the loads in the arch act only 

at the panel-points of one of the chords, 

then the H-influence line will have in 

common with the funicular polygon of 

Vm only those vertices which lie under 

the panel-points of the loaded chord 

(Pig. 97). If the framework contains 

vertical web members, then the values 

of Vm belonging to panel-points in the 

same vertical line must of course be 

added together (Plate I, Pig. 4). If 

the framework consists of radial posts 

and intersecting diagonal struts (Pig. 98), then instead of the 

panel-points we must use the points o and m determined by the 

method of Fig. 88 ; for these points, if the chord-sections are 

Ao and A^ respectively, the quantities v must be calculated ss 

follows : 



. (458. 



The same applies to structures consisting of simply inter- 
secting diagonals. If h, the depth of the framed arch, is small 
compared to the rise, and if the cross-sections of the upper 
and lower chords are put equal to each other (compare sub- 
sequent remarks on this matter), then it will generally be 
sufficient to use the approximation 



'.+V: 



. (454. 



where y^. Am, Om, sec a^ refer to the axis of the arch and to 
the point of intersection of the two diagonals. This load, 
Vo + Va, is then to be considered as acting in the vertical line 
through this crossing-point. 

The horizontal thrust produced by a displacement of the 
abutments of A I and a uniform change in temperature will 
be, by equ. (447), 

ff _ (^l-'->tlsec'<,)EA. (455. 

In the braced arch with j-j^ gg 

straight upper chord, the brac- 
ing near the crown is commonly 
replaced by a full plate web 
(Fig. 99). Por this central 
portion, equ. (250) of the theory 
of the Plate -Arch-Rib may be 
used for calculating the hori- 
zontal thrust; if A^ is the 
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average cross-section of the arch-rib and s the length of its axis, 
the resulting expression for the horizontal thrust will be ' 



HereSyw refers to all the panel-points of the framed portion, 
the values of v being calculated by formula (451); SymVmi 
on the other hand, refers to successive sections of the plate-rib, 
j/n, representing the ordinate of the axis of the rib and Vm 
being figured by equation (255), viz., 

«„=^ ■ (2t,„ + j/„.,) ^ +-^ (2y.-i-j/„.,) -^ . . . . (457. 

M, is again the moment produced by loads of magnitude v 
acting on a simple beam of span I; so that, as before, the 
influence line for H will appear as the funicular polygon of 
the v-forces. 

d.) Correction of the Preceding 
Method of Determining H by Introduc- 
ing the Effect of the Wei Members. 
Pass a vertical section through the 
diagonal dm (Fig- 100) ; then, for a 
vertical end-reaction of unity, the con- 
dition of static equilibrium requires the 
following relation between the hori- 
zontal components of the stresses in the 
three members cut by the section : 

- d sin ß^ — Zm^i cos CTu — Z„ COS CTo, 
or / Mn... M.\ d„ /_^„.., >r^\ dn. . 

^' \ hu... + Ä„^a=,., — V ft»., + AJo.n-, ' 
for a horizontal end-reaction of unity, 

t-9 I I \ '^iK /V m-i T/m\ dm 

Ui-^ — il+Um^iCOSua + U^COSiro) ^^ = ^^7" 't.) ä^. 

If Ai is its cross-section, then the contribution of the diagonal 
dm to the summations 2rzM and %ru^ of equ. (448) will be 
given by 

Ai O'm-, L Am-Aftn,., k^/ ^ hj<h^.. . km J I 

ru^=L. J^lfyjiii _?ii\y^ _(yl^ _yai\yji'\. 

Noting that exactly similar expressions may be obtained for 
the diagonal (4„i (ascending toward the right), whose cross- 



Two-Hinged Framed Arch. 231 

section may be denoted by Aa', a comparison with equ. (451) 
will show that the influence of the elongations of the web- 
members may be taken into consideration by augmenting each 
panel load, Vm, at the mth panel-point by an amount: 

At) =ss ^^ . ^'»n /2/j]™ y^in-i\ I Ac ^ d m+i / Pjn V m+l | ( ±^fl 

Ad d m-ihm \hm Hm^t / Ad tt in.^m \/lm hm+i ß 

and at the (m — l)th panel-point: 

^i; ^^ Ac d'm / y'm-1 _ ^mX 

Ad d m-i . Am-1 \ ^m-1 hm/ 



+ A. 



Ac d m_i / y m-i t/tn-2 ^ 

Ad CL m-i Äm-i V Äm_i nm-3 X 



^ (459. 



In addition, the denominator S vy must be increased by A Vm . Vm 
and A Vm.i . i/'m-i, respectively. 

These formulae are easily modified for the case in which 
one set of web members are vertical. ( a.n_i = Om+i == .... =0). 

4.. Tentative Estimate of Cross-Sections. In evaluating H 
it is necessary to know the areas of cross-sections of the indi- 
vidual members. As these, however, remain to be determined 
by the design, we are compelled to provide for a recomputation ; 
and, for the first determination of H, we must make a pre- 
liminary estimate of the cross-sections of the members. As 
shown above, the chords have a considerable effect upon the 
magnitude of the deformations while the influence of the web 
members is much less. It will therefore be advisable first to 
determine H by the simplified method in which the elongation 
of the web members is neglected; or else, if it is desired to 
include the effect of these members, a uniform section may be 
assumed for all of them. The assumption of uniform sections 
may even be admissible for the chord members, in a preliminary 
computation. Designs actually carried through have shown that 
the error of such assumptions is negligible, particularly in arches 
having the hinges in their neutral axis and with chords more 
or less* parallel, as well as in arches of crescent shape. Arches 
with straight upper chord or those having their end-hinges in 
the intrados, will of course display a larger variation in chord- 
section. In order to obtain the closest values of H by the first 
computation in such cases, it is advisable first to determine the 
chord-sections as those of a three-hinged arch whose crown- 
hinge is somewhat above the mid-point between the two chords. 
If we assume a constant cross-section for the upper chord and 
another for the lower, then only the ratio between these values 
will be required in the expression for H^ ; the mean cross-section, 
however, must be known or assumed in evaluating Ht. Observ- 
ing, furthermore, that the elonerations in the vicinity of the 
crown of the arch are most effective in influencing the value 
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of Hy we should therefore use that ratio of cross-sections which 
will actually obtain near the crown. Various values may, of 
course, be adopted for this ratio, but only a certain particular 
value will yield equal intensities of stress in both chords. Actual 
designs have shown that in framed arches with either parallel 
or non-parallel chords, subjected to a moving load, the most 
effective value for the ratio between the chord-sections at the 
crown is approximately unity. It is therefore advisable, for 
a first design, to assume equal sections for the two chords at 
the crown ; and, in arches having their end-hinges in the neutral 
axis, the chord-sections may be assumed uniform throughout. 

In an arched truss subjected to a moving load, as in all other statically 
Indeterminate structures, it is possible to determine the position of loading 
for maximum stress in each member and thus obtain directly, without 
trial, the required cross-sections so that all parts of the structure shall 
be proportioned for equal intensities of stress. Such a design, however, 
would not only be impractically laborious, but would also be of doubtful 
value since there are many other sources of error such as non-uniform 
elastie coefficients, erection stresses and uncertainties in the temperature 
stresses. We will therefore always employ the above indicated approximate 
method based on a provisional assumption of cross-sections and, if necessary, 
go through a recomputation based on the results of the preliminary 
design. 

It is a different matter, however, with an arched truss to be designed 
for a fixed position of loading. In such a case, as demonstrated in the 
paper cited below,* it will not, in general, be possible to secure equal 
intensities of stress in all parts of the structure, except with such perfect 
erection as is very rarely attained. Such structures may be designed 

or 

by a simpler method which consists in so choosing the stresses ± <r = --- 

for the individual members as to satisfy the equation of condition 

Ft rf Sf 

Z • ««=2 {±eus) = — E ^l. The provisional assumption of 

A dH 

cross-sections will therefore be superfluous; however, as the value of the 

statically indeterminate reaction or of the stress in one of the redundant 

members may here be assumed arbitrarily within certain limits, namely 

so as to exclude any consequent change in the sign of the stresses, it 

will be possible to obtain a series of differently proportioned structures 

which shall all be stressed to satisfy the above condition. (Compare the 

previous citation.) 

6. Computation of Deflections. In the framed arch, let 
a load P be applied at any panel-point C whose horizontal 
distances from the two abutments are $ and (\ Let H^ be 

the horizontal thrust producible by a load of unity at C In 
order to calculate the consequent deflection A t/ of a panel-point 
D, distant x and re' from the two abutments, let us consider 
a unit load applied at D and determine the resulting stresses 
Zx in the various members of the statically determinate, i. e., 
freely supported, truss. If the stresses in the framework pro- 

* "Beitrag zur Berechnung statisch unbestimmter Stabsysteme.*' 
Zeitschr. d. österr. Ing. und Arch. Ver., 1884, No. 3. 
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duced by the load P at C are denoted hy 8 = P (z^-^ H^. u), 



r 



SO that -=r . 8 represents the elongations of the individual mem- 

bers, then the principle of equality between external and internal 
virtual work will give the equation 

A2/.l=2^Ä.Zx = |- [2rz^zx+j?^2rwzx] 
which may be rewritten either as. 

Ai/=|^[-|-2rz^Zx + 5riizJH^ (^^^• 

or, since 2 ruz^=^ — H^ 2 rw^, as 

A2/ = -J [2rz^z,-H^Fx2rw2] (400*. 

The latter form will be suitable for computation if the thrusts 
H^ and flx, which are produced by unit-loads at C and D, 
have already been determined by equ. (448) or in any other 
way. The summation 'S,rz^Zx may likewise be computed in 

terms of the series of stresses z, which are produced in the 
members of the framework by an upward unit reaction at the 
end Ay by means of the formulae: 



a^'i'i._2 . ^1 ^.. . ^U ^^2] 



for i<x, 2rz^Zx=^2rz2+-Tr2 rz^+^^ rz% 

* * f 



X 



for |>x, 5rj{Zx = ^2 rz»+ ^.•s,rz'^'^%rz\ 



I (\ '' X ' 



^ ..(461. 



In a oompletely loaded span, the crown deflection may be found with 
sufficient accuracy from the average of aU the panel deflections. If the 
panels are uniform in length, if P is the load per panel-point of which 
there are n, and if 8 denotes the stresses produced in the system by the 
application of a unit load at every panel-point, then, on the assumption 
of a parabolic deflection polygon, the crown displacement will be given 
by equating the external and internal work as follows: (Here S and z 
are identical.) 

3p2rÄf' ,,^^ 

^2/o = -2-^^:^ (^02. 

The horizontal deflection A a; of the panel-point D (positive 
if inwards) produced by a vertical load P applied at C is given 
by the principle of virtual work as 

l.Aa;=2|-- Ä^^t^ 

^^ • Lx=^[^rz^u'+E^%ruu'] (463. 

3[ere W denotes the stresses produced in the members of the 
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simply supported structure by a horizontal force of unity, 
directed inwards, applied at D. These stresses, again, may be 
determined either analytically or by means of a force polygon. 
The following equations will serve to determine the dis- 
placements produced by temperature changes and the simul- 
taneous yielding of the abutments. The vertical deflection of 
the panel-point D will be 

Introducing the value of H from equ. (446), 

At/t^w^S^Zx •+•<«> ^ ^^ .SrUZx=a)fSg'Zx— (a)^SgU+AZ)fl',. 

Here s denotes the length of the individual members, and 
JBTx is the horizontal thrust produced by a unit load acting at D, 
According to Mohr's Theorem, cited on page 222, we have 
S 51^ = — I sec^ a, also S 5 z^ == 0, so that the formula for tem- 
perature deflections becomes 

At/t = -TrSri*Zx=± {<atlsec^a — Al).H^ .... (464. 

The horizontal displacement of the panel-point D on account 
of temperature changes will be, 

Aa?t'=='5it'(ü>^5 +^ Hi ti 1=0)^2 ti's + -g^ Srwu' 
or 

Axt = ±,(i>t'Su^s±{(i)tlsec^a — Al) -Y^ ......... (465. 

In the graphic procedure, our design will be to determine 
the influence lines for the horizontal and vertical displacements 
of an arbitrary panel-point D. These influence lines (by 
Maxwell's Theorem) represent the sag-diagrams or elastic curves 
of the framework for a vertical or horizontal load applied at D, 

Each of these elastic curves may be obtained : 

a.) By drawing the Williot Displacement Diagram. For 
this purpose it is necessary to determine the stresses in the 
members, produced by a vertical or horizontal unit load applied 
at D, and to calculate the resulting elongations. 

b.) From the funicular polygon of the angle-changes con- 
sidered as vertical loads. Here the angle-changes may either 
be determined directly from the strains in the members of 
the structure or else they may be taken as the resultant of the 
angle-changes in the freely supported truss and those produced 
by the force Hx . sec a acting along the chord A B. The latter 
quantities yield an elastic curve which coincides with the H- 
influence line; and, in fact, if the construction described in 
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method 3.b) is followed, these (negative) deflections will be 
given by the ordinates of the H-curve if they are measured 

to a scale whose unit is = times that of the scale 

p . Hx sec a 

to which the strains were plotted. It therefore suffices merely 
to compute the elastic curve for the simple truss loaded at D, 
For this purpose, we must compute the stresses Zx and the 
resulting changes in length and angle of the chain of members ; 
laying off the angle-changes upon a radius k, the resulting 
lengths w are to be treated as vertical forces applied at the 
panel-points. For these, construct a funicular polygon with 
a pole distance ot p , By sec a and correct the resulting ordinates 
by the small vertical deflections which correspond to the elonga- 
tions of the members multiplied by —= , i. e., to 

xlx . 8€C tt 

r Zx . -= , and which are obtained by means of a Williot 

Hxsec a ' *^ 

diagram (similar to Fig. 3®, Plate I). The differences between 
these corrected ordinates of the funicular polygon and the 
ordinates of the H-influence line will then give the actual 

vertical deflections to a scale of = times that to which 

p . Ht sec a 

the strains were plotted. 

If the simplified method 3.c) has been used for obtaining 
the jff-curve, the latter being constructed as the funicular 
polygon of the panel loads Vm (equ. 451), then in determining 
the elastic curve of the simple truss there again need be con- 
sidered the strains in the chord members only. The loads v'm, 
proportional to the angle-changes in the linkwork, are then to 
be determined by the formula 

/ A. c dm Zx o / A e* f* 

Vm = 1 — 7 — • sec^ a (466. 



.m nxa 



where z, is the stress in the member m of the simple truss 
loaded with P == 1 at D. With these panel loads and a pole 
distance p . H^y construct a funicular polygon for vertical load- 
ing; as before, the differences between the ordinates of this 
polygon and those of the H-curve, will give the deflections of 

the framed arch to a scale whose unit is -77^^ — times that of 

Hx p 

the scale of lengths. 

The horizontal deflections are similarly obtained, if for Zx 
in the above construction are used the stresses which are pro- 
duced in the framework, considered as a simple truss, by a 
unit horizontal force applied at D. 

// the structure has a central hinge, we again first find the 
elastic curve for any point D from the stresses and strains in 
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the three-hinged arch, assuming, however, an unyielding mem- 
ber (Z) E, Fig. 101) to be connected across the crown-hinge so 
that its angle-change will be wc = 0. The stresses in the mem- 
bers will be Ä = Zx-t-Hx. 1*, where Hx is the horizontal thrust 
of the three-hinged arch produced by the unit load applied at D. 
With wc = 0, these stresses will induce a horizontal displacement 
of the end A relative to B which may be calculated by the 
formula, 

8r=5rÄ?^=:Srz'w+Hx.5rt*^ 

Fig. 101. 




or, since 2rzt^= — Hx . Srt**, 

8:=(Hx-Hx)2ri^2_(Hx-ffx)8a. 

Here Hx is the horizontal thrust of the two-hinged arch 
formed by introducing the rigid crown-strut, and 8» is the 
corresponding horizontal deflection of A, produced by a unit 
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horizontal force acting at A, The quantities H^ and 8a are to 
he determined by the graphic procedure described under 3.b) 
and 3.c). 

On account of the ends being anchored, the displacement 8a 
cannot take place ; there must therefore occur, at the crown, an 
angular rotation amounting to 

C0e=^y-=(Hx-£r0 7 (467. 

This will produce deflections which may be represented by the 
ordinates of a triangle constituting the funicular polygon for 
a load Wc applied at the hinge. In Fig. lOld, there is first 
drawn the deflection curve of the three-hinged arch for a unit 
load at D. This curve is obtained, by the method described in 
3.b), as the funicular polygon of the panel loads tu'; these are 
-obtained from the strains produced by the stresses 8 of the 
three-hinged arch, using a unit Zu = 20 meters and assuming 
w\ = 0. According to equ. (467), the load now to be assumed 
at the crown-hinge is 

Wc = k.wc=k. (Hx — Hx) -r=-r (yx— -t/x) (467*. 

where jTx and t/x are the ordinates of the two jff-curves measured 
to the scale of 8a = 1. Combining the funicular triangle of the 
load Wc with the previously constructed deflection polygon, there 
Avill be obtained the total deflections of the three-hinged arch. 
(Fig. lOld.) 
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§32. The Framed Arch with Tie-Rod. 

If the ends of a two-Ringed arch are joined by a tension-rod 
to take up the horizontal thrust (Fig. 102), then, in calculating 

Fig. 102. 




the value of H, the effect of the stretching of this tie-rod must 
be considered. If A^ is its cross-section and I its length, so that 

I is its elongation, then equs. (444) and (445) will 



AZ = 



EA^ 



give for an arch with ends at the same level, 

Fig. 103. 




H= — 



SrZ 



u 






2P5 



m a 



5..+ 



EA, 



. (468. 



The fl^-influence line, constructed according to the preceding 
paragraphs, requires no modification, but the unit load deter- 
mined by the displacement 8aa must be increased by 1 . —^-r 
Compared with the arch without a tie-rod, the value of H is 

reduced in the proportion of 1 : f 1 +-^^ 'WÄ/' ^ uniform 

temperature change in both arch and tie-rod will, in this case, 
produce no stresses. 
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If the tie-rod does not connect the end hinge-points, but 
joins the two panel-points EF (Fig. 103) instead, then the 
tension produced in it will be 



2rw'»+i^ 5e+ ^' 



A« EAo 



where u' represents the stresses in the framework produced 
by a unit tension along E F, 8e represents the accompanying 
horizontal displacement of E relative to F, and 8me denotes the 
similar horizontal displacement produced by a unit load applied 
at M. The latter symbol also represents the vertical deflection of 
M produced by a unit horizontal force in E F. As this ten- 
sion H produces stresses and strains only in those members 
lying between E and F, the angle-changes of the linkwork and 
the panel loads w or v derived from these are also limited to 
the panel-points between E and F, The IT-influence line obtained 
as the funicular polygon of the loads w will be straight in the 
portions A^ E^ and P^ B^ (Fig. 103). 



^ 
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§33. Other Types of Framed Arches with Hinged 

Abutments, 

1. The Free-Ended Cantilever Arch. The horizontal thrust 
at the abutments will produce stresses and strains only in the 
members situated between the abutments. Accordingly, the loads 
w or V, employed for the construction of the H-influence line, 
will be limited to the panel-points between A and B and the 
ff-curve will continue beyond these points in straight lines. 
(Compare the case of the Arched Eib, Fig. 74.) If the free end 
of the cantilever arm supports a simple truss (suspended span), 
so that the arch forms part (anchor span) of a ** Gerber" Bridge, 

Fig. 104. 




then the course of the -ET-curve is easily specified (Fig. 104). 
The deflections of the panel-points of the arch, as well as those 
of the cantilever arm, are easily obtainable by the procedure 
presented in § 31 : 5. 

2. The Cantilever Arch with Ends Fixed to Horizontal 
Rollers. If the ends of the cantilever arms of an arch are 
constrained to move in horizontal planes, there results a three- 
fold indeterminate system. We will choose as our unknowns 
the horizontal thrust of the arch H, and the vertical reactions, 
D and E, at the end-supports. By introducing a central hinge 
in the arch, we may reduce the number of unknowns to two. 
The equations of condition are obtained by putting the hori- 
zontal displacement of A, also the vertical displacements of 
D and E, equal to zero. 

In a free-ended cantilever arch, horizontally movable at A, 
let there be denoted by 



3ma, the horizontal displacement of A relative to B 
3md, the vertical deflection of D 
Bme, the vertical deflection of E 



Produced by 
^a unit load at 
any point M, 
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Baa, the horizontal displacement of A "] Produced by a unit force 
Sad = 3da, the deflection of Z> > acting horizontally in- 

Bae = Sea, the dcflcction of E J ward at A. 

Sdd, the deflection of Z) | Produced by a unit load at D. 

Sde == 8ed, the deflection oi E f 

See, the deflection of E, produced by a unit "load at E. 

Then the equations of condition for H, D and E may be 
written, 



S P . Snia ~l~ B . Saa ~t~ D . Sda ~t~ E . Sea "= 
S P . Smd ~t~ H . Sad ~|~ -Ö . Sdd ~\~ E . Sed == 
S P . Sme ~\~ S • Sae ~|~ D . Sde "}" -^ • See == 



(469. 



For the analytical treatment we will determine the series 
of stresses u, u^ and U2, which are produced in the members 
of the statically determinate structure when there act upon it 

Fig. 105. 




the forces -ET = 1, D = 1 and ^ = 1, respectively. If the 
external loading produces stresses Z* in the determinate struc- 
ture, then the accession of the forces H, D and E will render 

S = Z +Hu + Du^ + Eu^ 

and the theorem of virtual work will therefore yield the follow- 
ing equations of condition, equivalent to equs. (469), 



^rZu + H^ru^ + D'Zruu^ + EXruUz =0 
5 r Z t( 1 -f F S r t^ w 1 + Z) 2 r t^ 1 M- J5^ 2 r t* 1 1/ 2 = 



(470. 



The coefficients in these equations may be evaluated either 
analytically (equs. 470) or by means of a graphical treatment. 

16 
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In the latter method, it is necessary to first construct the curve 
of deflections produced in the framework by a unit force acting 
along the chord AB (Fig. 105). In this curve, the ordinates 
under M, D and E will give the quantities Snia, Sda, Sea ; then, by 
use of the graphic method described above (§ 31:3), there is 
to be found the horizontal displacement Saa- 

In a similar manner, construct the deflection curve of the 
freely supported cantilever arch for a vertical load of unity 
applied at D, to obtain the deflections Smd, Sdd, and Sae- Finally, 
a deflection curve constructed for a unit load applied at E 
will give, at the points M and E, the deflections Sme and See- 
If the structure is symmetrical in form, it is seen that the third 
deflection curve need not be drawn. There are thus obtained 
all the coefficients in equations (469), and solving these will 
give the influence values of the unknowns H, D and E, These 
may then be used in the equation 

Ä = Z +Hu + Du^ + Euo 

to determine the influence values of the stresses in the individual 
members of the structure. 

If the structure, instead of being anchored at the abutments 
A and B, is provided with a tie-rod joining these two points 
(Fig. 106), then the first of the equations (469), representing 
the horizontal displacement of A relative to B, is to be modified 

by replacing the zero in the second member by — H -^-r' 

where I is the length and Ao the cross-section of the tie-rod. 

Fig. 106. 




If the structure has a central hinge, the problem becomes 
simplified since the mere omission of the end anchorages will 
make the structure statically determinate so that there are 
but two unknowns, D and E, to be determined. If the bridge 
is symmetrical, a single deflection curve will in this case be 
sufficient, namely, the deflection curve of the three-hinged arch 
for a unit load applied at D or E. This type of bridge is treated 
in greater detail in the paper cited below.* 

3. The Framed Arch with Anchored Ends. 

This arrangement sketched in Fig. 107, proposed by Engineer A. 



* Melan, Bogenträger mit vermindertem Horizontalschube. Österr. 
Monatsschr. f. d. öffentl. Baudienst, 1897. 
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Schnirch,* consists of an arched structure, with the ends A and B on 
rollers having the framework extending outward beyond these abutments 
and anchored by the ties CA' and B B' to the deepest practicable points 
of the pier-masonry. This anchorage corresponds, in effect, to a lowering 
of the end-hinges; the structure may be treated as an ordinary two-hinged 
arch with its abutments at A' and 5', the portions A A' and B B' being 
considered as members of inelastic and unyielding material. This arrange- 

- ment, by increasing the arch-rise. 
Fig. 107. affords the advantage of a reduc»- 

tion in the horizontal thrust, es- 
pecially in that due to changes of 
temperature; in consequence, there 
may be secured a marked saving 
of material in the masonry of the 
abutments, and, under certain con- 
ditions, in the superstructure as 
well. . This anchoring will be 
distinctly advantageous in flat 
arches. 

The horizontal thrust may be calculated by equ. (448). The stresses 
z remain the same as in the arch supported at A and B, whereas the 
stresses u must be detennined for a horizontal unit load applied at A\ 
Graphically, the influence line for K may be determined as above by means 
of the deflection curve for a unit force at A\ Similarly, the displacements 
of the movable ends, A and B, may be found either by the graphic method 
developed above, i. e., by constructing the deflection curve for a hori7ontal 
load at A or by the analytic method of equ. (463). If any loading is 
placed on the structure, producing the stresses 5 = Z + fl^ w, the resulting 
combined displacement of the two rolling end» will be, by equ. (463), 




— Ar=— -[2rZw'+ff2r«t*'] (471. 

The stresses w', i. e., the stresses in the members producible by a unit 
force acting along A B, may be determined either by a force polygon or 

by the relation u' = -^ — . u where y is the ordinate of the moment- 

center for any member measured above the arch-chord. The roller-dis- 
placement producible by temperature change is obtained by equ. (465), 
with 2w's = — Z and A I = 0, 

Alt = (atl =; ä = -=- (2rw' — 2r«w ) (472. 



♦Zeitschr. d. österr. Ing.-u. Arch.-Ver., 1884, p. 184. 
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§ 34, The Continuous Framed Arch and the Braced Sus- 
pension Bridge of Multiple Span. 

This group of bridges corresponds to that of the arched ribs 
treated in § 26 and is found exemplified particularly in suspen- 
sion structures. The defining condition for this type of con- 
struction is that the arches (or suspension spans) shall be 
hinged together at the intermediate piers and capable of hori- 
zontal displacement at .these points, while the ends must be 
securely anchored. Such framed structures, with reference to 
their external reactions, are of single static indetermination. 

Fig. 108. 




— > 



-Jg^E' 



They may be rendered determinate by introducing a central 
hinge in one of the spans. 

1. We will first treat the latter case, particularly in the form 
of a three-span Suspension Bridge with a Central Hinge. The 
continuous tension chord is to be conceived as hinged at A and 
B, while the bracing is interrupted at these points of support. 
The method of support at these intermediate piers is to be 
either by means of rollers or rocker-arms; the ends of the 
bridge are held fixed by the roller-supports and the oblique 
anchorage. 

a.) Central Span. The stresses in the main or central 
span are not affected by any loads in the side spans. Loads 
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in the central span will produce stresses according to the 
principles of the three-hinged arch. In Fig. 108a, B' C J^ A^ 
represents the influence line for the lower chord member rn. 
The factor by which this influence area is to be multiplied to 
give the stress in the member ru produced by a loading of p 

i:nits per unit length, is p •-—- . With a parabolic upper chord, 

would lie on the horizontal line through C ; the two triangles 
A' C B^ and A' B^ would then be of equal areas, and the 
positive area A' J^ would thus be equal to the negative area 
-B' C Ji, The lower chord, under this assumption, would there- 
fore receive no stress from a uniform load covering the entire 
span, and its greatest stresses would be 

imax==— iinln = p.(^rea4'0 Ji) -^. 

In Fig. 108 a are also drawn the influence lines for the upper 
chord member o s and the web member m n. "With the aid of 
these we may determine the limiting stresses producible in the 
upper chord by a uniformly distributed dead load of g per unit 
length and a similar live load of intensity p per unit length, 
by the formulae 

TJxa»x^= [{v + g) Area B^ C^Jz — g.Area JzRA^] •—- .seca 
Umin= [g »Area B' C^ J2— {p + g) AreaJzRA^] -^ .seca 

and the corresponding stresses of the web member m n, by the 
formulae 

Dm^x'[{p+g){AreaB'NJ^ + Area J^C'A')-g. Area J^MJ^]^ 
D^in = [g{AreaB'Nj], + AreaJtC' A') - (p+g)AreaJtMJt]-^. 

Simple expressions may be written for the chord stresses in the main 
rpan. First, for any form of cable, if Vz and Lg represent the stresses 
due to dead load, we have • 

l2VyJ + 2fa! / 8 Iy + 2/'a> f\h. 



/max 



Lmin — Liz Q— • -^ — , o^ ~7" IT" 

8 ly-r^fx f he 

rj ^\^j^/ ^fl ^4-^- lhr — 2fx Jul 

*" I 2 V hil-{-2fx J^S ' lht-\'2fco ' fl 



q 

'— sec 9 



rT rr ■ t P^ ^^^ — ^ /a? hx 1 

üm«x= Uz i ft— • 7 1. i<>4 -r' -,-sec<r 

o Ihi-j-^fx f ht 

jj jj px" / 2fl \ 1 
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With a parabolic upper chord, the above expressions for the lower chord 
stresses reduce to 

px {I — x) {I — 2a?) 



L/mtx — —"i/mln — 



2{Zl — 2x)ho 



For the web members, the expressions for the limiting stresses become very 
complicated in this case; it will be more convenient to apply equ. (442), 
using the values of M% and H corresponding to the critical loading. 

b.) Side Span. The construction in the side span is to be 
treated as a simply supported truss subjected to the full hori- 
zontal tension arising in the main span. A load in the side span 
will produce the same stresses as in a framework simply resting 
on two supports. The upper chord will therefore receive its 
maximum compression when the side span is completely loaded 
and the main span carries no load at all; and the maximum 
tension is produced when the main span is completely loaded 
and the side span is free from load. The opposite law of loading 
holds true for the lower chord. If H is the horizontal tension 
and if M is the bending moment for the loading in the side span, 
then the stress produced by any loading of main and side span 
in the upper chord member o's' (Fig. 108) will be 

and the stresses in the lower chord member r' i/ will be 
l-(M-fl.„..)^=(^-fl)-'i. 

By these formulae, the stress influence lines may be readily 
constructed. These are represented in Fig. 108&, to one-half 
the scale of Fig. 108a, for the indicated chord members of the 
left-hand span; they are obtained by making the intercepts on 

the vertical line of the pier = — ^— . 1 and — ^— . 1 . Here 

x\* and ic's' are the horizontal distances of the panel-points 
r' and s' from the intermediate pier. The largest stresses 
producible by an assumed uniform dead load of g in the main 
span and of g^^ in the side spans together with a uniform 
live load of p per unit length will be, 

Um^^=[(p+g)AreaA'C'B'-g^.AreaD'R'A']^seca. 
?/min= [g . Area A' C B' — {p+ g^) AreaD'B'A'] -^ sea. 
L^=\{'p-\-g^),AreaD'&'A'-g.ArmA'Q'B'\^' 
imin= [^1. Area Ö'Ä' A'- (p-f^).Area4'C'B'] 1^- 
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The stresses in a web member, e. g., m'n', will have the 
general value 

where M/ and t/z' refer to the point of intersection, z% of the 
two chord members belonging to the panel containing the 
diagonal. If z' falls within the span, then the same law of 
loading obtains for the web member as for the chords, viz., the 
limiting stresses arise when either the main or side span alone 
is completely loaded. The influence lines for this case are shown 
in Fig. 1086, in the right-hand span ; the resulting stresses in 
the diagonal m'n' will be 

Dm..^[{p+g)AreaA'C'B'-g,.AreaB'N'M'E']^' 
Drain=[g.AreaA'C'B'-{p+g,) Area^'N'M'W]^- 

The analytical expressions for the chord stresses in the side spans maj 
be written: 



[1 V y.'l 1 



Z/max — X/g 4" 9 P ^" (^1 — a?«) 



Ä.' 






TT \^ /, N ^^y«-' 'Xject 



Z* t/r' sec c 

ü'max=C7g + p— g^ . — ^T- 



1 sec <T 

C/^mln= TJz — n pXr' (k — Xr' ) 



Ar' 

The web stresses are to be calculated by means of the general formula 
(442). 

2. Continuous Braced Suspension Bridge without a Central 
Hinge. If none of the spans is provided with a hinge, then 
the framework in each span acts as a two-hinged arch whose 
horizontal thrust H is conditioned by the displacements of 
the end-points. Let us first consider each of these arches as 
independent, and let 

P, P', P" . . . = loads in the 1°, 2°, 3^, . . ., spans. 
PSma, P'S'ma, P"S"ma, . . . = the rclativc horfzoutal displacement 
of the ends of each span when acting as a simple truss under 
the above loads; considered positive if outward. 
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8m, S'aa, 8"aa, . • . = the horizontal displacements of the ends 
of each span produced by unit forces acting horizontally 
outward at these points ; accordingly 

P8„« + fl8aa, P' 8'„^ + fl' 8'aa, P'' 8''„^ + fl" 8"aa • • • - total 

horizontal displacements of the ends of each span. 

Then the total horizontal displacement of the anchored ends 
of the system must be 

— A I == PSma ~j~-P 8nia"t"P'8 ma-''«~|"^( 8aa 4" 8 aa "f" 8' aa • • • • ) 

whence the following value of the horizontal thrust may be 
written : 

Ö«« + ö'.a + 3"aa "+-... 

The deflections 8 are to be found either analytically or graphically 
according to § 31 ; for the analytical treatment we use the 
following expression corresponding to equation (444) : 

jj__ ^rZu + ^rZ'u''{-^rZ"u"+...+EM ^.^oa 

^"" 2ru»+2rM'» + 2r«'" + ^*''^ * 

Here r = -j- represents the ratio of length to cross-section of 

each member; Z, Z\ Z",. . . . are the stresses, produced by the 
actual loading, in the members of the 1°, 2°, 3°, ... spans 
considered as simple trusses ; u, u', u^\ . . . are the correspond- 
ing stresses producible by a load of H = 1, or a force of 
1, sec a acting along the chord of each span where a is the angle 
of inclination. 

A load in any span will thus contribute a positive horizontal 
force, viz., a cable-tension in the case of a suspension bridge. 
Having constructed the influence line for H, the influence lines 
for the "stresses in the members are obtainable in the same 
manner as with the center-hinged construction. 

Example. (Includes Plates II and III.) In the following we give, 
as an example, the complete design of G. Lindenthal's project for a 
railway suspension bridge- over the St. Lawrence River at Quebec. The 
main span is 548.02 meters ( = 1,800 ft.), and each of the two side spans 
is 207.87 m. (=682 ft.). The bridge consists of inverted two-hinged 
arches swung from rocker arms and anchored at the ends. The bracing 
consists of vertical posts with a double set of diagonal tension members. 



.V. 
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h 


18.89 


1189 


1.0000 


1.589 


7.77 


30.33 0.2560 


0.2693 


0.0359 


0.0154 


0.1157 




I» 


18.89 


1189 


1.0000 


1.589 


7.77 


35.51 


0.2189 


0.2374 


0.0303 


0.0115 


0.0897 




h 


22.13 


953 


1.1718 


2.322 


7.26 


29.66 


0.2446 


0.2716 


0.0362 


0.0228 


0.1715 




h 


22.13 


958 


1.1718 


2.3?^ 


6.22 


24.35 


0.2553 


0.2929 


0.0432 


0.0298 


0.2008 




h 


22.13 


953 


1.1T18 


2.322 


4.66 


19.54 


0.2387 


0.2894 


0.0540 


0.0363 


0.1979 




ho 


22.13 


953 


1.1718 


2.322 


2.59 


15.24 


0.1700 


0.2395 


0.0684 


0.0380 


0.1379 




111 


29.77 
20.24 


953 

3017 


1.5756 
1.0721 


3.122 
0.672 








0.2678 
1.5861 


0.1033 
0.0703 


0.0863 
0.0749 


0.2234 




13.9491 




1.6875 


XII 












22.55 


15.24 


1.4794 












Uli 


20.0S 


2752 


1.0324 


0.729 








1.7404 


0.0649 


0.0823 


2.2360 


XIII 












31.79 


17.68 


1.7970 












Uu 


19.92 


2752 


1.0535 0.724 








1.9983 


0.0656 


0.0803 


2.9115 


xrv 










40.75 


20.42 


1.9967 












Ui6 


19.74 


2730 


1.0450 0.725 








2.1393 


0.0475 


0.0736 


3.3348 


XV 












49.80 


23.77 


2.0976 












Uu 


19.60 


2730 


1.0374 


0.719 








2.1988 


0.0407 


0.0643 


3.4916 


XVI 












58.72 


27.43 


2.1414 












«17 


19.47 


2708 


1.0303 0.719 








2.2007 


0.0349 


0.0563 


3.4978 


XVII 










67.80 


31.85 


2.1305 












«18 


19.35 


2703 


1.0240 0.715 








2.3529 


0.0348 


O.0684 


3.9551 


XVIII 










67.6 


27.43 


2.4650 












«19 


19.24 


2643 


1.0185 0.728 








2.7033 


0.0400 


0.0786 


5.3147 


XIX 










67.5 


23.77 


2.8440 












tiao 


19.15 


2643 


1.0135 0.725 








3.1135 


0.0461 


0.1039 


7.0107 


XX 








1 


67.4 


20.42 


3.3000 
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Table I — Continued. 
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L, 


1 


A 


aec <r 


100-^ 


y 


h 


y 

h 


y 

r,sec<r 


1 

J- aec a 


•9 

• 


• 


1 


S 




















-*1^ 


«^ 


"3 

G 


S 

/f1 












« 








S 








(m) 


(cm«) 






(m) 


(m) 








II 


II 




Un 


19.07 


2579 


1.0033 


0.739 






3.5853 0.0533 1*0.1410 


9.4966 


xx: 












67.24 


17.68 3.8045 












Uaa 


18.99 


2579 


1.0051 


0.737 






4.1223 


0.0614 


0.1867 


12.6466 


XXII 












67.1 


15.24 4.3902 












Un 


18.93 


2579 


10034 


0.735 








4.6300 


0.0698 


0.2348ll5.7746 


XXTTI 












67.08 


13.87 4.8384 




k 








Uu 


18.91 


2579 


1.0014 


0.734 








6.0463 


0.0752 


0.2782 


18.6710 


XXIV 












67.04 


12.80 5.2400 












lis 


18.90 


2579 


1.0003 


0.733 






5.3689 


0.0600 


0.3146 


21.1120 


XXV 












67.04 


12.19 5.4945 












Uu 


18.90 


2579 


1.0000 


0.733 








5.4945 


0.0820 


0.3300 


i22.1281 


XXVI 
























(11.06411 




h2 


29.43 


953 


1.5568 


3.060 


7.31 


16.24 


0.4794 


0.7463 


0.1023 


0.2347 


1.7163 




lis 


20.96 


953 


1.1087 


2.195 








0.7076 


0.0676 


0.1061 


1.1248 














14.19 


17.68 0.7970 












2u 


20.96 


953 


1.1087 


2.195 


20.36 


20.42 0.9967 


0.9943 


0.0681 


0.1276 


2.1977 




2» 


20.96 


1018 


1.1087 


2.057 


26.50 


23.771.0976 


1.1610 


0.0604 


0.1204 


2.7948 




Zie 


20.96 


1018 


1.1087 


2.057 


31.30 


27.431.1414 


1.2412 


0.0435 


0.1110 


3.1861 




ll7 


20.96 


1018 


1.1087 


2.057 


36.04 


31.851.1305 


1.2594 


0.0376 


0.0073 


3.2753 




lis 


18.90 


1277 


1.0000 


1.480 


40.2 


27.43,1.4650 


1.2978 


0.0339 


0.0651 


2.48U 




7i» 


18.90 


1277 


1.0000 


1.480 


43.77 


23.77 


1.8440 


1.6545 


O.0393 


0.0962 


4.0349 




7so 


18.90 


1450 


1.0000 


1.303 








2.0720 


0.0455 


0.1227 


5.5613 














46.95 


20.42-2.3000 












lai 


18.90 


1625 


1.0000 


1.163 


49.50 


17.68 


2.8045 


2.5522 


0.0528 


0.1565 


7.6540 




la 


18.90 


1798 


1.0000 


1.051 


51.65 


15.24 


3.3902 


3.0973 


0.0691 


0.1986 


10.0545 




2» 


18.90 


1971 


1.0000 


0.958 


53.22 


13.87 


3.8384 


3.6143 


0.0389 


0.2383 


12.4950 




2si 


18.90 


1971 


1.0000 


0.958 


54.25 


12.80 


4.2400 


4.0392 


0.0751 


0.2903 


15.6135 




ISB 


18.90 


2146 


1.0000 


0.880 


54.77 


12.19 


4.4945 


4.3672 


0.0800 


0.307^ 


16.7804 




orage 


18.90 

48.75 


2146 
7426 


1.0000 
1.1180 


0.880 
fiBfi 








4.4945 
1.1180 


0.0820 


0.3115 


8.8858 


1 Anch 


219.8567 


1 Side 


Span 


7V* 9%^ 


S *«ri\/ 


^ • MJLKJW 


V« \ß%ßO 












0.8192 


HMaln 


Span 






















13.9491 
219.S667 




234.6250 



1. Influence Line for H — By equ. (473»), 



E 






Here Z and u, with the usual significance, refer to the members of the 
main span, Z' and u' refer to the members of a side span. For determining 
H, we will apply the approximate method ($ 31: 3. c), in which the chord 
strains alone are considered and the .ff-influence line is constructed as 
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the funicular polygon of the panel loads v which are obtained, according 

to equ. (451), from i; = r. -^.sec^tr. In this expression, y represents 

the ordinate of any panel -point measured from the line joining the points 
of suspension of the corresponding span; h is the vertical depth of truss; 
a is the inclination from the horizontal of the chord member situated 
opposite the panel-point ; and r = the ratio, length : cross-section of the 
member. In the arrangement under consideration, consisting of inter- 
secting tension-diagonals, of the two such members in each panel only 
that one should be considered as acting which is put in tension by the 
^ven loading. This would make the determination of the H-influence 
line very complicated, so that we adopt the admissible approximation of 
calculating each value of v from the mean of the values for the two 
diagonals, and considering it as applied at the mid-points of the chord- 
members. 



We thus obtain 



H = 



Mr 



Si;i/+2Sv'i/'+2 



sec^a 



The extra term in the denominator takes care of the elongation in the 
anchor-chains (of length I, section Ä and inclination a). The quantities 
entering into the calculation are given in Table I. 

In Plate II, Figs. 1 — 4, the H-curve is constructed as the funicular polygon 
of the V and v' forces and the quantities 2 v 3/ and 2 v' 2/' are obtained 
as the proper intercepts of funicular polygons. In the last column of 
Table I, the products v y are also computed and their sum is found to be 



100 



(Y2i;y-f-2i;'i/'+-j-sec»a) =234.62. 



The pole distance of the v and v' force polygons having been taken 
as p = 3.875 times the unit to which the 100-fold v -s were plotted, therefore 

in the expression H = — , G, where C is any ordinate of the ff-curve, the 

2 X 234 62 
value of N must be ^ = q-qW ^^ 121.1 meters, which agrees with 

the construction. The ordinates of the H-curve are compiled in Table II. 



Table II. 



Panel- 
Point 





I 


11 


III 


IV 


V 


VI 


VII 


VIII 


IX 


X 


XI 






2 


C 





1.95 


3.20 


3.99 


4.42 


4.79 


4.79 


4.42 


3.96 


3.35 


2.13 









C6.91 



Panel- 
Point 


xn 


XIII 


xrv 


XV 


XVI 


XVII 


XVIII 


XIX 


XX 


XXI 


XXII 


XXIII 


XXIV 


XXV 


2 


1 


22.10 


41.76 


60.66 


78.18 


95.21 


111.10 


126.55 


141.18 


154.31 


166.53 


177.32 


185.86 


191.47 


194.46 1746.6S 
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Hence, if P is the load per panel-point, for a side span completely 
loaded, 

36.91 «..« 

H = 1211 ^= 0.3043P; 

for the main span completely loaded, 

1746.69 
£r = 2 . 1211 ^= 28.798 P. 

The horizontal thrust produced by temperature is 



Ft = 






here L= 548.0 m., L,= 207.87 m., sec' o = 1.0752, ^ = 2040 tonnes/cm.*, 

40 

, J5 w ^ = 1 . 02 tonnes/cm.', so that 



tat 



80,000 



1.02X994.2 _.- ,- . 
^* = -2X234:62-=^^^-''*^^^^^- 



2. Chord Stresses, The panel-points are numbered consecutively from 
etc XI in the side span and from XI to XXV to the mid-point of the center 
span. The lower chord members will be denoted by L, the upper chord 
members by Ü, the diagonals inclined downward to the right by P, 
those slanting downward to the left by D', and the posts by V, As an 
index to each member will be attached the number of the corresponding 
panel (1-11 in the side span and 12-26 in the center span), the posts being 
designated by the number of the panel-point. In Plate II, Fig. 4, are 
drawn the influence lines for the chord stresses in the main span. Since 
the upper chord conforms to a parabola, all its panel -points will have the 

M 

same value of : the lower chord influence lines are therefore easily 

y 

constructed, all of them being represented by triangles of the same 
altitude, viz. 



1 L 



4L f ' ^— 4: 



1 548.0 



54.8 



X 121.1 = 302.75 m. 



The altitudes of the influence triangles for the upper chord stresses 

are given by =— ^-^^ ——O, where x and yi are the . coordinates of 

yi L.y\ 

a lower chord panel-point referred to the panel-point XI. We thus obtain 
the following values: 

There were thus constructed the upper chord influence lines in Plate 
II, Fig. 4. 



Panel- 
Point 


XI 


XII 


xin 


XIV 


XV 


XVI 


XVII 


XVIII 


XIX 


XX 


XXI 


XXII 

• 


XXIII 


XXIV 


XXV 


II 





98.14 


134.35 


151.23 


158.49 


161.46 


163.73 


180.03 


196.69 


211.14 


223.30 


233.07 


240.31 


245.18 


247.56 
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The limiting stresses in the members produced by a uniform load (p) 
will now be found from the areas of the influence lines. 
With a as the panel-length, let 

«I» = area of fl^-curve in the main span = 3493.38 
4>j = area of BT-curve in the side span = 36.91a 

Fj = the negative portion of the influence area for a chord member 
in the main span, , OO/y 

M *" " 

* F = area of the — triangle = 

M 29a 




y 2 \ |^*>^lIILLy'*^ Fig. 109 

Then, 

y p y V 

For all the lower chord members, F = 302.75 X 14.5.a = 4389.88.a 
(constant). For any member and any loading, that influence line should 
be used which refers to the panel-point belonging to the positively stressed 
diagonal in the panel. 

In Table III are calculated the chord stresses produced by the moving 
load. In the actual design, the moving load was p = 4464 kilograms per 
meter (= 3000 pounds per linear foot), or a panel load of pa = 4464 X 18.9 

= 84,370 kg. We thus have _£_«_ = . ^f^J^, = 696.7, so that the 
' ^ Q 121.1 ' 

quantities Fmtx and Fmin in the table must be multiplied by the 

a a . 

factor 0.6967 . -^.seoa in order to obtain the chord stresses in tonnes. 

h 

It was not necessary to draw the chord influence lines for the side 
spans, since just two different cases of loading need be considered in 
order to obtain the extreme stresses in all the members: one of the side 
spans completely loaded, or the main span and the other side span covered 
with load. The data for computation are arranged in Table IV. 

BemarTc on Tables III and IV: The oblique lines in columns 6 and 10, 
and 7 and 11, respectively, indicate which panel-point is to be the cen- 
ter of moments for each chord stress according to the diagonal considered 
acting. 

With reference to the dead load, it is assumed that this is carried 
directly by the tension-chord acting as a cable and consequently the 
bracing receives no stress from tMs source. This condition may be 
realized by making the diagonals adjustable in length and leaving them 
loose during erection, so that only the posts serve to transmit the load 
to the cable. Not until the entire construction, including the roadway, 
ia completed, are the diagonals to be adjusted; they should be given a 
slight initial tension at a mean temperature of about 10 °C. (= 50*F.). 
An approximately uniform distribution of the dead load corresponds to 
the parabolic curve adopted for the tension-chord and to the ratio of rises 
or versines in the main and side spans of 

The stresses in the cable produced by the dead load of 8900 kg. per meter 

( = 6,000 lbs. p . 1 . f .) are computed by the formula 

1 548' 

Ug =-g-.8900.-=^-^sec<r = 6096.5.«ec<r (tonnes). 

These values are given in Table V. 
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Table III. 
Maximum. Moving-Load Chord Stresses in the Main Span. 



o 

c 
0« 



■do 
SB 

"a 



(m.) 



-1« 
(m) 



-^10 


OB 

'S» 


K 


s 


Gd 


o 


^ 


5"* 






;akrfS 


(m) 





M 

m 

a 

CQ 



(t.) 



a 

i 

(m) 



n 




dM 


b 


e G 


o 


9"^ 


«> 


5Jo 


« 


1^ 


;^< 


A 





-.1 



.(t) 




Design of a Braced Suspension Bridge. 



255 



Table IV. 
Maximum Moving-Load Chord Stresses in the Side Span. 






1 








?^ 


BQ 




Chord 
Member 


y 

(m) 


M 

(t.m.) 


(t.m.) 


1 
(t.m.) 


Diagonal 

Acting 


b 

oo 

-1« 



d 



(t.) 









Left Span 




Ll 








I 


u 


2.59 


7971.6 


66.8 


n 


u 


4.66 


14349.0 


119.7 


III 


Li 


6.22 


19132.0 


159.7 


IV 


Ln 


7.25 


22320.7 


186.2 


V 


Ln 


7.77 


23915.0 


199 5 


VI 


L, 


7.77 


23915.0 


199.5 


VII 


7.25 


22320.7 


186.2 




Lf^ 








VIII 


L» 


.6.22 


19132.0 


159.7 


IX 


Liio 


4.66 


14349.0 


119.7 


X 


I'll 

^1 


2.59 


7971.6 


66.8 


I 


Ut 


17.37 


7971.6 


446.0 


11 


Vt 


22.66 


14349.0 


579.0 


III 




27.73 


19132.0 


712.1 


IV 


32.93 


22320.7 


845.1 


V 


38.10 


23915.0 


978.1 




Ufi 








VI 


Vi 


43.28 


239 5.0 


1111.1 


VII 


Uh 


36.91 


22320.7 


947.6 


VIII 


V. 


30.57 


19132.0 


784.9 


IX 


U,o 


24.20 


14349.0 


621.3 


X 


Uu 


17.83 


7971.6 


457.7 



Completely Loaded. 



7934.8 
14229.3 
18972.3 
22134.5 
23715.5 
23715.5 
22134.5 
18972.3 
14229.3 

7904.8 

7525.6 
13770.0 
18419.9 
21575.6 
22936.9 
22803.9 
21373.1 
18347.1 
13727.7 

7513.9 



0.08051 
0.06765 
0.05591 
0.03894 
0.03297 
0.02815 
0.03297 
0.03953 
0.05997 
0.07690 
0.10338 
0.06827 
0.05666 
0.04731 
0.04757 
0.04013 
0.03419 
0.03520 
0.04324 
0.04360 
0.054S2 
0.07097 



+ 636.4 

534.8 

794.5 

862.0 

782 

667.6 

782.0 

875.1 

853.4 

607.9 

817.2 

—513.8 

—780.2 

—871.5 

—876.3 

—861.7 

—784.1 

« 

—752.4 
—793.4 
—800.0 
—752.6 
—533.2 



+ 

tI5 







00 




rtfeO 


b 


cc 


C5 


or; 


«) 


bßo 


«0 


^< 


rH < 


Q 





M 

m 

a 



(t.) 



Middle and Right Spans 
Completely Loaded. 

—512.2 



6361.2 
11450.0 
15266.7 
17811.1 
19083.3 
19083.3 
17811.1 
15266.7 
11450.0 

6361.2 

42657 
55379.2 
68101.5 
80823.7 
93545.8 
106268.0 
90627.3 
75061.3 
59420.3 
43779 6 



0.08051 
0.05591 
0.04646 
0.04646 
0.03894 
0.03297 
0.03953 
0.04813 
0.04813 
0.05997 
0.10338 
0.06827 
0.06857 
0.05692 
0.03986 
0.03396 
0.02920 
0.02940 
0.03650 
0.05433 
0.07828 
0.07097 



—640.1 

—709.2 

—709.2 

—693.6 

—629.2 

—704.2 

-734.8 

—734.8 

—686.7 

—657.6 

+2912.6 

2926.1 

3162.4 

3221.9 

3176.6 

3103.1 

3124.0 

3217.2 

3228.6 

3076.7 

3106.9 



The temperature changes, which give rise to the horizontal force 
computed above, produce stresses in the chords of the structure amounting. 



to Ei 



1. 
h 



secff. For a range of temperature of ± 40**C. (=72*F.), 

we found above that JTt = ± 216.16 tonnes; the resulting chord stresses 
are listed in Table V. This Table V contains in addition, in the last 
two columns, the extreme values of the chord stresses producible by the 
combined action of dead load, live load and temperature variation. 
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Table V. 
Snmtnary of Maximum Chord Stresses. 
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may be constructed in the well known manner. Using an intercept = G . ^ 

y 

laid off on the left reaction vertical, we obtain the influence line for 

Z Si IWf 
= — ; this is represented by AttninxBt (Fig. Ill), from which 

the ordinates of the H-ourve are to be subtracted. The maximum tension 
in the diagonal, D, is represented by the intercepted area (shaded) Fma«, 
and its value will be 



x/max= 



G 



y 



. F 



max. 



The maximum tension in the opposite diagonal D' is similarly determined 

Fig. 110. 




Mg. 111. 



by the negative portion {F^) of the influence area augmented by twice 
the area (*) of the H-curve in the side span so that 

^'»« = -|--^(F. + 20) 

In Plate III, Fig. 1, are constructed the influence lines for the diagonals, 
and the data for their computation are arranged in Table VI. The 

ordinates of the H-curve are those of Plate II reduced to — the scale, 
EO that the unit load ö = — X 121.1 = 30.3 meters. Column 4 of Table 
VI gives the intercepts (ö -^) used in constructing the influence lines; 

and the areas in column 5, when multiplied by the factor P^ . X = 
84.37 y y . 0^ « 

30.3 —=2.786 -^, give the maximum tensions in the diagonals 

producible by the moving load. The temperature stresses, with Ht = 

216.16 t., are given by Pt = 216.16 -^; these are listed in column 9 in 

z 

the table. 
17 
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of treatment will be followed. If s is the distanee of the mth post from 
the intersection of the mth upper chord member with the (m -j- l)th lower 
chord member, and if y is the ordinate of this intereection point, then 

y~"-- G ■ 2 ■ ■^■°"- 
Fmn is the positive portion of the influence line for the post eonatructed 

by uBing the intercept G on the reaction vertical. With the exception 

of V„, the influence lines fortbe posts are easily obtained from those of 
the diagonals; they are drawn in Plate III, Fig. 1, as dash and dot lines. 
The minimum stress in the posts occurs when the system of diagonals 
D' is acting; for this oase, 



G z' 



(F,- 



h) 



where e' and y" refer to the point of intersection of the (m+l) th upper 
chord, with the mth lower chord member, and F' represents the negative 
portion of the corresponding influence area. The quantities for computa- 
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tion are arranged in Table VII; it should be observed that the stresses 
in columns 10 and 11 are obtained by multiplying the areas in columns 

^ and 2.786 ^^' 
z 



2 and 6 by the factors 2.786 -^ and 2.786 -^ respectively. 



z 



The stresses Fmax are found to be larger throughout than Fmin; only 
the former need therefore be considered, and it consequently suffices to 
calculate the temperature stresses for rising temperature only (which brings 
the diagonals D into action) ; these temperature stresses are given by the 

expression 216.16 — , 



z 



Table VIL 
Stresses in the Posts in the Main Span. 
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The stresses in the side span are given by D =^ Z -\- K . u. The Z 
influence lines for the diagonals of the system D are constructed in 
Fig. 3, Plate III, with the aid of the intercepts D and D' laid off on the 
two reaction verticals. The quantities D and D' represent the stresses 
in any member producible by a unit force acting vertically at the left 
or right end of the span; they are obtained from a force polygon, Fig. 4, 
Similarly, the stresses v, producible by a force of 1 . sec a acting along 
the line joining the two points of support are obtained by a force polygori. 
Fig. 2. The maximum tension in any diagonal D is obtained when the 
load covers the portion of the side span to the right of the panel con- 
taining the member. With the diagonals P«, I?», D«, I), and D,o, there must 
be added to the above a load covering the center span together with the 
other (right) side span. In Table VIII, the quantities of column 6 are 
obtained from the influence line for Z, and those of column 5 from the 
ordinates of the H-curve in the loaded section. From these, the stresses 
given in the remaining columns are obtained, using the values pa = 84.37 

tonnes and ^^ = 0,6967. The temperature stresses are given by Dt 

= 216.16 u. 
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If tbe other diagonal D', in any psnel, is brought into action, then its 

streBBSB wül be 11' = — O — — , where d aod d' are the lengths of the 

respective diagonals. We ean therefore obtain the maximum stresaes in 
the diagonals of the t^ystem D' bj using the influence lines drawn for 
the BjBt«m O; for thia purpose we Himply measure tbe negative portions 

of these influence areas and multiply the resulting stresBes bj -^ . 

The stresses !>' in Table VIH are tbusobtained from D' = (,Z + Hu) d' 

Table VIII. 

Diagonal Stresses in the Side Spans. 
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The stresses in the posts can also be determined from the influence lines 
constructed for the system of diagonals D, If, with this system acting, Vm 
and V'm are the stresses produced in the mth post by a unit force applied 
vertically at the left or right end of the span, then we have 

V = ^^ D 



'm 



for any loading which would stress the diagonals D in the adjoining panels, 



and 



Fm=- 



V 



m 



.D 



'm+i 



m+l 



for any loading which would stress the diagonals D'. 

Vm and V'm are obtained from the force polygon Fig. 4; Dm and Dmn 
are calculated by the expression Z -{- H u from the appropriate positive or 
negative portions of the influence areas for the mth and (m + l)th diag- 
onals. These cases are marked in Fig. 3, Plate III, by dash and dot lines. 
For the members Kj, V^ and Kjo, separate influence lines are drawn. 

We thus find, for each post, two stress-values (compression), the larger 
of which is retained. The quantities involved in the calculation are given 
in Table IX. 

Table IX. 
Stresses in the Posts in the Side Spans. 
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§36. The Framed Arch with Fixed Ends or with 

Double Anchorage. 



Fig. 112. 




If a framed arch is anchored or supported in two panel- 
points at each end, then it requires at least 6 conditional 

equations to fix the reactions. For ex- 
ample, in Fig. 112, ii A, B, are the panel- 
points in which one end of the structure 
is connected to the abutment, there are 
required two conditions to fix the reaction 
at A; while the panel-point B is fixed by 
the member A B and by the plane of the 
rollers on which it may slide, so that but 
one additional unknown is introduced at 
this point. There are thus a total of 6 reaction unknowns for 
the two ends of the structure; against these we have only the 
three equations of static equilibrium, so that three more. equa- 
tions of condition must be established from a consideration of 
the elastic deformations of the system. For the unknowns, to 
be found from these equations of strain, we may use either 
the horizontal thrust (i. e., the resultant of the horizontal forces 
at A and B), the vertical shear and the moment at any cross- 
section of the arch (e. g., at the crown), or we may^onsider 
three of the horizontal reaction-components at the four points 
of support as our unknowns. The latter scheme will first be 
applied. 

1. Oeneral Equations of Condition for the Horizontal 
Reactions. If we consider the two vertical members A B and 
CD inserted at A and D (Fig. 113), we shall obtain the four 

Fig. 113. 




panel-points A, B, C, D, which (upon neglecting the slight 
strains in the members B Bi and C C^ may be substituted for 
the actual points of anchorage; at these points, therefore, the 
horizontal reactions H^, Hz, B^ and H^ = — {H^-\- n2-\- H^) 
may be assumed to act. Again let Z denote the stresses which 
would be produced by the external loading if all the horizontal 
reactions were equal to zero; in other words, if the structure 
were held fast at D but free to slide horizontally at A; also, let 
11^ = stresses due to a unit horizontal force at A 
u^ = stresses due to a unit horizontal force at B 
z = stresses due to a unit vertical force at A. 



.« 
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Then the stresses in any member of the framed arch would be 
S^Z + H,u, + H,u,-(H,^+H,-^ + n,-^)z.. (474. 



8 



If r = — is the ratio of length to cross-section of a member, 
then the internal work of deformation for the entire structure 
is expressed by W == ^e S r S^ ; hence the horizontal displace- 
ments Ai Ag A3 A4 of the end-points A, B, C, D (considered 
positive if directed inward) will be determined by the following 
well-known law (Principle of Virtual Work) : 



^rS-f§-^ = {A, + A,)E, SrS 



dS 
dH» 



(A, + A,)E, 



5rs 



dS 
dHz 



(A3-AJ^ 



. . (475, 



Substituting here the value of 8 from equ. (474), also putting 



dS 



Ci 



dHx 




= Wi 
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.Z 


— Ui 


dS 
dH2 




U2- 


— - 


€2 
I 


,z- 


= U2 


d8 
dH 
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I 


• 4 


z, 





where Ui and Ug, denote the stresses produced in the members 
of the framework by forces ot unit horizontal component applied 
at A and B and acting in the directions A D and B D respec- 
tively, there are obtained the following equations of condition 
for the three horizontal reactions: 



SrZui+fliSrUi2+ff25rUiU2-fl8-ySrzUi-(Ai+A4)^^ 
S r Z U2+ fliSr U1U2+ ffgSr Ug^-iTg-y- Srzu2= (A2+A4)^ 
SrZz + fliSrUiZ+fl2Sru2Z-ff3-^Srz2=l(A8-A4)i?^ 
For abbreviation, let us put 



. . . (476. 



5 r U2* = «2 
S r z^ = a 



3 



5rUiU2 = 6 
5 r Uj z = c, 
2 r U2 z = Co 

^ (Ai + AJ — S r Z Ki = di ' 
^ ( A2 -f AJ — S r Z Wo = d^ 

— ^ (A3 — A J — S r Z z = d. 



(477. 
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Then the solution of the above equations (476) for the unknowns 
{H) will give 

TT dl (a2as — Ca*) 4"<^a (oiOa — hat) "t* ds (hc2 — a^Ct) 



H,= 



fli0^fl8 + 26ciCa — aiCj' — aaCi' — as 6' 

di (CiCa — 5 ds) + da (fliös — Ci*) +dt(hCi — Ci Cj) 



^ aiOaas + SftciCa — aiC2^ — aaCi* — a^h' 

rt _. ^ dijhct — ajCt) 4"da(6ci — aiCj) + di (aiat — 6*) 

* Cs aiaaas + SftciCa — aiCa' — aaCi' — 0$ 6' 



(478. 



The series of stresses, u^ Ua z, which are needed in making 
up the quantities a^, ag, etc., may be obtained graphically by 
means of force diagrams. We will again construct influence 
lines for H, but for this purpose we must first determine the 
stresses Z produced by different positions of a concentration 
P == 1. With a symmetrical form of arch, it will suffice to 
obtain merely the stresses z; since, for a load situated at any 
panel-point distant x and x^ from the ends A and D respectively, 

sc sc* 

2rZw = 2rzu+4-2rzu 

' X 

:i,rZz = ^rz^+ ^^rz^ . 

* X 

X 

where S refers to all the members between the reaction A and 

X* 

the load, and 2 refers to all the members between the load and 

X 

the symmetrically located panel-point. 

Having found the horizontal reactions, the stresses in the 
members of the framework are determined by equ. (474). The 
total horizontal thrust transferred to the abutment is 

n = H, + n, (479. 

while its position above the point A is 

and its position above the point D is 

^'=^Ttr (^«1- 

The vertical reaction at the left end of the span will be 
7=V -Fi-^ - n,^l - ^8-y (482. 

when V denotes the reaction for a freely supported beam. 

Equations (478) determine the horizpntal reactions for the 
general case, assuming that certain displacements A are produced 
at the abutments. If the abutments are unyielding, then we 
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must put the displacements A == in the expressions for d. 
The equations are, however, also applicable to the case of 
yielding points of support such as are involved in the braced 
suspension bridge outlined in Fig. 114. The elastic displace- 

Fig. 114. 




ments of the points of support are here' governed by the elonga- 
tions of the anchor chains and these are determined by the 
following equations in which Sq is the common length, Aq the 

common cross-section and ro = " 



A, 



ro 



^^ -¥^ 



19 



^^=-^S 



r© 



2> A3=-|--^fl'3, 



Equations (478) may be applied directly to this case if the 
coefficients a^, ao, ..., are replaced by the following values: 



öi'==«i-f2ro 

OS 



y=.h+r, 



c,— 



et 



I 



^2 ^2 ^ ^0 



di = — 5rZui 
(i8= — SrZz 



(483. 



To find the stresses produced by temperature variation, we 
must go back to equation (475) which may now be written 



or 



5 (rS + E^ts) j~i-E (A, + AJ 
SrÄUi = ^(Ai + A4 — w^SsuJ 



From this it follows that the stresses accompanying a uni- 
form temperature change may be obtained by equ. (478) if, 
retaining the other coefficients, we merely put 



d2= — E iü t'^s\i2=E wtV 



e» 



(484. 



Here V and V denote the lengths of the connecting lines A D 
and B D ; and the relations 2 s Ui = — 1% 2 5 Ug = — r ?", 
S s z = 0, are obtained from Mohr*s Theorem, cited on page 222. 
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In Plate I are constructed the force polygons of Ui = t«i, u, and z for 
the arch represented in Fig. 5, and the resulting influence lines for Hx 
and Hi are drawn in Fig. Sj* Assuming a uniform cross-section Äc = 250 
sq. cm for all the chord members and Aa = 25 sq. cm. for all the diagonals, 
there are obtained the expressions 

149,951 dx — 163,026 d^ + 641 d, 
^j — 



3,407,067 
_ — 163,062 dt 4- 239,439 da + 6,873 d, 



^* 3,407,067 

From these are obtained the following values for the horizontal reactions: 

at ^— JL 3 5 7 9 11 13 

J ~~ 26 ' 26 ' 23 * 26 * 23 * 26 * 23 ' 

Hi= 0.157 0.372 0.565 0.666 0.658 0.612 0.481 

H3= 0.100 0.187 0.272 0.407 0.594 0.734 0.922 

— H3= 0.364 0.782 1.030 1.183 1.187 1.056 0.922 

H4 = — 0.107 —0.223 —0.193 —0.110 0.065 0.290 0.481 

025 
Using the values ? = 80 m., E w t = ± 9600, and r = _ = 0.004 

for a chord member near the crown, the temperature effects are represented 
by 

13111X0.004 ,, „ , 

F.,t = ^g-^^^--^-^_^a;^Z= Tll.8 tonnes 

76377X0.004 

2. A Simplified Method of Design for Braced Arches with 
Fixed Ends. This consists in establishing the required equa- 
tions of condition and thence devising a graphic treatment, 
exactly as in the case of the plate arch rib with fixed ends. 
Adopting an arbitrary pair of coordinate axes, with the Y-axis 
vertical, and defining all the panel-points of the structure by 
their distances x and y from these axes (where x should be 
measured horizontally even though the axis of abscissae be 
inclined), then the bending moment about any panel-point 
(x, y) may be expressed, as in equation (309), by 

M = il[ — n.y — X^x — X2, 

where M is again the moment for a simple beam, H the resulting 
horizontal thrust, and, by equ. (308), 

Xi =^H . — X2 = H . Zq 

With less error than in the case of the two-hinged arches, 
we may here neglect the strains in the web members. The 
stress in the chord member lying opposite the panel-point {x,y) 

M 

will be 8 = i^ -J- sec a, where the upper sign applies to the 



upper chord and the lower sign to the lower chord. Considering 
the system as unstrained and free from temperature stress, the 
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Principle of the Virtual "Work of Defofamatton yiQljJs the follow- 
ing equations of condition /| £^ 



" EA dH ' EA dXi ' EA dXt 

Observing that 

dH h dXi h ' aXa ii 

and using the abbreviation 

P^^sec-.^^seo...... (485. 

where Ao is an arbitrary mean cross-section, then, with a con- 
stant Ey the above equations of condition become : 

SMp-HSp2/-Xi2px-X2Sp = 

As the location of the coordinate axes is not governed by 
any condition, we may so choose these as to simplify the above 
equations as much as possible. This may be accomplished by 
making 

Spa;i/ = 0, Spa; = 0, Sp2/ = 0> (486. 

which three conditions together with that of a vertical Y-axis, 
suffice to fix completely the coordinate axes. There is then 
obtained 

TT SMpy nrr SM pa? ^ SMp 

^ ~" 2py» ' ^i"~ Spa?'' -^2— 2p 

If the loading consists of a unit concentration, the numerators 
of the above expressions assume the familiar form whereby they 
may be represented as the static bending moment produced 
at the point of application of the load by the following quan- 
tities considered as forces acting at the individual panel-points : 



Ao CL.y o •^ 

/ Ao a .X Q 

V =p* x^—T- ' —rr- • sec"" a 

'^ Ah 

ff Ao (I a 



(487. 



A h^ 

We thus obtain the following formulae, identical with equationR 
(318) to (320) of the theory of the Plate- Arch: 

Mr 



x,= 



2 1? 2/ 



St;' 0? 

_ Mr" 

2 Sv" 



X "^^^ 



(488. 
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There now remains no difficulty in constructing the influence 
lines for the quantities H, X^ and X^, these lines being obtained 
as the funicular polygons of the panel-loads v, v' and v". [See 
Fig. 65, which applies also to the framed arch if the loads 
V, v% v" are calculated by the above equations (487) and are 
considered as acting at the different panel-points.] 

The approximation of considering the elongations in the 
chord members only is generally admissible. Nevertheless we 
may include the effect of elongations of the web members, as 
was demonstrated in the case of the two-hinged arch, by apply- 
ing certain corrections to the panel-loads v. It is evident, 
however, that the design will thus be rendered more com- 
plicated; besides, for this degree of precision, it is preferable 
to use the more direct method described in part 1 of this section. 

In order to calculate the panel-loads v, v% v", we must first 
locate the coordinate axes so as to satisfy the conditions ex- 
pressed by equations (486). Let us first choose any coordinate 
system, having its origin at A, and let a;' i/' denote the corres- 
ponding coordinates of any panel-point, a and b the coordinates 
of the origin of the required system of axes, and a the angle 
between the two X-axes (both Y-axes being vertical) ; we will 

then have a; =-. a? ' a 

y = y^ — 6+ (a — a;') tan a 

and, substituting these expressions in equ. (486), we obtain the 
following values for a. b and tan a : 



2 pa?' -f 'Spy' -^ 

a=—7f — 0= y^ I 

Zp Zp 

tan a = — ^-- — J; — ,2 

a^ä px — ^px 



(489. 



These expressions will evidently become much simplified 
when the arch has a vertical axis of symmetry. In such case, 
tana=^0 (i. e., the X-axis is parallel to the arch-chord), 

a L and b = ^^ (490. 

To find the effect of temperature variation, we must again 
start with the fundamental equations 

Assuming the coordinate axes as defined by equ. (486), we 
obtain 



d H -rr d Xi 



TT «/I -rr 



EAOU t 2 8 , y 

2t 



2p 
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By applying Mohr's Theorem (see page 222), the summations 
appearing in the numerators of the above expressions may be 
determined by a simple geometric construction.* If the arch 

is fiwnnmetrical about a vertical center-line, then S^ ^v '^ 

JO A, SI 

and, very nearly, S s ^„ = — I, S 5 , ^ = 0, so that the 
horizontal thrust due to temperature effect will be 

rr EAofatl .,^- 

^' sTT" (^^1- 

and its line of action will coincide with the X-axis defined 
by equ. (490). 

3. Calculation of fhe Deflections. The vertical deflection 
of any panel-point D caused by any loading which produces 
the stresses 8 in the individual members of the framework, 
will be 

A3/ = S-^fif.Zx (492. 

where z» denotes the stresses producible in the structure, were 
it freely supported, by a unit load applied at D. If the external 
loading consists merely of a concentration P at the point f , then 

8^p\z^ + H,^ u, + H,^ u, ~ H,^ ^ z] 

Similarly, the horizontal displacement of D is given by 
Aa? = S^.Ä.w;x (493. 

lid 

where Wx represents the stresses producible in the structure, 
were it freely supported, by a unit load applied horizontally 
at D. 



* See the article (previously cited) by MHUer-Breslatk in tbe Zeitschr. 
d. Arch. u. Ing. Ver. zu Hannover, 1884. 
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E. COMBINED SYSTEMS* 

§ 36. Combination of Arched Bib with Straight Truss. 

1. Exact Method. Let a rigidly constructed arch rib, A B 
(Pig. 115), be connected with a straight truss, C2>,.by means 
of the verticals 0, 1, 2, ... n. Let the loading consist of a 
concentration P bearing directly upon the truss ; this load will 
be partially transmitted to the arch by the verticals. The 
compressions in these verticals, designated by V^, Vi, V2. - * Vn, 



Fig. 115. 



1 



i^<i^^^i^^>i<^>i<i^i^^i^^>i^is:<^i^^i^f^^^^^ 




will be the only loads acting upon the arch; while the truss 
will be loaded by the concentration P arid the forces — Vq, — V^, 
— V2, etc. There is no difficulty, now, in determining the 
vertical deflection of the arch-rib at the mth vertical. 

In general, let Smp represent the deflection at the mth panel- 
point produced by a unit load at panel-point r. By Maxwell's 
Theorem, this is known to be equal to the deflection producible 
at the rth panel-point by a unit load acting at panel-point m. 
The influence number (8) may be calculated for a plate- 
arch by the following expression based on equations (295) and 

(304): 

1 

8mr = -ßV [^ — Hrmra + HrCXil — x)]... (494. 

and, for a framed arch, by the following expression derived 
from equ. (460*) : 



8mr = -^ [5 r Zm Zr — Fm ff r S r U^] 



E 



(494». 



With given or assumed sectional areas of the arch, these 
deflections may at once be determined, since the reactions H 
produced by the unit load may be computed exactly as for 
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an independent arch. The total deflection at the mth panel- 
point caused by the loads Y will then be 

In like manner, we may compute the deflection at the mth 
panel-point for the straight truss, considering its ends as simply 
supported. If cmr denotes this deflection for a unit load at the 
rth panel-point, its value may be calculated for a plate arch, 
or approximately for a framed arch, by the formula 



Cmr 



El 



tt 



m, 



(495. 



and more accurately for a framed arch by 



*mr — IT S r Z m Z r> 



(495*. 



where z'm and z'r again represent the stresses in the truss pro- 
duced by unit loads placed at m and r respectively. The total 
deflection of the truss at panel-point m, produced by the loads 
— Y and + ^y will then be 



A J/ na — — ( r 1 €ini+ ^ 2, ^201 + • • • + r m€inm+ • • • + K n_i €(n-i)mX+ •'t € 



An« 



Also, let </>m Vm represent the shortening of the vertical m due 
to its compressive stress Tm, where </>m may be calculated in the 
familiar manner when the length and cross-section of the mem- 
ber are given. We then have A 1/ -j- </>„! Fm = A 2/' ; applying 
this relation to each separate vertical, and introducing the 
abbreviated notation 



omr "T" ^mr — ö^mr — Ö 



rm 



(496. 



we obtain the following system of equations : 
1^1 (ai,i"+</>i) +"F2Öti.2 + "^8Öi.8+ • • • +T^mai.„,+ . . . 

+ r n-i Ö1 (n-i )=P' €i,| 

^1 «1.2+^2 (^2.2+ </>2) +^802,8+ • ' ' +'f^mÖ2.in+ • • • 

T" Yn-i 0^2 (n-i) = P • €2.^ 

Yi . a^m H" ^2* ^2.m+ Yq . Ö8.m~l" • • • "f" ^m (fltm.m-f" <fhn) ■}"••• 



»^l»ö(n-i)i~r ^^2'^(n-i)2~r ''^8^(n-i)3 I • * • I '^ m» (^ {n-i)m'T • • • 
-{-Yn-i [ö(n-i)(n-i)+<An-i] == P . €(n-i)| 

These (n — 1) equations suffice to determine the {n — 1) 



. (497. 
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forces y. "We can then obtain the horizontal thrust of the 
arch by means of the expression 

Using the above equations, we will construct the influence 
lines for F„ F„ etc, and for H; these will give, for any loading, 
the values of the external forces for the arch rib as well as 
for the truss. If My denotes the bending moment at any section 
a; of a simple straight beam loaded with the forces V, then 
the bending moment in the arch will be 

M\ = My-n.y (499. 

and the bending moment in the straight truss will be 

M\ = P . ^^"^^"^ -My ( 500. 

2. Simplified, Approximate Method of Design. By the 

restdts of § 19, if we neglect the effect of the axial compression, 
the deflection of the arch at any section distant x^ from the 
abutment may be calculated by the following expression 
(applicable also to framed arches), 

Ay=-^[^ f-^ (l-x) dx- f^ (x,-x) dx] 



where M\ is the bending moment in the arch-axis, and /' de- 
notes the moment of inertia of the arch cross-section multiplied 

by cos T = -=- . Similarly we obtain the deflection of the truss : 

d 8 

I Xi 

£^y' = -i-[^f^(l-^)dx-f^{x,-x)dx], 

where Jf " and 7" are the bending moment and moment of 
inertia, respectively, for the given section of the truss. Neglect- 
ing, further, the shortening of the verticals, we have A 2/ = A 2/', 
or 

^<f(^-^yi-x)dx-J(-^-^yx,-x)dx^o. 

The left member of the above equation, however, represents 
the bending moment at the section x-^^ of a simply supported 
beam which is loaded at each point with a force of magnitude 

■^^•^TT-y This bending moment must therefore vanish 

for all the sections Xj^, i. e., for all the points at which there 
is a connection between arch and truss. If we imagine these 
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connecting verticals to become infinitely close together, then 
the above condition must hold true for every point of the span ; 
this cannot possibly occur unless all the loads upon the structure 
reduce to zero, in other words we must have 

-^-^ = .(501. 

Hence, the bending moments in the arch and the truss will 
bear the same proportion as the respective moments of inertia. 
If these moments of inertia are constant, then the two bending- 
moments will also have a constant ratio. If this ratio is 

V _. 



if M is the moment producible in a simple beam by the external 
loading, and if My, as above, is the moment producible by the 
loads y, then, by equs. (500) and (499), 

M\ = 'NL — My, 

and M\ = i M\ =-My — Hy. 

Hence 

^„^_M_^^ M', = ^(M- By).. {502. 

To evaluate //, neglecting the effect of the axial compression, 
we use the equation 

A 7 * r^'« ^ / t \2 f M — 771/ , 



whence 





I 



M , (1 + 0* 






jj_.<> (503. 



J ET ^ 



X 



Omitting the end-displacements from consideration, the hori- 
zontal thrust assumes exactly the same value as in the directly- 
loaded arch without a stiffening truss. Also, the critical loads 
and maximum moments are to be found in the same manner 
as for the simple structure; but the actual moments in the 

arch and the truss will be respectively =-4-: and t-t-. times the 

corresponding moments for the directly loaded arch. 



18 
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§37. Combination of Arched Bib and Cable. 

Let the cable, supported at C and D on rollers or rocker- 
arms, be connected by vertical rods with the arch A B (Fig. 116) . 
Let the horizontal thrust of the arch be denoted by E^, and 

Fig. 116. 




the horizontal tension of the cable by ^2- Finally, let y^ rep- 
resent the ordinates of the arch-axis referred to the line joining 
its end points {A — B), and 2/2 the ordinates of the cable- 
polygon referred to the connecting line EF. In developing 
the following theory we assume, as with the systems previously 
considered, that the deformations are so small as to have but 
a negligible effect upon the bending moments. Adopting the 
notation 

A = length of cable between panel-points, 
a = distance between two suspension rods, 
Ac == cable cross-section at the crown, 
Af^ = average cross-section of the arch, 
Ab = cross-section of a suspension rod, 

Ix=^I cos <t> = moment of inertia of an arch-section multi- 
plied by the cosine of the inclination of the arch-axis, 
b == total length of the arch-axis, 

then the stress in the cable section will be 

X 



T=n. 



a 



and the tension in a suspension rod will be 



a 



Noting that the moment of the suspension forces at the 
section x y^ of the arch == H2 2/2, and if M represents the moment 
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of the applied loading in a simple beam of span I, then the 
bending moment in the arch is found to be 

M^'IIL — H,.y, — H,,y, (504. 

The axial thrust in the arch may, with sufficient accuracy, 
be assumed equal to H^, Assuming, furthermore, that the 
anchored ends of the cable are displaced through S^ and 83 
in the direction of the backstays, that the supports at C and D 
are forced together through 83 and 84 respectively, and that, 
by a yielding of the abutments, the span of the arch is increased 
by A ^ ; then, if the temperature differs from that of the un- 
stressed condition by t°, the Principle of Virtual Work 
(Castigliano's Theorem) yields the following two equations: 







81 sec tti — 82 sec ag — 83 ( tan a^ + ^(^^ ^\ ) — ^4 ( ^öjm ag + ^^^ ^\) 

dW r M 9M 
"J~EI^ 



9n, 



9H, 



dx+-^y-^—+-^{ksec^a^+l:,sec''a2) 



EA. 



E A 



or, using the abbreviation 

81 sec ai + SzSec ag + 83 ( tan a^ + tan a\ ) + 84 ( ^a/i a2+ tan a'2 ) == A a, 

and substituting the value given by equ. (504) for M, 



z 



H Ji^ . .i. + H. [/-^ + 1(S ^ + ^. .ec^ «. 



(505. 



-^l,sec-a,)+-l-%s{^y]=^^dx-E^k 
-^ CO # (2 -^ + hsec^a^ + hsec^a:, + %^^s ) 

These two equations serve to determine the two unknowns, 
ZZi and Ha- 
lf the external loading consists merely of a concentration, 
then, as proved in an earlier part of this book, the definite 

integrals I — j^^ dx and j — j^ dx may be conceived as 
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the moments in a simple beam loaded with the quantities -7^ 

and -7^ , and may be thus represented by means of a funicular 
It 

polygon. 

If we make 2/2 = in the first of the equations (505), it 
reduces to the corresponding formula for a simple arch with 
hinged-ends. Making 2/1 = in the second equation/ there 
results the approximate formula for the horizontal tension in 
a cable connected with a straight stiffening truss. 

If both arch and cable have an initial parabolic form, with 
versines /i and /g respectively, then, for a constant moment 
of inertia in the arch, 

I I 

h — TsTT' J h ~ ISA' J h ^^^ 15 /t • 


Furthermore, for a concentration P acting at a distance | from 
the end A, 



I 

It ~ ^I'h 



Putting 

fc==S h li sec^ ai-\- Izsec^ a2-\- -~- '^ s ( — —J , 

neglecting the term representing the elongations in the rods, 
and assuming a continuous curvature of the cable, there results 

(Iß X 2 V 
1 + -3- -^r) + h sec^a 1 '+ Izsec^ ag (506. 

Using this value, also putting A Z = A Ä == and ^ = 0, the 
solution of equations (505) will give 






8 



'-'•I'+w^+'n^] 



_5 P.^(Z-^)(Z2 + ;^__^2) 



/ /sFl -L-AIl. ^* I 15 k It 1 



(507. 



The two horizontal forces therefore have a constant ratio, 
namely, 

-m^TKIT (^0^- 

This ratio will hold true for any arbitrary loading. 
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The effect of temperature, together with a yielding of the 
abutments and anchorages, will produce horizontal forces given 
by the following formulae : 



E,t = 



£7Acf/[(l+4z77?-T)('^*^-^')+7^('"*'^ + ^''^)] 



h 



A'(l + 



Vbf^ Ac , J5^ 
kh^ i4a "^ 8 



I AaA« ) 



'S'a.t = 



EAx 



f.'[(i+ 



15 h 

8 A./a« 



-y)(w<fc+Afc) + -J« (« t 5 — A O] 



^^»r+"b7? A7 + -8"T 



/i 



Ac /a« 



(509. 



If we put H2 = C . Hi, so that, by equ. (508), 



C = 



hf2A> 
kftA* 



the bending moment at the section xy^ of the arch may be 
calculated by the relation 



M = M - H, (y, + C y,) 



(510. 



/ From this we derive the following rule for finding the maxi- 
mum momenta and critical loads for the arch: Increase the 

rise (versine) of the arch by the amount C f2 = -~vrr-r~ ' fz 

and take the resulting parabola as the axis of a new arch for 
which the maximum moments, etc., are to be determined in 
the usual manner, using the value of H^ given by equ. (507). 

In calculating the temperature effect, we must keep in mind 
that a negative value of ^2> with flexible cable and suspenders, 
cannot be transmitted to the arch. If, upon an increase of 
temperature, Hz becomes negative, then the cable becomes in- 
effective and the entire structure acts merely as a simple two- 
hinged arch. It can be easily demonstrated that this condition 
may occur with a quite moderate rise of temperature and that, 
even with the structure completely loaded, the cable may become 
slack unless there is a simultaneous yielding of the arch abut- 
ments or unless the cable has been very skilfully mounted. 
The horizontal tension in the cable due to temperature will 
exceed that due to the loading (of intensity q), when 



E'*[ '-"-\V''"- +^-Tr]>i^' 



or, on substituting Zi = At 



h* 



E 






4 
15 



and 0-' -4.« = -^ 



1 q? 



8 U 



when 



Ki k 



32 f,f,l 



] 



>1 



Here <t' represents, approximately, the mean stress at the crown 
of the arch produced by a full-span load. This stress, in a 
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wrought iron arch, need not be taken higher than 500 kg. per 
sq. em. (= 7120 pounds per square inch), bearing in mind that 
this does not include the stresses due to temperature, etc. 
If we put the expression within the brackets approximately =2, 
the temperature rise need not exceed 

* = TC-= 2^ = 10° C.(= 18° F.) 

before the cable will become slack. In reality, however, we may 
expect much greater fluctuations of temperature than this, 
whence we may conclude that the cable will not be effective 
at all times and that, consequently, this combination cannot 
he considered an advantageous form of construction. 

It should also be observed that the versines, /g and /j, of 
the cable and of the arch, must have a certain ratio in order 
that the maximum intensities of stress in these two parts of 
the structure may be approximately equal to each other or to 
assigned values. Introducing the abbreviation iV = 1 -t* 

■ l\ — -| — Ö r A \i > ^^^ neglecting temperature stresses, 

the maximum stress in the cable becomes 

Similarly, the maximum stress in the crown-section of the arch 
will be, when the cable is slack, 

2qP + 15E(atAa.h 
0"a = 



16 A. A (.V- 4^) 
We therefore have 

(Ta /^ . 15 EoJt h\ N kft 



(1 I 15 E(ot h \ N 



or approximately 

_£a /-l I 1^ 960 _Ä^\o fcfl 

ffc ~ V "^ "1^ " 500 * ft/ & A * 

If arch and cable are to be equally stressed, we must accordingly 
have 

f, h ^ 1 



U 2fc 1 + 1.8-^ 



or the rise of the arch must be less than -ö" to -g- the versine 
of the cable. 
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APPENDIX. 

The Elastic Theory Applied to Masonry and Concrete Arches. 

The theory of arches developed above, in §§ 10 to 24, based 
on the elastic deformations, makes no other assumption in re- 
gard to the material of construction than that it is to be con- 
sidered perfectly elastic within the limits of stress occurring 
in the structure. If this assumption is equally applicable to 
masonry as to metallic structures, the above theory of the solid, 
elastic arch rib may be as appropriately applied to masonry 
arches; and it need only be observed that, on account of the 
small tensile strength of the material of a masonry arch, no 
large tensile stresses may occur, so that wherever such stresses 
are indicated by the computations the entire cross-section of 
the arch is not to be considered effective. 

The elastic behavior of masonry, previously maintained by 
Tredgold and Bevan, appears to be established beyond ques- 
tion by the tests of Bauschinger*, Foeppl and others. All 
natural and artificial building stones, within the practical 
limits of stress, are to be regarded as more or less perfectly 
elastic bodies; and the conclusion is therefore justified that the 
distribution of normal pressures in any smooth, plane joint in 
masonry is determined by the elastic law or, with the simplify- 
ing assumptions of Navier's hypothesis, by the rules expressed 
by equations (174) in § 11. An arch composed entirely of 
squared stone, i. e., without any mortar, will therefore act as 
an elastic arch, at least so long as no tensile stresses occur in 
the planes of the joints and the deformations do not exceed 
certain limits. Masonry composed of stone and mortar, how- 
ever, on account of its heterogeneity, cannot be treated as per- 
fectly elastic and will be affected not only by the manner of 
construction but also by the age of the masonry. The more 
recent the work, the larger will be the ratio of the permanent 
set to the total deformation. Furthermore, there does not ap- 
pear to be a definite elastic limit for such masonry. Neverthe- 
less laboratory investigations as well as observations on actual 
structures^ indicate that within certain limits of stress even 

- — I 

* Mitteilungen aus dem mechanisch-technischen Laboratorium zu Mün- 
chen, No. X. 

\Köpckef '*Die Messung von Bewegungen an Bauwerken mit der 
Libelle." Protokolle des sächs. Ing. Ver., 1877. — '*Arc d 'experience, ' ' 
Report of M, de Perrodil. Ann. des ponts et chauss^es, 1882. — *^ Gewölbe- 
Versuche des österreichischen Ingenieur- und Architekten-Vereins." Zeit- 
schrift of this Society, 1895f also published as a separate reprint. 
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mortar masonry acts as an elastic body. Furthermore, even 
with conditions of imperfect elasticity where permanent com- 
pression accompanies the temporary strains, the distribution 
of pressure in plane joints is really given by the same laws 
as in perfectly elastic materials, provided we may only assume 
that the conditions are uniform throughout the mass of masonry 
and that the permanent strains are proportional to the normal 
pressures. In fact, as Foeppl] has shown, we arrive at results 
practically identical with those of an elastic arch if we treat 
the voussoirs as incompressible bodies and ascribe elastic com- 
pressibility only to the mortar. Actually, however, the rela- 
tions are not so simple. The masonry at different points may 
have varying elasticity and, with uneven hardness, varying 
compressibility; furthermore, in masonry of unsquared stones, 
the joints are not true planes. The perfect elastic behavior 
may therefore best be expected in the case of monolithic con- 
crete arches; nevertheless even for this material, according to 
the experiments of Hartig, Bauschinger, von Bach, and others, 
Hooke's law of proportionality is but approximately true and 
only within low limits of stress, since for larger stresses the 
compression increases more rapidly than the pressure. On ac- 
count of these considerations, the elastic theory is not as accurate 
a treatment for determining the stresses in masonry arches as 
in metallic arches; nevertheless, on the basis of the above-men- 
tioned investigations, especially the tests on arches by the Aus- 
trian Society of Engineers and Architects, the results of the 
elastic theory may also be applied to masonry arches thereby 
arriving at the actual relations in accord with all preceding 
theories for the masonry arch. The perception that a correct 
theory for masonry arches should be founded on the laws of 
elasticity had been expressed by Poncelet (1852), but later 
writers {Winkler, Culmann, Schwedler and others) were the 
first to develop this idea and to apply it to the actual construc- 
tion of such a theory. Now the theory of the elastic arch is 
generally recognized as the basis for a correct analysis of the 
masonry arch, and the methods of design ^developed in the pre- 
ceding chapters may therefore be directly applied to masonry 
arches. 

The static analysis of a masonry arch involves the finding 
of the lines of resistance for specified cases of loading and, 
ultimately, the determination of the maximum stresses in the 
joints, which may be found either directly or by means of the 
line of resistance belonging to the corresponding severest con- 
dition of loading. For the rigid solution of this problem, there- 
fore, two cases of loading must be considered for each joint, 
one for the upper and lower core-point respectively; neverthe- 
less these may be replaced for each joint, without great error, 

TFoeppl, ** Theorie der Gewölbe." Leipzig, 1881, 
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by a single case of loading corresponding to the middle point 
of the joint. (Compare the remark in § 29, p. 208.) 

If R is the resultant force acting at any section (or joint) 
of the arch, N its component normal to the section and M its 
moment referred to the center of gravity of the section (arch- 
axis), then, with A as the area and Z as the section modulus 
of the cross-section, the extreme fiber stresses will be 

If N and M are taken for a unit width of the arch, then, 
with d as the thickness of the arch, 

It is advisable to determine the stresses due to the dead and 
live loads separately, combine these and then, in the case of 
hingeless arches, add the stresses due to temperature variation. 

If the arch is provided with hinges at the ends and at the 
crown, so that it reduces to the statically determinate case of 
the three-hinged arch, there is no special difficulty in determin- 
ing the forces acting; for each section to be investigated the 
critical loading may readily be determined and used as a basis 
for evaluating the maximum live load stresses in the extreme 
fibers. For this purpose either the analytical or graphic pro- 
cedures given in § 15 may be used. If p is the live load per 
linear foot and if the length of loading is determined for the 
middle point of each section, then, for a parabolic arch, also 
approximately for a flat segmental arch, we have the expressions 

■»J px{l — x) (Z — 2a?) 

^^ 2(3Z— 2a?) 

T,j V' + Sfl {l—2x) (5Z — 4a?) 

^ ^- 4fi isi^2xr ^•^^^^- 

Here <f> is the angle of inclination of the section from the 
vertical and x the distance of its middle point from the end of 
the span. 

If we are dealing with concentrated loads, it is best to em- 
ploy the method of influence lines. The effect of the dead load 
is obtained by drawing the corresponding line of resistance or, 
for greater accuracy, analytically from the relations 

Jf =M — H.y and N= H. cos <t> + V. sin <t> 

where H is found from the crown moment Mc of the dead load 

TT Mc 

Far more detailed and tedious is the correct design of the 
masonry arch constructed without hinges, which is, of course, 
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the common arrangement. In such an arch, if the applied load- 
ing and the accompanying secondary effects produce no tensile 
stresses in the end and intermediate joints exceeding the tensile 
strength of the masonry, the arch will act exactly as a hinge- 
less elastic rib and the theory given in §§ 20 and 21 may be 
directly applied. Here also, to be exact, it would be necessary 
to find the most unfavorable loading for each section to be in- 
vestigated and then determine the corresponding stresses. On 
account of the tediousness of such a design, however, it is fre- 
quently deemed sufficient to consider just one or two special 
cases of loading, usually a loading over the entire arch and one 
covering the half span. The former gives the maximum stresses 
in the joints near the crown of the arch, the latter corresponds 
approximately to the maximum stresses at the quarter points 
and ends of the span. 

Accordingly the external forces together with the pressures 
in the joints, for each of the three conditions of loading, namely, 
a.) dead load, b.) full live load and c.) half-span live load, 

Fig.l 





«-—-" — •-Äs 



\ 






may be determined directly without the necessity of first find- 
ing the influence lines. 

The dead load is composed of the weight of the arch and 
the pressure of the construction resting upon it. The latter, 
in the case of arches with spandrel filling, may be taken as 
equal at each point to the weight of the superincumbent filling ; 
but in arches with large rise and large depth of filling this 
pressure is to be determined in accordance with the theory of 
earth pressures. In the case of secondary arches or piers rest- 
ing upon the main arch, the weight they carry is applied in the 
form of concentrated loads. Continuous weights and loading, 
however, will also be replaced by concentrations since we will 
divide the arch into segments and consider their weights applied 
at their respective centers of gravity. 

a.) Analytical treatment for a given case of loading. We 
first have to determine the resultant force at any one joint ; with 
this known, the pressures at all the remaining joints are readily 
found. To completely determine such a force, however, three 
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things must be known: the components normal and parallel 
to the section and the moment about the axis of the arch. To 
establish the corresponding equations of condition, the three 
derivatives of the work of deformation will be employed. 

In the following, we assume a masonry arch symmetrical 
about the crown and adopt as our unknowns the data for the 
thrust at the crown of the arch, namely, its horizontal and 
vertical components H and V and its moment Mq about the 
center of gravity of the section. In addition, we divide up the 
arch ring by sections normal to the axis of the arch and uni- 
formly spaced along its length (Fig. I) and calculate the weight 
of each segment of the arch together with the superincumbent 
load. Let these applied forces in the left half of the arch be 
Pj, P2, ^3,. -Pr^y and in the right half P\, P\, P\. . .P'„; their 
horizontal distances from the crown joint a^, »2 • • • and a\, a\^ 

, respectively. The axial points of the cross-sections are 

referred by coordinates (x, y) to a system of axes passing 
through the crown of the axis of the arch. The axial thrust 
and moment for any section inclined at the angle <^n from the 
normal are then calculated as follows : 

In the left half of the arch: 

JVm=B'-co5<^-- V- sin<f>m + {Pi + P2+ • • • +Pm)sin<f>ni 

Mra = Mo—E ' yra—y * Xra + Pi (x^—a^) 

+ P2'{^ — a2)+'" +Pm. (Xra—am) 

In the right half of the arch : L (511, 

N'm=-n 'Cos<l>m+V 'sin<t>rr^+ (P\ -|-P'2+. . .+P'm) 'sin<f>m 

M'^=M,-n'y^+V'Xrn + P\{Xra-a\) +P\ {Xra-a\) 
~r • • • \ P m. \Xia Of va) 

With the notation previously employed, the approximate 
expression for the work of deformation of the arch is 






Hence, with the assumption of perfect fixedness and rigidity 
of the end sections, we obtain the following equations of con- 
dition expressing the ' Theorem of Least Work : 



^ dB J I dB "* + J A dB «* — "» 
M. J I dU, "* "' 

„dw Cm dU ,„ , Tat dij , „ 



a 



where the integrals represent a summation over the entire 
length of the span. If the segments of the arch are assumed 
of uniform length along the axis of the arch, and if a mean 
cross-section A^^A^,, ., and a mean moment of inertia Iiylz,- ., 
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are introduced for each segment, then Simpson's Rule may 
be applied for the above summation. The substitution of 
the values of M and N, as well as of their differential coeflScients, 
from the above expressions (511) yields the following three 
equations of condition: 



»1 — 

32 — 

»8 + 



bH + c Mo=0 
cH + dMo=0 
e 7 = 



(512. 



Introducing the abbreviations of notation 



(Pi + ^2+ • • • + ^m) • sin <^ni = Pm f or the left, and P'm for 
the right half of the arch, 

P(a:m = öi) +P2(^m — 02)+ ... +Pm(^m— ötm)=Mmfor the 
left and M'xn for the right half of the arch, 



the coefficients in (512) are given by: 

+W,).+ . . . +g(M„+M'„)] +|[ 4 ^' (Pi+P'i) 
+2"-^ (P,+ P'j +4^f^ (P,+P',) 

+ ... + '-^'^(P. + P'n)] 
a, = I [t (M, + M',) + A (M, + M',) + A (M^ + M'.) 

+ 1(M„+M'„)] 
(M,-M's) + ... + ^^(Mn-M'„)] 



^3 



b== 



+ 



2 cos^ 02 j^ 4 cos^ 03 



A: 



+ 



A, 



+ ...+ 



C 08^ n 
"IT 



] 



c = 
d= 
e== 



[s + ^ + r + i+-+il] 

r 45l +2^'+4 ^•' + . . • + -;i + r4*-i^^-' + 2!^ 

L *i -«a iz ^n J L ^1 A 

• « • • •> • ^ 



•0, 



gin'0g I I j?ni'0n 



1 



(513 
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With the values of H, Mq and V calculated from equations 
(512), equs. (511) are to be used for determining the axial 
thrust and moment at the other sections of the arch and the re- 
sulting normal stresses. 

For a loading symmetrical about the crown, we have M' = M 
and P' = P; hence T = 0, so that only H and Mq remain to be 
figured. This condition obtains for the dead load when the 
roadway is horizontal or symmetrically inclined about the crown 
of the arch. If we investigate only the three cases of loading 
mentioned above, then H and Mq need to be figured but once 
for the dead load and then for the full live load. For the load 
over the half-span, we need only find the value of V from the 
third of equs. ("512) using M' ^0, P' = 0, since H and Mq for 
this case of loading are just one-half of the corresponding values 
for the full-span load. The stresses calculated for the dead and 
live loads separately are then to be added algebraically. 

Approximate Formulae, We assume an arch with parabolic axis, having 

a symmetrical form and carrying a symmetrical, continuous loading which 

amounts to ^o per unit length at the crown, q^ per unit length at the ends, 

and varies between these values as a parabolic function so that at distance 

4 a?* 
X from the crown, g=q^-\- {g^ — g^) __ . We also assume that /.cos 0=/o 

I 

is a constant, and substitute ö~r ^^^ the second summation in the expression 

for the coefficient b, along with which the terms in the expression for ai re- 
ferring to the axial thrust are neglected. Again replacing the summations 
by definite integrals, we readily obtain 

^*-""32 3X5X7 /o ^'""16 30 U 

^ 1 fl I 1 fl A ^ ^ 

^-107; + 2Z/ ^ = --6-70' ^ = TTo- 

(45 / \ 
1 + ^ 7~F ) » *^® solution of equs. (512) 

yields. 

"~ 7 Sf 



(514. 



"""V 7 f'"~ 10 y24 

and, for the moment at the ends of the span, 

^° ~ I 7 f — 10 J 12 

These formulae are also applicable to the simplified, approximate design 
of flat segmental arches. With Oi=groj they reduce to the formulae for a 
load uniformly distributed over tne entire span. For a uniform load of p 
per linear foot over one-half of the span, M and Mo take one-half the values 
given for a fuU-span load and, in addition, there appears at the crown sec- 
tion a vertical shear (directed upward on the loaded side) of y=-__pi. 
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b.) Procedure with the aid of influence lines. If it is de- 
sired to investigate various cases of loading, especially the criti- 
cal loadings for individual sections, it becomes necessary to 
construct the influence lines for three unknowns of the external 
forces. For this purpose we may apply the procedure developed 
in § 20 for the arch with fixed ends, the simplifications there 
given for. parabolic arches with constant moment of inertia 
being also applicable to flat segmental arches of approximately 
uniform cross-section.* For arbitrary forms of arches (e. g., 
basket-handle and equilibrium curves) with variable moments 
of inertia, there is to be recommended the general graphic 
method in which the influence lines of the quantities H, X^ and 
Xo are obtained as funicular polygons. For any given loading, 




Influence Lines 

By the exact formulae 
By the formulae for the 
paroboUcarch 

these quantities are obtained in the familiar manner by sum- 
ming the ordinates of their influence lines multiplied by the re- 
spective loads. With the aid of these quantities, we may then 
either draw the line of pressures or simply calculate the moments 
about the core-points of any given section. If X\, and i/k are 
the coordinates of any core-point referred to the system of axes 
fixed by equ. (321), then, with the notation of § 20, by equ. (309), 
My, = Mk — H . 2/k — X^, Xk — Zg ; from this value of the moment, 
the stress in the extreme fibers of the cross-section is computed 
in the ordinary manner. By the same equation, the influence 
line for My, msLj be derived from those for the quantities H, 

*0n this approximate, simplified desi^ Fee Th. Landsherg, *^ Beitrag 
zur Theorie der Gewölbe, ' ' Zeitschrift d. Ver. deutscher Ing., 1901. 
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Xi and Xg, and, by its aid, the most unfavorable action of the 
loads may be accurately determined. It will always suffice, 
however, to use an approximate determination for the len^hs 
of loading giving maximum stress and, for this purpose, we 
may employ the simplified relations established for the para- 
bolic arch (i. e., determining the limits of loading by equ. (381) 
or by means of th6 straight reaction locus and the hyperbolic 
reaction-envelope curve.) 

For the frequently occurring case of a circular arch of large rise-ratio, 
whose radial thickness increases from the crown to the ends in a uniform 
ratio with sec 0, the following may be given in addition to the exact for- 
mulae of design. 

Adopting the determining quantities of the left end reaction, i. e., B, Fj 
and M^ as the three unknowns, the loading consisting of a single concentra- 
tion Gf and with the notation indicated in Fig. 2, we have the axial thrust 
and moment at any section given by 



Px = Fl - sin -f JI • cos — Ig- sin 



I O ' sin I 




01 



Mx = Ml -f y - r ( sin 0o — sin ) — E -r { cos<p — cos0o) 



01 



[ 



— \ O - r (sin 0i — sin<p) 



] 



If do is the thickness at the crown, then, for any section, d = do sec<p 
and I = Io. sec^<p = ^jg do* . sec*0. Introducing the symbols for abbreviation, 






1^ 
12 



d.' 



_ 



o = ( 1 + Ö ) sin Ö" «*** V 

i3 = "2^ -f -g- sin . cos ^ • 1 "Ö" H" ^0«' I 

1 4 8 \ 

7 = -^ sin ( cos*(p + -Ö- cos V + -q" I 



..(515. 



and the corresponding symbols o©, ßo, 7oj and aj, jSj, y^, for the points = 0o 
and 01 respectively, we obtain the following expressions from equs. (182) 
(185) and (186) for the variation of the coordinates of any point in the 
axis of the arch : 

A0— A 00= ~^Y I ^* (*~"*o) + Fl .r-| (a — ao) stn 0o 

+ ^(cos*</) — cos*(po) y+H.r-l (a — ao) cos 00— g- (iS — i3o) l- 
— G.r-l (a — oj ) sin 0i + -^- (cos *(p—cos*M f \ -\- <»>t( 0—0«) 

r* r 1 

A a?o = — 1/. A 00 — r . cos(p (A0— A0o)— YY I 2" ^1 ( i^ — ^o) 
+ Fir^ Y (iS— iSo)sm0o+-g-cosV-- cos''0o) |- 



tiCD — 



288 



Arches and Suspension Bridges. 



+ JI.r|-2 (/3 — i8o)cos0o— (7 — 7o)|— r7.r|Y(iS — Wstw0i 

+ -g- {C08^<t) COS *0i) \ I 

r^ r 1 

i^ y— A 2/0 = 07. A 00— r . stn0 (A0— A0o) — ^y I -4-^1 {cos*(p^ 

— co8*(t>) +^i'^'| x (cos*0o — cos*0) sin 00 — F- stw'0 l-ö^+cosV) 
-|- -^ sin '0of -0- + CO« Vo 1 >- — H . r -| -=- (cos "00 — cos ^(p ) 

— - stn* 0(3" + CO«* ^ ) + "5 *****'^i ( "3" + ^^^' ^* ) I I 

Applying these formulae to the right springing point by substituting 
= — 00, a^ = 2 , y = 0, and, for yielding abutments, putting their relative 
rotation A0 — A0o = Ci and their relative displacements A a? — Aa?o= C2=A 
and Ay — Ay© = Cs we obtain, by solving for the unknowns, 



(ai/3 — Oo jS, ) stn 01+ g- (cos* 0o — cos^ 0i) ao 
— -J (cos* 00 — cos* 01 ) ßo 



77 = 



.Of 



.2 



Fa = 



4ao7o — ßo' 
2 gp ( Ca + Ci . r . cos 00 ) + Ci . r - ßo + 2 uj tr4>nßo Eh 

r ( 4 ao 7o — ßo'' ) 



XT I TT XT _1_ ^ 7i'giW0o — 7e'Stn0i ^ ., 

stn 00 1 o + cos 00 ■ 



U516. 



5 Eh ^'^^^-'^i-'^ 



+ 2 r' 



sin 



00 ( 



2 . 2 

A- + COS 



00 ) 



(517. 



with which the end moments are obtained : 



Ml 



=[- 



Xi.sin0o+H 



ßo — 2 ao cos 0c 



2 a« 



^•^^(4 (^^^^'^« 



— cos* 01 ) + *o sin 00 — a 



1 sin 01 1 1 



r + 



^ Ci + 2 fa» f 0c 
r 2a„ 



...» (518. 



With the quantities H, Vi and M„ we also have the effective forces, i. e., 
the axial thrust and bending moment, at any section of the arch. 
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The emlenlation of tbe above eipre^aiona is facilitat«<] by tlie following; 



Usimll/, even with cirevlar «rches, it ii deemed satisfactoiy to m&ke the 
ealcuIatioDB bj the simpler formuls of the p[iTB.bolic Bxch of constuit 
moment of inertia. In the following example, talcing a masonrj arch of 
dODsiderable rise-ratio, tbe resultB of the exact formuls (516) to (518) 
and those of the formulie (331), (326) and (334) for a parabolic arch are 
compared. The latter, traneformed into polar coordinates, are 



_ IS J_ (si; 
64*/'' 



n'<^.)' 



-]-■ 



at Bpringing li, = 1.556 m. Wo have 0« = 50°, « = 7—3 =0.00013. The 
calculation yields tbe following results: 



4>. 


I 


7 


„%m 


f. 


«.IS», 




40 

1 

3 


0.0744 

.6 


5:S 

i 


0:0356 

-0.0^6 
-0.0376 

-oiwo 


iii 


'-_ 


-OKWB 

IE 
11 

•o:oi2ai 
.0 




-J 


08347 

s 
i 

SI 



290 Arches and Suspension Bridges. 

rise-ratio, is not very great; the error in the moments, on the other hand, is 
more considerable. Fig. 2 (page 286) gives a drawing of the influence lines 
calculated by both sets of f ormul». 

Disturbing Influences, In a hingeless arch, if only the 
action of the loading is taken into consideration, it is assumed 
that there are no stresses in the arch when considered without 
weight. In reality, however, this perfect condition is not to be 
found in an arch; on the contrary, disturbing influences al- 
ways appear which modify the external reactions and conse- 
quently the position and form of the line of pressures. These 
may arise, neglecting peculiar defects of construction, from 
three special causes, namely : 

1. A settlement of the falsework during the erection of the 
arch masonry ; 

2. A yielding, displacement or rotation of the abutments, 
and 

3. Changes of temperature. 

The effect of the disturbances (1) and (2) takes the form 
of a rotation A<^o of the end joints and a horizontal displace-' 
ment A Z of the points of support. If, before the arch is com- 
pleted but after the partial hardening of the mortar joints (or 
setting of the concrete), there occurs a settlement of the false- 
work amounting to s at the crown, there will arise a bending 
moment at the ends which may attain, as a maximum, the value 

Mi = jT-^ • The effect of a displacement of the abut- 
ments of A Z = Cg, as well as that of temperature variation, 
is to be calculated by the principles of § 20 or by the more exact 
formulse (516) to (518). 

By an application of the analytical method (a), page 282, 
the stresses at the crown section due to variation of tempera- 
ture may also be obtained from 



„ ^ Ewtl 

at — >r 



2 As c* — bi 



a 



(519, 



The coeflScients b, c and d are determined by the equations 
(513). A5 is the length of an arch segment between two sec- 
tions. 

As a result of these disturbing influences, there may arise 
at certain points of the arch, particularly at the ends, tensile 
stresses which exceed the strength of the mortar and cause 
the formation of cracks. By giving the arch the necessary 
form and thickness, and by appropriate precautions in the 
erection, these undesirable effects should be prevented; but, if 
they do appear, the effective cross-section of the arch at those 
points must be correspondingly reduced (Fig. 3), and this fact 
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must be taken into consideration in the execution of the de- 
sign. The position of the line of pressure, however, will not be 
materially altered by this circumstance. 

, Fig. 3. 




With regard to the magnitude of the coeflScient of elasticity 
E for masonry, the reader is referred to the remarks in Chap. 
II, fourth edition, of the ** Handbuch des Brückenbaues.'' 

The methods of design and formulae given above may also 
be applied directly to arches of reinforced concrete. For these 
we have only to replace A and I in the design by their equiva- 
lent values which are obtained, in the familiar manner, by 
adding to the cross-section of the concrete that of the steel mul- 
tiplied by n=^- 



Remarks on the Temperature Variation to be Assumed in 

Steel and Masonry Bridges. 

In evaluating the stresses caused by change of temperature 
in statically indeterminate structures, we are accustomed under 
our climatic conditions to assume a range of temperatures from 
— 25° to -|- 45° C, so that with a mean temperature of + 10° C. 
(=50° F.), the thermal variations in metallic bridges amount 
tozb35° C. (=±63° F.). 

In this assumption the fact is duly taken into account that 
the average temperature of a steel structure exposed to the 
direct rays of the sun is about 10° to 15° higher than that of 
the air in the shade. If the structure, however, is shielded in 
any portions from the direct solar rays, the resulting unequal 
heating must be considered. On the magnitude of these differ- 
ences of temperature, thorough observations were taken on the 
occasion of building two arch bridges at Lyons in 1886 and 
1887.* For this purpose, a section 1 meter long of a plate 
arch having a box cross-section 900 mm. high and 800 mm. 
wide was used. In this test piece thermometers were inserted 
at eight points in holes filled with mercury and their readings 
taken several times a day for seven summer months. The test 
piece was provided with three coats of brown oil paint, closed 
at the end with boards and left resting freely with one long 
side turned toward the south. It was found that the difference 
of temperature between the warmest and coldest points of the 

*Aim. des ponts et chauss^es. 1893, II. , p. 438. 
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steel on sunny days attained a value of 14° C. (=25° F.) and 
that the average temperature of the steel rose to a value 15° C. 
(=27° F.) above the temperature of the air in the shade. 
Surrounding the piece with a box of sheet iron effected a lower- 
ing of the maximum temperature by 7° and similarly it was 
found that a coating of light blue paint reduced the average 
temperature by about 5° C. (= 9° F.). 

A temperature variation of dz 35° C. (= ± 63° F.) in the 
steel parts directly exposed to the sun and one of +20° and 

— 350 C. ( h 36° and —63° F.) in the parts shielded from 

the sun's rays may therefore be properly assumed provided a 
temperature of +10° C. (=50° F.) is taken for the initial 
unstressed condition. But even if the temperature has some 
other value at the moment that the structure is released to 
carry its own weight, it is possible to bring about such an initial 
condition of stress at the erection of statically indeterminate 
structures as to virtually fulfil the above assumption. 

In masonry bridges there cannot occur such large variations 
in temperature as in metallic structures. Although definite 
observations on this point are lacking, nevertheless it is fair 
to assume that massive masonry cannot attain the maximum 
temperature of the air in summer nor, on the other hand, can 
it cool down to the lowest air temperature even during pro- 
longed frosts. If we therefore base our calculations of the 
temperature stresses in masonry arch bridges on a range of tem- 
perature of ± 20° C. (= ±: 36° F.), all the demands of safety 
will be well met and, in the case of more massive masonry 
arches that are covered with earth, this range may even be 
reduced. 
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